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SEPARATION BY FINITE SETS

IN CONNECTED, CONTINUOUS IMAGES

OF ORDERED COMPACTA

L. B. TREYBIG

Abstract. In this paper we answer a question of Mardesic by showing that

if the points x ana y lie in a continuum M which is the continuous image of

a compact ordered space, but x and y lie in no metric subcontinuum of M,

then x and y are separated in M by a finite set.

It is the main purpose of this paper to prove

Theorem I. If the Hausdorff continuum M is the image of a compact ordered

space K under a continuous map f, and x and y are points of M contained in no

metric subcontinuum of M, then x and y are separated in M by a finite set.

This answers a question of Mardesic [4], except the K in his question was

assumed to satisfy the stronger hypothesis of being an arc (nondegenerate

ordered continuum). An immediate consequence of Theorem 1 above and

Theorem 7 of Pearson [7] (see also [11]) is

Theorem 2. Under the hypothesis of Theorem I, if M contains no nondegener-

ate metric subcontinuum, then M is the continuous image of an arc.

Theorem 2 does give a partial answer (for the case of continua containing

no nondegenerate metric subcontinuum) to the following problem of

Mardesic and Papic: "Is a connected and locally connected space which is

the continuous image of an ordered compactum also the continuous image of

an arc?" In the case mentioned above the local connectivity is unnecessary.

In one of the early papers in this area Mardesic [2] showed there is a

nondegenerate locally connected Hausdorff continuum which is not arcwise

connected. In [1] Cornette and Lehman give a second example, and in [3]

Mardesic and Papic show that if a product of two or more nondegenerate

continua is the continuous image of an arc, then the product is metrizable.

Treybig [8] shows that the connectivity above is not necessary by showing

that if a product of two or more infinite compact Hausdorff spaces is the

continuous image of a compact ordered space, then the product is metrizable.

Pearson shows in [7] that if H is a continuum in which each pair of points is

separated by a finite set, then H is the continuous image of an arc. L. E.
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Ward, Jr. proves in [10] that a Hausdorff space is a Peano continuum if and

only if it is the strongly irreducible image of some dendrite. Additional results

in the area of this paper are contained in [6], [9] and [11].

Proof of Theorem 1. Suppose x and y are not separated in M by a finite

subset of M. Let S(x) denote the set of all points p of M such that p is not

separated from x in M by a finite set. If z G M - S(x), then there is a finite

subset F of M such that M — F = Hx u A, mutually separated, where

x E Hx and z E Kx. Since Kx is open and no point of S(x) lies in Kx, then z is

not a limit point of S(x). Therefore S(x) is closed. If S(x) = Sx u S2

mutually separated, where x E Sx, then there exist disjoint open sets U, V

such that Sx E U and S2 E V. There is a finite collection AT,, K2, . . . , Kn of

open sets such that

(1) each K¡ has a finite boundary,

(2)xG U;.,Â;,and

(3)BdFc U;=1A,.

Thus Bd( U^_ i A^) n (M - V) is a finite set separating x from a point of S2,

a contradiction. Therefore, S(x) is a continuum.

Let C be a subcontinuum of S(x) which is irreducible [5] from x toy. If C

is indecomposable [5], then it is easily seen that no point or pair of points

separates C, and by Theorem 2 of [9] C is metrizable, a contradiction.

Therefore, suppose C is the union of nondegenerate proper subcontinua C,,

C2, where x E Cx. Since C is irreducible from x toy, then x G C, — C2 and

yEC2- Cx.
Let (*/,, t/2, U3,. . .   be a sequence of open sets containing x such that

Uxe M - C2 and £/i+1 c i7/+1 E U¡ for i = 1,2,3,_Let X = flT^
and let G denote the upper semicontinuous decomposition [5] of M such that

g G G if and only if g = X or g E M - X. If <b: M-* M/ G denotes the

natural map, then d>/: tf —> A// (J is onto and continuous, so by Lemma 4 of

[8] there is a compact ordered space Kx and continuous onto map g:

Kx -» M/ G such that g maps no proper closed subset of A", onto M/G. It is

also easy to verify that (1) M/G satisfies the first axiom of countability at X,

and (2) no finite subset of M/G separates X from.y in M/G. Let S(X) =

{ g': g' E G and no finite subset of G separates g' from X in M/G) and note

that C2 E S(X).

For each positive integer / there is a finite cover Q¡ of g~x(X) such that

each element of Q¡ is of the form {x: x E Kx and a < x < b) or {x: x G A,

and a < x) or {x: x G A^ and x < a) and is a subset of g~'(t7,)- For each

such / let Y¡ denote the set of all points which are an endpoint of some

interval of Q¡, and let Y = (J T Y,, = {yx,y2,y3, . .. }. Also, (see [9]) if / and

J are closed subintervals of Kx such that g(7) intersects g(J), let (au, a'u),

(b/j, b',j), (c,j, c',j) and (drj, d'u) denote elements of I X J such that (1)

g(xu) = g(x'u) for x = a,b,c,d and (2) if (/, t') E I X J and g(t) = g(t'),

then a,, < t < ¿>„ and cí, < í' < d!,.
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Analogous to the proof of Theorem 2 of [9] let Xx, X2, X3, . . . denote a

sequence of finite subsets of Kx = [a', b'] such that (1) a', b' E Xx and g(Xx)

contains at least three points of C2, (2) for each positive integer n,

{^1.^2' ■ ■ • >y„) C Xn c Xn+X, and if each of p, q, r, s is an element of Xn

and I = [p, q] and J - [r, s] are subintervals of Kx such that g(I) intersects

g(J), then Xn+X contains xu and x'u for x = a, b, c, d.

Let Q denote the set of all open subsets of Kx which are maximal with

respect to the property of being convex subsets of Kx which do not intersect

C1(U T xi)- Suppose (r, s) E Q, and w E g~x(C2) such that r < w < s and

g(w) G g(Cl( U f X¡)). Let H = {q E Q: there is a finite sequence

q0,qx,...,q„ such that q0 = (r, s), qn = q, and g(<7,) intersects g(qi+x) for

i = 0, . . ., Ti - 1}. By [9] the following hold: If (u, v) E H then {g(u), g(v))

C {g(r), g(s)); and if (/, u) E H and z„ z2 G Kx such that zx E C1(U ? X¡),

z2 E (t, u), and g(zx) = g(zj, then g(z2) E {g(r), g(s)).

As in the proof of Theorem 2 of [9] it follows that M/ G is the union of two

closed sets L, = g(U H) u {g(r), g(s)}, L2 = g(Kx - U H) u {g(/0, g(s)),

where L, n L2 = (g(r), g(s)}. Since Y c U T */> u follows that X G

{#('")> g(X)}, but g(w) G L, - { g(r), g(s)} and C2 also intersects L2-

{^(/-)> g(s)}- Therefore {g(r), g(s)) separates X from a point of S(X) in

M/G, a contradiction. It follows that C2 c g(Cl( U f X,)), and Lemma 2 of

[8] implies that g~x(C2)n Cl(\J? X¡) is separable. Theorem 1 of [9] implies

that C2 is metrizable. Analogously, C, is metrizable, so C = C, U C2 is also,

a contradiction. Therefore, x and y are separated in M by a finite subset of

M.
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