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ON THE FUNDAMENTAL GROUPS OF NEGATIVELY

CURVED MANIFOLDS WITH FINITE VOLUME

MIDORI S. GOTO1

Abstract. We will prove that if M is a complete, simply connected

riemannian manifold with sectional curvature K, a < K < 0, for a > 0 and

T a properly discontinuous group of isometries of M acting freely on M with

volume (M/T) finite, then M/T is compact if and only if T consists of

hyperbolic elements.

1. Introduction. The purpose of this short note is to prove the following:

Theorem. Let M be a complete, simply connected riemannian manifold with

sectional curvature K, — a < K < 0, where a > 0. Let T be a properly discon-

tinuous group of isometries acting freely on M. Suppose that the factor space

M/T has finite volume. Then M/T is compact if and only if T consists of

hyperbolic elements.

This is an extension of a theorem in Heintze [6], where he assumed,

moreover, K < — b, b > 0. Our proof is straightforward using results in

Gromov [4] and Heintze [6], and it seems that this is essentially much simpler

and clearer than that of Heintze. For the sake of convenience, we shall add

proofs for some of the known results.

2. Notation and terminologies. Throughout the paper, M will denote a

complete, simply connected riemannian manifold of dimension n, with

sectional curvature K, K < 0, and with the distance function d; the group of

all isometries of M will be denoted by I(M); for an isometry <p of M, we

denote by d^ the corresponding displacement function of <p: d (p) =

d(p, <p(p)) for/? E M; for a subgroup T of I(M) we adopt the notation

dT(p) =   min   d (p)       (p E M).

After this, in this section we suppose that K < 0. The function d^ is known

to be strictly convex. An isometry <p is said to be elliptic, hyperbolic ( = axial)

or parabolic if dv has zero (minimum), positive minimum, or no minimum,

respectively. For a hyperbolic isometry <p, there exists a unique geodesic g,

which is invariant under <p (cf. Eberlein-O'Neill [2] and Lawson-Yau [7]). The

geodesic g is said to be the axis of <p, and <p acts on g as a translation of the
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length min^gjy dv(p). Let T be a properly discontinuous group of isometries

of M without elliptic elements, and suppose that T contains a hyperbolic

element <p. Let A(<p) denote the subgroup of T consisting of all elements

leaving the axis g of m invariant. Then A(tp) is a maximal cyclic subgroup in

T. Furthermore, for hyperbolic m, and <p2, either A(<p,) = A(<p2) or A(<p,) n

A(«p2) = 1, and if A(m,) n yA(<p2)y"1 ̂ 1 for some y E T, then A(<p,) =

yA(<p2)y " '. For T a properly discontinuous group of isometries of M, the set

{ q E M: d(p, q) < d(q, <p(p)) for <p ¥= 1 in T j

is called a Dirichlet region of T centered at p E M.

3. Results of Gromov and Margulis. We quote results from Gromov [4] for

our later use.

A group is said to be almost nilpotent if it contains a nilpotent subgroup of

finite index.

Proposition 1 (Gromov). Suppose that K < 0. Let T be an almost nilpotent

subgroup of I(M) without elliptic elements. If T contains a hyperbolic element

with the axis g, then g is invariant under T and T is an infinite cyclic group (cf.

[3] and [9]).

Proof. Let A* be a nilpotent subgroup of finite index of I\ If t// E T,

\pk E N for some integer k. Thus we may assume that N contains a hyperbol-

ic element q> leaving the geodesic g invariant. First we prove that N is cyclic.

Let Hx he the group generated by <p, and H2 the normalizer of //, in N. Every

uV E H2 satisfies ¡pqnp~x = <pk for some integer k. Hence <pk\p(g) = *P(g), and

\p(g) = g since g is the only geodesic invariant under yk. Therefore H2 is

cyclic. If H3 is the normalizer of H2, the same argument yields that H3 is

cyclic. Since N is nilpotent, this process stops after a finite number of steps,

and it follows finally that N is cyclic.

Let TV, = n^erY-^Y-'- Then A*, is a normal subgroup of T, and is

contained in N (and hence TV, is also cyclic). Therefore, as any element \p of T

normalizes A7,, it follows that \p(g) = g and T is cyclic. Thus the proof is

completed.

Let T be a subgroup of I(M). For a given e > 0, we denote by TE(p),

p E M, the subgroup of T generated by all <p E T with d^p) < e, and T'e(p)

the subgroup of Te(p) consisting of elements whose derivative parallel

translated back to p is e-close to the identity.

Proposition 2 (Margulis). Suppose that -a < K < Ofor a > 0. Let T be

a discrete subgroup of I (M). Then there is a number e > 0 depending only on a

and n (= dim M) such that for any p E M, T'e(p) is nilpotent and Te(p) is

almost nilpotent.

Remark. The Margulis Lemma in Gromov [5] is more general than this.

The above form of the statement was quoted from Thurston [8].
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Proposition 3 (Gromov). Suppose that - a < K < 0 for a > 0. Let T be a

properly discontinuous group of isometries of M without elliptic elements. Let e

be as in Proposition 2. Let tt: M —» M/T be the natural projection. For a

maximal cyclic subgroup A ofT with a hyperbolic element, we put

A(A) = ¿A-' ([0, e])       and       C(A) = ir(A(A)).

(1) Let A, be a maximal cyclic subgroup ofT containing a hyperbolic element

for i = 1, 2. Suppose that A, and A2 are not conjugated to each other, i.e.

A, n yA2y - ' = 1 for all y ET. Then

C(A,) n C(A2) =0.

(2) Let Abe a maximal cyclic subgroup of T with a hyperbolic element such

that min^g^ dA(p) < e/2. Then

vol(C(A)) > c

for some constant c depending only on n and a.

Proof. (1) Suppose that there is p E A(AX) with y(p) E A^^, where

y E T. Then we can find «p, E A, and <p2 E A2 such that d(px(p) < e and

d<f2(y(p)) < e. Then <px, y~'<P2Y E Te(/»). On the other hand, Te(p) is infinite

cyclic by Propositions 1 and 2. Hence A, n y _1A2y ¥= 1, a contradiction.

(2) In a similar way as above, we have that .4(A) n y A (A) ̂ =0 for y E T

implies that y E A. Let <p be a generator of A, and g the axis of <p. We fix p0

on g and put d(p0, <p(p0)) = d. Then d < e/2 and, for any integer j,

"^ ^(P) = d(p°> v'(Po)) = \J\d-
peM

Let h(t) be a geodesic parametrized by arc length, with h(0) = pQ and

perpendicular to g. For an integer j the function fj(t) = d(h(t), qy(/i(f))) is

strictly convex and attains the minimum \j\d at f = 0. Hence, in particular,

lim,^^ ^.(i) = oo. Let A:0 be the integer with k0d < e < (A:0 + T)d, and we put

f(t) = min{ fj(t);j = ±1, . . ., ± kQ). Then the function/(f) is continuous,

/(0) = d and lim,^^ f(t) = oo. Hence we can find f0 with/(f0) = e/2.

If we put h(t0) = q0, dA(q0) = d^(q¿) = e/2 for some / with |/| < k0. Let

B = Bq0(e/4) be the open ball of radius e/4 about q0. For any q E B,

d(q, <p'(q)) < d(q, q0) + d(q0, tp'(q0)) + ¿(<p'(?o). <P'(i)) < e,

and we have B c A (A). Furthermore, B is contained in the Dirichlet region

of T centered at q0, and hence vol(C(A)) is bigger than the volume of a ball of

radius e/4 in a euclidean «-space. Thus the proof of (2) is completed.

4. A proposition due to Heintze.

Proposition 4 (Heintze). Let T be a discrete subgroup ofl(M) acting freely

on M. Suppose that M/T has finite volume and is noncompact. Let it denote the

projection map M —> M/T. Let g be a geodesic ray in M such that it • g is also

a minimizing geodesic ray which goes to oo in M/T. Then for a given e > 0,



102 M. S. GOTO

there is a positive number t0 such that for t > t0 there exists an isometry <p

(*= 1) in T wi'h d(q>(g(t)), g(t)) < e.

Proof. For a given e > 0, let tj = Tj(e) denote the volume of a ball of

radius e/2 in a euclidean space of dimension n (= dim M). Let Bp(r) denote

the open ball of radius r about p in M. We first show that if vol(7rB?(e/2Y) <

tj for q E M, then there is <p (=£ 1) E T such that d(q, (p(q)) < e. In fact, if

d(q, (p(q)) > e for all <p (^ 1) E T, then Bq(e/2) is entirely contained in the

Dirichlet region of T with center q. Since the exponential map is distance

increasing,

vol(,rii,(e/2)) = vol(S,(e/2)) > n.

We choose t0 so that

vol(M/T) - vol(TrBgi0)(t - e/2)) < r¡       for t > t0.

Since ir ° g is a minimizing geodesic, we have

TTBg(0)(t - e/2) n vB^ie/2) =0,

and, for t > i0,

vol(TTBg{l)(e/2)) < vol(M/T) - vol(TrBq(t - e/2)) < n.

Hence there exists <p (¥= 1) E T with d(g(t), q>(g(t))) < e.

5. Proof of Theorem. Suppose that — a < K < 0 for a > 0. Let T be a

properly discontinuous group of isometries of M without elliptic elements.

Suppose that M/T is of finite volume and is noncompact. Then there is a

minimizing geodesic ray tt ° g in M/T which goes to oo. By Proposition 4, for

any natural number m, we can find an isometry <pm E T with min^^ dv (p)

< l/m.

If all <pm were hyperbolic, we could pick a subsequence {<pm} of {<pm) such

that {A(mm,)} are not conjugate to each other. Then

C(A(av)) n C(A(av)) =0       for w! * n',

and vol(C(A(qpm.))) > c (= a constant), which is a contradiction.

The converse is well known.
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