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AN EXTREME POINT IN 77°°(t/2)

NATHANIEL R. RIESENBERG

Abstract.  In this paper an example of a function / £ /¿,00(l/2) with

ll/IL = 1 and

/ 2 log(l - \f(z)\)dm > -oo,      ZBT2,

yet / is an extreme point in the unit ball of H °°, is given. For functions

/ e Hm(Ul), that

f log(l -\f*(z)\)dm= -oo,       zBT,

is both necessary and sufficient for/ to be an extreme point in H00.

If 11/11« = 1» men a necessary and sufficient condition for/ £ Ti^t/1) to

be an extreme point in the unit ball of 77 °° is that

( \og(\ -\f*(ew)\)d9 = -oo
JT

[1, pp. 138-139].
If 11/11« = 1» and/ e HX(UN), the integral condition

(    log(l -\f*(z)\)dm = -oo,       zETN,

where dm is normalized Haar measure on TN, still implies that/is an extreme

point in the unit ball of 77 °°. The proof is the same as in one variable [1, pp.

138-139].

The purpose of this paper is to give an example of a function which is

extreme in H°°(U2), yet the corresponding integral over F2 is finite.

Example. There exists a function/ E 77°°(l/2), \\f\\x = 1, with

(   log(l -\f*(z)\)dm> -oo,       z£ F2,

yet/is extreme in 77°°.

Proof. First, let S be a compact subset of the real line with positive

Lebesgue measure. Choose a > 0 and irrational, and consider the function

0(A) = (<?'a\e'A),       ImX>0.

0 maps the open half-plane P into U2, and $ is continuous on the closure P

of P.

Received by the editors September 30, 1978.

AMS (MOS) subject classifications (1970). Primary 32A10, 46J15.
Key words and phrases. Extreme point, polydisc algebra, sup norm, integral log condition finite.

© 1979 American Mathematical Society

0002-9939/79/0000-0375/$01.50

129



130 N. R. RIESENBERG

Let E = 0(5); if / E H(U2) and the nontangential limits of / on E = 0,

then/ = 0.

Fix r, 0 < r < 1. Then <D(F) contains all points of the form (raeiax, re"),

— oo < x < oo. These points form a dense subset of a certain torus (center at

(0, 0), radii ra and r), since / is continuous on this torus, / vanishes at every

point of the torus; this forces/to be identically 0 on U2.

With E as above, choose $ E C(T2), \p = 0 on E, ^ < 0 on the rest of T2,

and

j    log(l — exp 2\¡/)dm > — oo.
J 7*2

Since ^ is continuous, there is a constant c, such that i|/ + c > 0 on T2. By

[2, Theorem 3] there exists a positive singular measure a such that w = P[\p +

c — da] is the real part of a holomorphic function (thus GRP) in Í/2. But

P[\p + c - da] = c + P[\p - do]; hence u = P[^ - da] G RP. Let / =

exp(w + iv) where u + iv G H( U2). Then

fGH°°(U2), (1)

1/1 < 1. (2)

|/*| = exp u* = expi//   a.e. on F2 (3)

[(1) l/l = exp u = exp F[t// - c7o] < exp P[4>] in t/2. (2) follows since «// < 0

on F2. (3) follows since o is singular and F[c/a] has radial limits 0 a.e.], and

[   log(l -\f*(z)\)dm> -oo,
*/ T-2

F2,

since

/ log(l — exp 2\p)dm = / log(l — exp \p)dm + j log(l + exp \p)dm

= j log(l - |/*|)<7w + j log(l + exp \¡/)dm > -oo.

Suppose g E HX(U2) and ||/± gH« < 1; then |g|2 < 1 - |/|2 and hence

|g*|2 < 1 - \f*\2 = 1 - exp 2t// a.e. Hence

|g| = \P[ g*]\ < P[\g*\] < F[(l - exp 2^)1/2].

g has nontangential limits 0 on E, and hence g = 0, and / is consequently

extreme.
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