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AN EXTREME POINT IN H*(U?)
NATHANIEL R. RIESENBERG

ABSTRACT. In this paper an example of a function f € H®(U? with
lfllo = 1and
[, log(1 —|f*(2)ydm > —, zET
T
yet f is an extreme point in the unit ball of H®, is given. For functions

f € H®(UY), that

fr log(1 = |f*(z))dm = -, z€T,

is both necessary and sufficient for f to be an extreme point in H .

If | fllo = 1, then a necessary and sufficient condition for f € H*(U") to
be an extreme point in the unit ball of H* is that

fT log(1 —|f*(e®)|)dd = — oo

[1, pp. 138-139].
If | fll, = 1, and f € H®(U"), the integral condition

f log(1 = |f*(z)|)dm = -, z€ T,
TN

where dm is normalized Haar measure on T?, still implies that f is an extreme
point in the unit ball of H®. The proof is the same as in one variable [1, pp.
138-139].
The purpose of this paper is to give an example of a function which is
extreme in H®(U?), yet the corresponding integral over T2 is finite.
ExaMPLE. There exists a function f € H®(U?), || f|l,, = 1, with

f log(1 —|f*(z)|)dm > —c0, z € T?
TZ

yet f is extreme in H *.
Proor. First, let S be a compact subset of the real line with positive
Lebesgue measure. Choose a > 0 and irrational, and consider the function

() = (e, e™), ImA>0.
® maps the open half-plane P into U2, and ® is continuous on the closure P
of P.
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Let E = &(S); if f € H(U?) and the nontangential limits of f on E = 0,
then f = 0.

Fix r, 0 < r < 1. Then ®(P) contains all points of the form (7%, re™),
— o0 < x < o0. These points form a dense subset of a certain torus (center at
(0, 0), radii »* and r), since f is continuous on this torus, f vanishes at every
point of the torus; this forces f to be identically 0 on U?.

With E as above, choose ¢ € C(T?), ¢ = 0 on E, y < 0 on the rest of T2,
and

fz log(1 — exp 2¢)dm > — 0.
T

Since ¢ is continuous, there is a constant c, such that ¢ + ¢ > 0 on T2 By
[2, Theorem 3] there exists a positive singular measure o such that # = P[y +
¢ — do] is the real part of a holomorphic function (thus € RP) in U2 But
Py + ¢ —do]l = c + P[y — do]; hence u = P[y — do] € RP. Let f=
exp(u + iv) where u + iv € H(U?). Then

f e H®(U?), (1)
<1, @
|f*| = exp u* = expy a.e.onT? 3)

[(1) | f] = exp u = exp P[y — do] < exp P[y] in U2 (2) follows since ¢ < 0
on T2 (3) follows since o is singular and P[do] has radial limits 0 a.e.], and

fz log(1 —|f*(z)))dm > —0, z€T?

since

f log(1 — exp 2¢y)dm = flog(l — exp y)dm +f log(1 + exp ¢)dm

=f log(1 —|f*|)dm +f log(1 + exp y)dm > — 0.
Suppose g € H®(U? and || f + gl|,, < 1; then |g|* < 1 — | f]* and hence
|g*? < 1 —|f*[* =1 — exp 2y a.e. Hence
lel=|P[*]| < P[|g*|] < P[(1 — exp 2¢)"?].
g has nontangential limits 0 on E, and hence g =0, and f is consequently
extreme.
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