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AN ADDENDUM TO "ON GENERATING DISTRIBUTIVE

SUBLATTICES OF ORTHOMODULAR LATTICES"

RICHARD J. GREECHIE

Abstract. This addendum provides the details of a computation not pre-

sented in [1] but needed for a complete proof that Foulis-Holland sets

generate distributive sublattices.

In [1] I called a nonempty subset S of an orthomodular lattice a Foulis-Hol-

land set in case whenever x, y and z are distinct elements of S one of them

commutes with the other two. I presented a proof that Foulis-Holland sets

generate distributive sublattices. The purpose of this note is to provide a

detailed proof that the function ^ defined in Lemma 2.2 of [1] is indeed onto.

Throughout this paper let S = {$,, . . ., sn,tx, . . ., tn) be a finite nonempty

subset of an orthomodular lattice L such that s¡ G C(S~\{t¡}) and /, £

C(5\{j,}), for / = 1, ..., «, and let

As - {*, A • • ■ A*„k £ W ',}}\{0}.
Lemma 2.2 of [1] states that the power set $(AS) of As is isomorphic to the

sublattice <5> of L generated by S in case, for each i = 1,2,...,«, s¡ and t¡

are complements in L. The proof proceeds by defining \p: 9(AS)^>{S} by

the rule \j/(M) = \/ M for M <Z As. A computation shows that M <Z N if

and only if \¡/(M) < »/'(A). A shorter computation shows that S Q image(uV)

from which it is claimed that uV is onto (and therefore a lattice isomorphism).

What is missing is a proof that imaged) is a sublattice of <S> (or equiv-

alently of L). Clearly $ preserves joins. But it is not clear that \p preserves

meets. This fact is needed to get from S G imaged) to <S> G imaged). I

am indebted to Professor M. F. Janowitz for this observation.

That \p preserves meets is the content of the following proposition. We

begin by reviewing some notation and making some observations.

For M G As, define 8(M) = {x2 A * • ■ A*„| for some x, £ {sx, r,}, x,

A • • • Ax„ G M) and fory, £ {sx, r,} let

Mr, - {*i A • • ' A*„ e M\yx = x,}.

Assume that s¡ and r, are complements in L, i = 1,2,..., n.

Lemma. If M,N G As and x £ {sx, tx), then

(LI) y M = V Ms¡ V V Mtl,
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(L2) 8(MX) n 8(NX) = 8((M n N)x),

(L3)\/Mx = xA(\/8(Mx)),

(L4) y M = [í,VV 8(M,)] A [í, V V 8(MS)] A [ \/8(M)],
(L5) V^ > V 8(MS) A V «,),
(L6) \/(M n N)<\/ (S(M) n «(JV)).

Proof. (LI) and (L2) follow from the definitions. (L3) is simply an

application of the Foulis-Holland Theorem. By (LI), (L3) and the Marsden-

Herman Lemma

V M= V(Af„)VVK) -[', A(V«K))] V[í, A(V«K))]

= (*, V O A[*i V V5(A/,,)] A[/i V Vô(Mj]

a[v8K)vv«K)]-
(L4) now follows from the fact that sx and /, are complements and SM =

8(MS) u 8(Mt¡). (L5) follows immediately from (L4). Finally, (L6) follows

from the fact that, for each c E M n N, 8(c) E 8(M) n 8(N) and c < 8(c).

Proposition. For M,N E As, (\JM) A (\/N) = V (A/ n N).

Proof. Let m = (\/M) A (V^)- If « = 1, the result is obvious. Assume

the result true for all k < n. By (LI), (L3) and (L4) of the lemma and the

Foulis-Holland Theorem

m = [sx v V«(0] a[j, v V«K)] A[', v V«(0]

A[i, V V«K)] A[V8(M)] A[V8(N)]

-[*,V((V«K))A(V*(tf(l)))]

A[t1V((V8(Ms))A(V8(Ns)))]A[V8(M)]A[V8(N)].

Invoking the induction hypothesis we have

m = [sx V V (8(M,) n 8(N,))] a[', V V («(M,,) n 8(NS))]

A[V(8(M)n8(N))].

By (L2), the Marsden-Herman Lemma and the fact that sx A tx = 0, we have

m = (h A (V«((M n AT),,))] V[', A (V«((M n tf ),,))]

V[(V«((A/ n JV)«,)) A(V«((A/ n N)„))])

A[V(^nfifi)].

By (L3) applied to (M n N)x, the first two terms reduce to [\/(M n A7),,] V

[\/(A/ n A7),,] which by (LI) equals \J(M n N). Thus

m = ([V (M nN)] v[\/8((M n AO,,) n 8((M n A7),,)])

A[V(i(M)n«(iV))]

= [V(Wn N)]A[V(8(M)n8(N))] = V(^niV)
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where the second equality follows from (L2) applied to M n N rather than M

and the last equality follows from (L3). The proposition is proved.
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