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A TWO-COLORING INEQUALITY FOR EUCLIDEAN

TWO-ARRANGEMENTS

GUSTA VUS J. SIMMONS1 AND JOHN E. WETZEL

Abstract. We prove that for any properly two-colored arrangement of lines

in the Euclidean plane having, say, r red and g green regions with r > g, the

inequality

r<2g-2-2(HP)-2)
p

holds, where for each point P of intersection of the lines, X(P) is the number

of lines of the arrangement that contain P. This strengthens recent results of

Simmons and Griinbaum.

It is easy to show by induction that the regions formed by n lines in the

Euclidean plane can be colored with two colors in such a way that contiguous

regions have different colors. Suppose there are r red regions and g green

regions, with r > g. In 1972, Simmons presented a proof of the inequality

r < 2g - 2 (1)

for simple arrangements (in the projective plane) at a Mathematical Associa-

tion of America meeting [5], but that proof has never been published. In 1973,

the same inequality was mentioned without proof in Simmons [6]. Griinbaum

[3] gave a proof of (1) for arbitrary non trivial arrangements of lines in the

Euclidean plane. In this note we prove a stronger inequality of a similar kind

for arbitrary Euclidean arrangements.

Suppose a properly two-colored arrangement of « > 2 lines is given in the

Euclidean plane. If the lines are all parallel, it is easy to see that (1) holds

provided « ¥= 2 and n ¥= 4; and the equality in (1) holds if and only if « = 3

or « = 6. From now on we suppose the lines are not parallel.

Let 6* be the set of points of intersection of the lines, and for each point P

of 9 let X(P) be the number of lines on P. It is our claim that

r<2g-2-   2  (HP)-2), (2)

and the equality holds if and only if every red region is a triangle if it is

bounded and a digon (i.e., an angle) if it is unbounded.
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Suppose there are r'k bounded red regions that have k sides and r' bounded

red regions in all. Since there are

S'= -n+   2 HP) (3)
pe.9

(bounded) line segments in the arrangement (see [1, p. 444]) each of which

abuts at most one bounded red region, we see that

3/ <   % kr'k<S' = -n+   2  \(P). (4)
k>3 Pe.9

The outermost terms in (4) are equal if and only if r'k = 0 for k > 3, which

gives equality on the left, and every bounded line segment abuts exactly one

bounded red region, which gives equality on the right. This latter condition is

obviously equivalent to the demand that every unbounded red region be a

digon, and so the condition for equality in (4) is precisely as stated for (2).

Because there are

R'= 1 - n+   2  (HP)' O (5)
Pe9

bounded regions (see [1, p. 444]), there must be

bounded green regions. The 2« unbounded regions simply alternate in color,

and so

2«       ^   X(P)
r= r' + n<—+   2   "V2' (6)

It follows that

2g-r>2+   2   (HP)-2),
Pe9

which is (2). Since the equality in (2) entails the equality in (4), the assertion is

completely proved.

Inequality (2) is sharp in the sense that for each n there is an arrangement

of n lines for which the equality holds-one can simply take the "«-star," with

all n lines concurrent in a point. Less special cases of equality seem more

difficult to find.

Arrangements of n lines in general position for which the equality holds in

Simmons' inequality (1) (and hence in (2)) are known for n = 2,3, 5, 9, and

15; the arrangement of 5 Unes is formed by the sidelines of a regular

pentagon, the arrangement of 9 lines is pictured in Palásti [4], and the

arrangement of 15 lines was found by Simmons and appears in [6]. Equality

in (2) holds for the arrangement generated by extending the sides of a regular
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«-gon precisely for n = 3, 5, and 6 and for the arrangement generated from

the « = (2) lines determined by the vertices of a regular w-gon precisely for

«i = 3 and m = 5. It is easy to verify that equality in (2) cannot hold if some

parallel family has more than two lines.

Additional arrangements with equality can clearly be obtained from other

such arrangements by moving the lines so as to squeeze a red triangle down

to a point. Many nontrivial arrangements with equality can be obtained in

this manner from the arrangements described above. No nontrivial cases of

equality in (2) involving more than 15 lines are known.

The argument actually proves (2) for connected arrangements of crosscuts

in a simply-connected plane domain each two of which have at most one

point in common, because formulas (3) and (5) hold for such arrangements

(see [1] and [7]). In particular, inequality (2) holds for any connected arrange-

ment of pseudolines in the Euclidean plane.

Finally, it follows from (2) that r/g < 2 for every properly two-colored

arrangement of at least two lines (or pseudolines), and the equality holds

precisely for two parallel lines (or two disjoint pseudolines) (cf. Palásti [4]).

Dividing (6) by (7), we see that

L<2_     6 + 32(A(¿>)-2)
S 3 + « + 2 (2a(P ) - 3)

with equality as for (2). In particular, for n lines in general position,

r-<2-    .    12        ■ (8)

g n2 + « + 6

As noted above, arrangements with equality are known for « = 2, 3, 5, 9, and

15. When « = 1 (mod 3), inequality (4) for « lines in general position asserts

that

r' < |(«2 + « - 2)

because r' has to be an integer; and then Simmons' inequality (1) becomes

r < 2g - 4, and inequality (8) strengthens to

r     „ 24
< 2 -

g «2 + « + 10

Arrangements with equality here are known only for « = 4 and « = 7. The

apparently difficult question of determining the maximum of r/g for each «

was posed by Fejes Tóth [2].
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