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NOTE ON SIMPLE INTEGRAL EXTENSION DOMAINS AND

MAXIMAL CHAINS OF PRIME IDEALS

L. J. RATLIFF, JR.1

Abstract. It is shown that if R is a semi-local (Noetherian) domain, then

there exists a simple integral extension domain R[e] of R such that there

exists a maximal chain of prime ideals of length n in some integral extension

domain of R if and only if there exists a maximal chain of prime ideals of

length n in R[e]. An interesting existence theorem on a certain type of

height one prime ideals in R[X] follows.

1. Introduction. All rings in this paper are assumed to be commutative with

identity and the undefined terminology is the same as that in [3].

In some personal correspondence with Steve McAdam in 1974 the follow-

ing question arose: if R is a local domain, then does there exist a simple

integral extension domain R[e] of R such that there exists a maximal chain of

prime ideals of length n in some integral extension domain of R (if and) only

if there exists such a chain of prime ideals in R[e\l (See [8, (15.4.2)].) This

question is of some interest, since if the answer is no, then the Upper

Conjecture (see (3.2) below) is false, and so a number of the other catenary

chain conjectures are also false (see [8, p. 44]). However, we show in (3.1) that

this question has a strong affirmative answer, and so we thereby lend at least

some support to the Upper Conjecture.

The proof of (3.1) depends on two quite recent results which are

summarized in §2, and therein we also give the relevant definitions and

notation that are needed in §3. §3 contains a proof of the theorem together

with a few of its corollaries and related results. Among these, we show that

the theorem also holds for arbitrary integral extensions domains of R and

that it implies the existence of a certain type of height one prime ideal in

A [A]. A final result, (3.6), shows that certain other questions concerning

maximal chains of prime ideals in integral extension domains of R have a

solution in simple integral extension domains of R if they have a solution at

all.

2. Definitions and known results. We begin with two definitions.

(2.1) Definition. A chain of prime ideals P0 G Px G ■ ■ ■ G P„ in a ring A
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is said to be a maximal chain of prime ideals in A in case P0 is a minimal

prime ideal, Pn is a maximal ideal, and there are no prime ideals in A

properly between P¡_ x and P, for / = 1, . . . , n. The length of the chain is n.

(2.2) Definition. For a ring A, c(A) (resp., uc(A)) denotes the set of lengths

of maximal chains of prime ideals in A (resp., in arbitrary integral extension

domains of A/z with z varying over the minimal prime ideals in A). When

P E Spec A we let c(P) and uc(P) denote c(AP) and uc(AP), respectively.

It is known [3, Example 2, pp. 203-205] that, even when A is a local

domain, c(A) may have more than one element and c(A) may be a proper

subset of uc(A). However, in all known examples of this it is at least true that

there exists a simple integral extension domain A[b] of A such that c(y4[¿»]) =

uc(A), and this led to the question mentioned in the Introduction.

At this point it should be noted that if in this question we did not require

the ring R[e] to be an integral domain then the answer is readily seen to be

yes; for if / E uc(R), then there exists a simple integral extension domain

R[b¡] of R such that i E c(R[bi]), by [1, Theorem 1.10], so there exists a

monic polynomial f(X) in R[X] contained in Ker(R[X]—> R[b¡]), and so

on letting f(X) - triMX); i E uc(R)} we have

c(R[X]/f(X)R[X]) = uc(R).

The following remark lists some known (and for the most part easily

proved) facts about c(A) and uc(A) that will be needed in §3.

(2.3) Remark. The following statements hold for a ring A :

(2.3.1) c(A) E uc(A).

(2.3.2) c(A) = U {c(M); M isa maximal ideal in A).

(2.3.3) uc(A) = U (uc(M); Misa maximal ideal in A).

(2.3.4) If A is an integral domain and B is an integral extension domain of

A, then c(A) ÇZ c(B) and uc(B) = uc(A) by the Going Up Theorem.

(2.3.5) If A is local and B is a quasi-local integral extension ring of A such

that minimal prime ideals in B he over minimal prime ideals in A, then

c(A) = c(B) by [4, (3.4)].

This section will be closed with a notational convention and by stating the

main result in two recent papers that are needed in the proof of (3.1).

(2.4) Notation. A' denotes the integral closure of a ring A in its total

quotient ring.

(2.5) [7, (2.4)]. If R is a semi-local domain, then there exists a finite integral

extension domain A of R such that, for each integral extension domain B of

A (including A) and for each maximal ideal P in B, uc(P) = c(P) = uc(M')

for some maximal ideal M' in R' (2.4). (The ideal M' is the ideal P' n R'

where P' is any of the maximal ideals in B' that lies over P.)

(2.6) [9, (2.3), (2.18), and (2.19)]. UREA are quasi-semi-local rings such

that A is integral over R, then the following statements hold:

(2.6.1) If R/M is an infinite field for each maximal ideal M in R, then
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there exist a G A such that R[a] and A have the same number of maximal

ideals.

(2.6.2) There always exist simple integral extension rings A[e] of A such

that A, A[e], and R[e] all have the same number of maximal ideals. More-

over, e can be chosen such that minimal prime ideals in A[e] he over minimal

prime ideals in A, and such that A[e] is an integral domain whenever A is an

integral domain.

3. Simple integral extension domains and maximal chains of prime ideals. As

mentioned in the introduction we give, in (3.1), a strong affirmative answer to

a question that arose in 1974 concerning maximal chains of prime ideals in

integral extension domains of a local domain, and then we prove a few

corollaries of (3.1). (It should be noted that (3.1) is a considerable strengthen-

ing of the result in [1] mentioned preceding (2.3). However, it does not

supercede that result, since it was used in the proof of (2.5), which we use

below.)

(3.1) Theorem. If (R; Mx, . . . , Mh) is a semi-local domain, then there exists

a simple integral extension domain R[e] of R such that c(R[e]) = uc(R).

Moreover, the following statements hold:

(3.1.1) For each integral extension domain B of R[e] and for each maximal

ideal P in B such that either: (i) P is not contained in the union of the other

maximal ideals in B, or (ii) P does not contain the intersection of the other

maximal ideals in B; we have uc(P) = c(P) = uc(M')for some maximal ideal

M'inR'(2A).

(3.1.2) // each R/M¡ is infinite, then e can be chosen such that, for each

integral extension domain B of R[e] and for each maximal ideal P in B,

uc(P) = c(P) = uc(M') for some maximal ideal M' in R '.

Proof. By (2.5) let A be a finite integral extension domain of R such that,

for each integral extension domain D of A (including A) and for each

maximal ideal P in D, uc(P) = c(P) = uc(M'), for some maximal ideal M' in

R'. By (2.6.2) let A[e] be a simple integral extension domain of A such that A,

A[e], and R[e] all have the same number of maximal ideals.

Then for each maximal ideal A in A[e], A[e]N is integral over R[e]NnRieX,

so c(N) = c(N n R[e]), by (2.3.5). Also, uc(N) = uc(N n R[e]), by (2.3.4).

Therefore by (2.3.1) and the property of A we have

c(N n R[e]) G uc(N n R[e]) = uc(N) = c(A) = c(N n R[e]).

Thus it follows from the choice of e that c(Q) = uc(Q) for all maximal ideals

Q in R[e]. Therefore if m G uc(R), then m G uc(R[e]), by (2.3.4), so m G

uc(Q) for some maximal ideal Q in R[e], by (2.3.3), hence m G c(Q), by the

preceding sentence, and so m G c(R[e]), by (2.3.2). Therefore it follows that

uc(R) G c(R[e]), and c(R[e]) G uc(R[e)) = uc(R), by (2.3.1) and (2.3.4), so

uc(R) = c(R[e]).
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To prove (3.1.1) let B be an integral extension domain of R[e] and let P be

a maximal ideal in B such that (i) or (ii) holds. Then there exists b in P that is

not in any other maximal ideal in B (in case (ii) since P and the intersection /

of the other maximal ideals in B are comaximal ideals). Let Q = P n R[e].

Then Q' = (Q, b)R[e, b] is a maximal ideal and P is the only maximal ideal

in B that lies over Q'. By the choice of e let N be the maximal ideal in A[e]

that lies over Q. Then N' = (N, b)A[e, b] is a maximal ideal and is the only

maximal ideal in A[e, b] that lies over Q' (for if N* is a maximal ideal in

A[e, b] that lies over Q', then b E N* and N* n R[e] = Q, so necessarily

W* n A[e] = N, hence N* = (N, b)A[e, b]). Therefore by (2.3.5) and (2.3.4)

we have c(P) = c(Q') = c(N') and uc(P) = uc(Q') = uc(N'). Also, by the

property of A we have uc(N') = c(N') = uc(M') for some maximal ideal M'

in /?'. Therefore uc(P) = c(P) = uc(M') for some maximal ideal M' in R',

and so (3.1.1) holds.

To prove (3.1.2) it suffices, by [6, (4.8.2)], to prove that e can be chosen

such that for each maximal ideal Q in R[e] we have (R[e]çf)' is quasi-local

and uc(Q) = c(Q) = uc(M') for some maximal ideal M' in R'. For this, by

the properties of A each of its finite integral extension domains has the same

properties, so in particular we can assume that A and A' have the same

number of maximal ideals. Also, by hypothesis and (2.6.1) there exist e E A

such that A and R[e] have the same number of maximal ideals, so the

following rings all have the same number of maximal ideals: A', A, R[e], and

R[e]'. Thus for each maximal ideal Q in R[e] we have (i?[e]ö)' is quasi-local.

Also, it was shown in the second paragraph of this proof that uc(Q) = c(Q)

= c(N), where N is the maximal ideal in A that lies over Q, and c(N) =

uc(M') for some maximal ideal M' in R' (by the first sentence of this proof).

Therefore (3.1.2) holds.   Q.E.D.

I do not know if e can be chosen such that the conclusion of (3.1.2) holds

when some R/M¡ is finite. (It is known [9, (2.16)] that if some R/M¡ is finite,

then the conclusion of (2.6.1) may not hold.)

At this point we note that (3.1) lends some support to the following

conjecture.

(3.2) Upper Conjecture. If (R, M) is a local domain and there exists a

maximal chain of prime ideals of length n + 1 > 2 in R[X]^MXy then there

exists a maximal chain of prime ideals of length n in R.

It is known [6, (4.10.3)] that (3.2) is equivalent to: if R is a local domain

such that either altitude R = 1 or altitude R > 1 and there does not exist a

height one maximal ideal in R', then c(R) = uc(R). Thus the Upper Conjec-

ture asserts that a very strong form of the question mentioned in §1 holds.

(3.1) gave a strong affirmative answer to this question, but not as strong as

(3.2).
Two comments are given in (3.3) that should be noted in regard to (3.1).

The second of these shows that every semi-local domain has a finite integral
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extension domain S such that the ring S[e] (as given for S by (3.1)) is

contained in S'. It would be of some importance if it could be shown that

every semi-local domain has this property of S.

(3.3) Remark. With the notation of (3.1) the following statements hold:

(3.3.1) If R is integrally closed, then R[e] is a free A-algebra.

(3.3.2) Let S = R + J with J the Jacobson radical of R[e]. Then S and R

have the same number of maximal ideals, S G R[e] G S', and uc(S) =

c(R[e]).

Proof. (3.3.1).If R is integrally closed, then KerLRLY]-» R[e]) is a prin-

cipal ideal by the Division Algorithm, so R[e] is free over R.

(3.3.2). The maximal ideals in S are the ideals (J, M)S with M a maximal

ideal in R, so S and R have the same number of maximal ideals. Also,

S G R[e] G S', since e is integral over R and S and R[e] have the same

quotient field. Finally, uc(S) = uc(R) = c(R[e]) by (2.3.4) and (3.1).   Q.E.D.

(3.4) extends most of (3.1) to arbitrary integral extension domains of a

semi-local domain.

(3.4) Corollary. Let S be an integral extension domain of a semi-local

domain R. Then there exists a simple integral extension domain S[e] of S such

that c(S[e]) = uc(S) and such that the following statements hold:

(3.4.1) For each integral extension domain B of S[e] and for each maximal

ideal P in B such that either (i) or (ii) of (3.1.1) holds we have uc(P) = c(P) =

uc(M')for some maximal ideal M' in R'.

(3.4.2) If R/M is infinite for each maximal ideal M in R, then e can be chosen

such that for each integral extension domain B of S[e] and for each maximal

ideal P in B, uc(P) = c(P) = uc(N') for some maximal ideal N' in S'.

Proof. By (3.1) there exists an integral extension domain R[e] of R such

that c(R[e]) = uc(R). Then uc(R) = c(R[e)) G c(S[e]), by (2.3.4), and

c(S[e]) G uc(S[e]) = uc(S) = uc(R), by (2.3.1) and (2.3.4), so c(S[e]) =

uc(S).

Statement (3.4.1) follows immediately from (3.1.1), since R[e] G S[e] G B.

For (3.4.2) it follows from (3.1.2) and the parenthetical statement in (2.5)

that uc(P) = c(P) = uc(M'), where M' = P' n R' with P' a maximal ideal

in B' that lies over P. Let Q = P' n S' and let U = 5" - Q. Then it remains

to show that uc(Q) = uc(M'). For this, uc(Q) = u^S'le]^ by (2.3.4), and

for each maximal ideal Q' in £'[*?],, we have uc(Q') = c(Q') = uc(M'), by

(3.1.2) and the parenthetical statement in (2.5). Therefore by (2.3.3) we have

uc(M') = uc(S'[e]v) = uc(Q), as desired.   Q.E.D.

The existence of a certain type of height one prime ideal in R[X] is shown

in (3.5). The ring A<A> in (3.5) is defined to be the quotient ring of R[X]

with respect to S = R[X] - (J {A; A is a maximal ideal in R[X] such that

N n R is maximal}. In [2], among other properties of A<A>, it is noted that

its maximal ideals are the ideals AA<A> with A a maximal ideal in R[X]
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such that N n R is maximal, when R is semi-local. This will be used in (3.5).

(3.5) Corollary. Let R be a semi-local domain. Then there exists a height

one prime ideal K in R(X~) such that K contains a monk polynomial and such

that n E c(R(X}) if and only if there exists a maximal chain of prime ideals of

length n through K in R(X}.

Proof. It is known [5, (2.14.1)^(2.14.5)] that

c(R[X]N) = {m + l; m E uc(RNnR)}

for each maximal ideal A^ in R[X] such that N n R is maximal. Therefore

since the maximal ideals in R(X} are the extensions of such maximal ideals

N in R[X], as noted above, it follows from (2.3.2) and (2.3.3) that c(R(X}) =

{n + 1; n E uc(R)} (since R{X}NR<X> = R[X]N). Therefore if R[e] is as in

(3.1), then the conclusion follows on letting K = K'R(X), where K' =

KeT(R[X]-*R[e]).   Q.E.D.

Let Äbea local domain such that there are no height one maximal ideals

in R'. If it can be shown that there exists an ideal K as in (3.5) that is

contained in only one maximal ideal in R{X}, then it follows from (2.3.5)

(and the property of K) that the equivalence of the Upper Conjecture noted

following (3.2) holds (since

R<xy/K = R[X]/(Kn R[X])

and since c(R(X}) = [n + I; n E uc(R)} as noted in the proof of (3.5)).

Our final result generalizes (3.1) in two ways: to the case when R contains

zero divisors, and to more general types of integral extension rings of R than

the ring A in the proof of (3.1).

(3.6) Proposition. Let R E A be quasi-semi-local rings such that R is

Noetherian, A is integral over R, and minimal prime ideals in A lie over

minimal prime ideals in R. Then there exists a simple integral extension ring

R[e] of R such that c(A) = c(A[e]) = c(R[e]).

Proof. By (2.6.2) let e be such that A, A[e], and R[e] all have the same

number of maximal ideals and such that minimal prime ideals in A[e] lie over

minimal prime ideals in A. Then for each maximal ideal Q in R [e] there exist

unique maximal ideals P and NinA[e] and A, respectively, such that A[e]P is

integral over R[e]Q and over AN. Let a E N such that a is not in any other

maximal ideal in A and let/» = N n R[a], so AN is integral over R[a]p as is

A[e]P. Now by hypothesis and the choice of e it follows that minimal prime

ideals in A[e]P lie over minimal prime ideals in Ä[e]e and in R[a]p and that

minimal prime ideals in AN lie over minimal prime ideals in R[a]p. Therefore,

by (2.3.5), c(Q) = c(P) = c(p) and c(N) = c(p). Therefore, c(Q) = c(P) =

c(N), hence the conclusion follows from (2.3.2) and the one-to-one correspon-

dences.   Q.E.D.

Let R be a semi-local domain. It would be of interest to know if there exists
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a quasi-semi-local integral extension domain A of R such that c(A) = A

whenever 5 is a given subset of uc(R) such that c(R) G S. It would also be of

interest to know if there exists an integral extension domain B of R such that

B has exactly « = card(wc(A)) maximal ideals and c(B) = uc(R). (The first

holds if the Upper Conjecture holds.) If either of these holds, then it also

holds for some simple integral extension domain of R, by (3.6) and its proof.
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