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A VOLTERRA EQUATION

WITH SQUARE INTEGRABLE SOLUTION

OLOF J. STAFFANS

Abstract. We study the asymptotic behavior of the solutions of the nonlinear

Volterra integrodifferential equation

x'(t) + fa(t- s)g(x(s)) ds =/(/)       (t e R +).
•'o

Here R + = [0, oo), a, g and / are given real functions, and x is the unknown

solution. In particular, we give sufficient conditions which imply that x and x' are

square integrable.

1. Introduction and summary of results. We study the asymptotic behavior of the

solutions of the Volterra integrodifferential equation

x'(t) + [' a(t - s)g(x(s)) ds = f(t)       (tER+). (1.1)
•'o

Here R + = [0, oo), the prime denotes differentiation, a, g and / are given, real

functions, and x is the unknown solution. In particular, we give sufficient condi-

tions which imply that the solutions satisfy x, x' G L2(R +).

Our assumptions are the following:

a = b + c is strongly positive definite, (1.2)

where

b G L\R +) satisfies \b(u)\2 < ß Re b(u)    (w G R ) ({3)

for some ß > 0,

c is positive definite, and c' G L1 n BV(R +), (1.4)

g G C(R ), &(|) > 0   (£ ̂  o), and lim inf g(£)/£ > 0, (1.5)
£-►0

/ = /, + fi + /3. ™herefx G L2(R +),f2 G BV(R +),

andf3eLx(R+),f;eL2(R+).

Here b(u) = /" e~'ut b(t) dt is the Fourier transform of b. The strong positive

definiteness of a means that there exists e > 0 such that the function a(t) — ee~' is

positive definite. The statements concerning c' and f3 should be interpreted as

requirements that c,f3 be locally absolutely continuous, together with the addi-

tional conditions on the derivatives. BV stands for functions of bounded variation.

We call x a solution of (1.1) if x is locally absolutely continuous, and (1.1) holds

a.e. In addition to (1.2)—(1.6) above we shall have to assume that a solution x of

(1.6)
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(1.1) satisfies

x, Qa(EL°°(R+), (1.7)

where

Qa(T)= fTs(x(t)) f'a(t- s)g(x(s)) ds dt       (TGR+). (1.8)
•'o -'o

Sufficient conditions for (1.7) to hold can be found in [7]. For example, any one of

(1.9)—(1.11) below combined with (1.2)—(1.5) and the assumption

- f°   g(t)dt- (°°g(Ç)d£=oo
-'-oo -'0

imply (1.7):

f GLX(R+), and lim sup\g(t)\(l + (^OOdn)     < oo, (1.9)
Ifl-oo V -'0 /

f,f'ŒL2(R+), (1.10)

c(oo) >0,andfE:BV(R+). (1.11)

We prove the following result:

Theorem 1. Let (1.2)—(1.6) hold, and let x be a solution o/(l.l) satisfying (1.7).

Then x, x' G L2(R +).

Theorem 1 is an improved version of [8, Theorem l(iii)]. One gets [8, Theorem

1 (iii)] by adding (1.10) and

¿> = 0,       c - c(oo) G LX(R+) (1.12)

to the hypothesis of Theorem 1.

Theorem 1 extends some of the results in [5] and [6]. The hypothesis used here is

comparatively strong, but, on the other hand, we now get the stronger conclusion

x G L2(R +) (which amounts to a faster convergence of x to zero than [5] and [6]

yield).

This work may be regarded as a strengthening of [8], which in turn was inspired

by some estimates in the two papers [1] and [2] of MacCamy. In spite of this fact

our argument is quite different from MacCamy's. MacCamy does not work with a

scalar equation as we do, but with an abstract Volterra equation of hyperbolic type.

We shall return elsewhere [10] to the question of how the estimates in the proof of

Theorem 1 should be modified in the abstract case.

We discuss conditions (1.2)—(1.4) in §3.

2. Proof of Theorem 1. Define

<p(0 = 8(x(t)),       d(t) = (1 + c(0))e--'        (/ G R +).

Let * denote convolution, subtract d * tp from both sides of (1.1), and use (1.2),

(1.6) to get

x' - (d - c) * <p - f2 - h -/, - (b + d) * qp. (2.1)

Define
u = (d - c) * tp,       v = (d - c)' * q>,       w = (b + d) * tp. (2.2)
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Multiply (2.1) by x', integrate over (0, T), and integrate the terms on the left-hand

side by parts (except the first one) to get

fT[x'(t)]2dt+ fTx(t)g(x(t))dt

= x(T)[u(T) + f2(T) +f3(T)] - x(0)/3(0)

- fTx(t) df2(t) + fTx'(t)[fx(t) - w(t)] dt

-fTx(t)[v(t)+f;(t)]dt,

where we have redefined f2 so that it is continuous from the left, and /2(0) = 0. By

the Holder and Minkowski inequalities,

ll-xr'lll + fT x(t)g(x(t)) dt < (\\u\\x + ||/2||w + |||/2||| + 2||/3||J||*|L

+ (II/.II2 + lkl|2)||x'||2 + (\\v\\2 + ||/^||2)||x||2, (2.3)

where || \\p (p = 2, 00) is the norm of L^O, T), and |||/2||| is the total variation of f2.

We claim that

u G L°°(R+ ),       v,w E L2(R+ ). (2.4)

Assume this for the moment. Then, by (1.6), (1.7) and (2.4), inequality (2.3) is of

the form

Wx'Wl + fT x(t)g(x(t)) dt < C(l + \\x% + \\x\\2), (2.5)
•'o

where C is a (sufficiently large) constant independent of T. Observe that (1.5), (1.7)

imply the existence of e > 0 such that x(t)g(x(t)) > e|x(/)|2 (t G R +). Hence (2.5)

becomes

Hx'll! + c||x||i < C(l + ||x'||2 + ||x||2),

from which the conclusion of Theorem 1 follows.

It remains to verify the crucial estimate (2.4). Observe that the functions b, c and

d are all positive definite, and that by (1.2), 0 < Qb(T) < Qa(T), 0 < QC(T) <

Qa(T), and 0 < Qd(t) < Cf2a(F), where Qb, Qc and Qd are defined as in (1.8), and

C is some positive constant. Thus (1.7) implies

Qb,Qc,Qd&L°°(R+). (2.6)

Both c and d are continuous and positive definite, and so [4, Lemma 6.1] yields

\c . <p(r)|2 < 2c(0)ßc(F),       \d * 9(T)\2 < 2d(0)Qd(T). (2.7)

Combining (2.2) with (2.6) and (2.7) one gets the first part of (2.4). By (1.3) and [5,

Lemma 1],

ll**<Pll22</3Ôfc(n (2.8)

Observe that c', d, d' G L1 n BV(R +), and use (1.2) and [9, Lemma 2.2] to get

||c' * m||22 + \\d * <p\\l + \\d' * «pH2 < CQa(T),
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for some constant C. Combining this with (1.7), (2.2), (2.6) and (2.8) we get the

second part of (2.4). This completes the proof of Theorem 1.

3. Comments. The proof of Theorem 1 gives us, in fact, a little more than

x G L2(R +), namely

r x(t)g(x(t)) dt < «> (3.1)
•'o

(cf. (2.5)). If lim sup£_0 g(í)/í< oo, then (3.1) is equivalent to x G L2(R+).

However,  if e.g., g(|) = £1/3  (which satisfies (1.5)),  then (3.1)  becomes x G

L*/\R +).

The conditions (1.2)—(1.4) require a splitting of a into two parts, and given a it is

not always obvious how this splitting should be done. Some requirements are

obvious: If a or a' is unbounded, then the unbounded part must go into b, and if a

is not integrable, then the nonintegrable part must go into c. Below we shall give

some examples where the splitting succeeds. For example, in the following two

cases (1.3) holds:

b G Lx n BV(R +) is strongly positive definite, (3.2)

b G LX(R +), and b, -b' are convex (3.3)

(see [5, Theorem 2]). Thus, if, e.g., a is strongly positive definite, and a — a(oo) G

Lx n BV(/?+), then one can take b = a — a(oo), c = a(oo) (the strong positive

definiteness of a implies the strong positive definiteness of b in this case, and

a(oo) > 0). On the other hand, if a' G Lx n BW(R +), then one may choose b = 0,

c — a. An example where (3.3) is used is the following: Suppose that a(t) = t~a

(t G R+), where 0 < a < 1, and define b(t) = t~a - (1 + tya, c(t) = (1 + ;)""

(cf. [3, Corollary 2.2]).

One way of simplifying the problem of how one should split a into b + c is to

modify (1.3), (1.4), and modify the proof of Theorem 1 accordingly. One can

replace (1.3), (1.4) by

b G LX(R +), and \b(u)\2 < ß Re â(u) (w G R ) (34)

for some ß > 0,

c G L2(R +),       c' G Lx n BV(R+ ). (3.5)

Most of the proof of Theorem 1 remains valid. (2.6) should be replaced by

ßeGL~(/*+),

where e(t) = e~' (t G R +), and (2.7), (2.8) by

\c * <p(T)\2 < 2Qe(T)fJ'(c2(t) +[c'(t)]2) dt,

\d*<p(T)\2< 2(1 + c(0))2Qe(T), (3.6)

\\b • <p\\l < ßQa(T). (3.7)

The proofs of (3.6), (3.7) are similar to the proofs of [4, Lemma 6.1] and [5, Lemma

1].

In (3.4), (3.5) it is no longer required that b and c be positive definite, which
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clearly facilitates the splitting of a into b + c. In particular, (3.2) can be weakened

to b G L1 n BV(R+). On the other hand, the added condition c G L2(R+)

prevents the use of (3.4), (3.5), e.g., when a(t) = t~a with 0 < a < \. Also observe

that (3.4), (3.5) exclude the possibility a(oo) > 0.

References

1. R. C. MacCamy, An integro-differential equation with application in heat flow, Quart. Appl. Math.

35 (1977), 1-19.
2. _, A model for one-dimensional, nonlinear viscoelasticity, Quart. Appl. Math. 35 (1977),

21-33.
3. J. A. Nohel and D. F. Shea, Frequency domain methods for Volterra equations, Advances in Math.

22 (1976), 278-304.
4. O. J. Staffans, Positive definite measures with applications to a Volterra equation, Trans. Amer.

Math. Soc. 218 (1976), 219-237.

5. _, An inequality for positive definite Volterra kernels, Proc. Amer. Math. Soc. 58 (1976),

205-210.
6. _, On the asymptotic spectra of the bounded solutions of a nonlinear Volterra equation, J.

Differential Equations 24 (1977), 365-382.
7._, Boundedness and asymptotic behavior of solutions of a Volterra equation, Michigan Math. J.

24 (1977), 77-95.
8. _, A nonlinear Volterra integral equation with square integrable solutions, Volterra Equations,

S.-O. Londen and O. J. Staffans, Eds., Lecture Notes in Math., vol. 737, Springer-Verlag, Berlin, 1979,

pp. 281-286.
9._, A nonlinear Volterra equation with rapidly decaying solutions, Trans. Amer. Math. Soc. (to

appear).

10._, On a nonlinear hyperbolic Volterra equation, SI AM J. Math. Anal, (to appear).

Institute of Mathematics, Helsinki University of Technology, SF-02150 Espoo 15, Finland


