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OSCILLATION PROPERTIES OF y" + py =0
GARY D. JONES

ABSTRACT. The purpose of this paper is to give necessary and sufficient
conditions for (k, n — k) disconjugacy of y” + py = 0. The results are then
applied to give counterexamples to the following theorems of Nehari.

If n is even and p is positive either all solutions of y" + py = 0 oscillate or
none do.

If n is even and p is negative and y" + py = 0 has an oscillatory solution
then all positive nonoscillatory solutions are either strongly increasing or
strongly decreasing.

1. Introduction. In [7] Nehari studies the differential equation

y® +py=0 (1)
where n is even and p(x) is of constant sign. He reports that nonoscillation of
(1) implies ultimate disconjugacy. Elias [1] has given an independent proof
which includes the case where n is odd. In Nehari’s proof he assumes falsely,
as can be seen by examples contained herein, that

] P(s = 1" **'p(s)u(s) ds < o
t
where
ud() >0 fori=0,1,...,kand
)" D) >0 fori=k+1,...,n

[7, p. 68]. Because of the above error, Nehari is led to the following false
conclusions.

I. If n is even and p is positive either all solutions of (1) oscillate or none
do.

IL. If n is even and p is negative and (1) has an oscillatory solution then all
positive nonoscillatory solutions are either strongly increasing or strongly
decreasing, where a solution is said to be strongly increasing if y©(x) > 0 for
i=0,...,n, and is said to be strongly decreasing if (-1)»® > 0 for i =
0,...,n

In §2, we will give necessary and sufficient conditions for (1) to be
(k, n — k) disconjugate, i.e., have no solution with a zero of order k followed
by a zero of order n — k. These results will then be applied to show that I
and II are false.
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In §3, we will consider specific examples and show that I is false for n > 4
and that II is false for n > 6, but true if n = 6.

2, Conditions for (k, n — k) disconjugacy. It is well known that (1) is
(k, n — k) disconjugate [S] if n — k is even and p is positive or if n — k is odd
and p is negative. On the other hand, examples show that there exist solutions
of equations of the type (1) with zeros of order k followed by zeros of order
n — k for all k < n provided n — k is even and p is negative or n — k is odd
and p is positive. Nehari [7] and Elias [1] have observed that (k, n — k)
disconjugacy of (1) is related to the existence of certain monotone solutions of
(1) in the following way.

THEOREM 1. If n — k is even and p is negative or if n — k is odd and p is
positive then a necessary and sufficient condition for (1) to be (k,n — k)
disconjugate is the existence of a solution y of (1) such that

y9(x)>0 forj=0,...,k,
DY) >0 forj=k+1,...,n.

For the necessary part of the theorem see [7, p. 60], together with Theorem

4.3. For the sufficiency see [1, pp. 273-274].

Using Theorem 1 and techniques similar to those used in [2] and [6], we
obtain the following theorem.

THEOREM 2. If p > 0 and
Yy + (x¥/2py =0 )

has a solution y such that y® >0, for i =0,...,n—2j — 1, then (1) is
(n — 2j — 1, 2j + 1) disconjugate.

PROOF. Let y be a solution of (2) such that y® > 0,i=0,...,n —2j — 1.
Then
yENx) = yr I a) + [ p(ay (o) ar
x 2! '

Since lim, _, . y"~¥~!(x) exists and is positive, we have

n-2j—1 © ¥ = (t = x)¥
Y I > [Tomp(y @) d > [T p () a

Thus
n—-2j— _ n—2j-2
(x) > y(5) + y(B)(x — b) + - - - + 27 (Z"f’éj‘_ 2,;?
* - )"Y? e Y
+'[; E: - Z -2)! f, (S(2j)t!) p(s)y(s) ds.
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By the Monotone Convergence Theorem there is a function z > 0 satisfying

yn—2j—2(b)(x _ b)n—2j—2
(n—2j —2)!

z(x) =y(B) +y'(B)(x —b)+ - - - +

x(x = )" Y2 roo(s— 1)Y
b (n=2j =2, ()
Differentiating, we have z"(x) = —p(x)z(x) and
zi(x)>0 fori=0,...,n—2j—1,
(-1)""*¥*i(x) >0 fori=n-—2j,...,n.

Thus by Theorem 1, we have (1) is (n — 2j — 1, 2j + 1) disconjugate.
If p is negative we obtain a similar result. Since its proof is basically the
same as Theorem 2, it will be omitted.

p(s)y(s) ds at.

THEOREM 3. Ifp < 0 and
2—-1

-G P =0 3)

has a solution y such that y® >0 for i =0,...,n — 2j, then (1) is (n —
2j, 2j) disconjugate.

It should be noted that Theorems 2 and 3 can also be obtained via [7,
Theorem 5.1]. By repeatedly applying Theorems 2 and 3 sufficient conditions
for (k, n — k) disconjugacy of (1) are thus obtained by comparing (1) to
either a second or third order equation.

Using techniques as in [6], the following necessary condition for (k, n — k)
disconjugacy will enable us to give counterexamples to I and II.

y(n-2j+ 1)

THeorREM 4. If (1) is (j, n — j) disconjugate, where n — j is even for p
negative and odd for p positive, then

e —;— 2)! (j—1 ! f,w(s 0" p(s)lds|w=0 (4

is nonoscillatory .

PrOOF. Suppose (1) is (j, n — j) disconjugate. Then there is a solution y of
(1) such that

y@ >0 fori=0,...,j
)" >0 fori=j+1,...,n

Since y® > 0fori =0, ...,  and y‘~! is increasing, integrating y/~! from a
to x j — 1 times, we obtain

y(x) > (__IT)vf (x = Y %" 1) dt > 2)'f (x— 1ty 2dt

_Y o)
=G
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Since y/*! < 0 and lim,_, y’(x) =0fori=j + 1,...,n, we have

> (x) = —(—_—‘—_——27 [ 6= Ty &

-1 .
ol AR R0 [ T

RS G
- s [T - )
Letting v = y//y’/~!, we have
o< _;‘_ 5= 1)vf (s — x)"|p(s)| ds

and the result follows from a result of Wintner [8].
ExaMmpLE 1. Consider

k
y9 + o) = 0. (5)

By Theorem 4, (5) fails to be (5, 5) disconjugate provided

,,+(3' 4'f (s—t)—ds)w—O

is oscillatory, i.e., provided k > 2592. Applying Theorem 2, (5) is (9, 1)
disconjugate if
w” + (x%/8)(k/x")w =0
is nonoscillatory, which happens when k < 10,080. Thus for k = 3000, (5) is
(9, 1) but not (5, 5) disconjugate. Hence, in view of the fact that nonoscilla-
tion of (1) implies eventual disconjugacy together with Theorem 1, we have a
counterexample to L.
ExAMPLE 2. To show that II is false in general, consider

k
Y-y =0, ©)
X

Applying Theorem 4, we have that (6) fails to be (6, 6) disconjugate if

"+[4v5vf (s ") d’]w"

is oscillatory. But that happens when k& > 79,200. On the other hand (6) is
(2, 10) disconjugate provided

9
2 X k —
w +a—l—2w—0

is (2,1) disconjugate. But that happens when k < 9!(2/3V3 ) < 139,673 [3].
Because of reasons as in Example 1, we have a counterexample to II if
k = 80,000.
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3. In this section we will consider specific examples to show that I is false
for n > 4 and that II is false for n > 6, but true for n = 6.

Using ideas contained in [6] and [4], let f(r) = —r(r — 1)(r — 2)(r — 3)(r —
4)(r — 5)and g(r) = —(r + 2)(r + D(@)r — D(r — 2)(r — 3). Let

A=max{f(r):0<r<1}
and
B =max{f(r):2<r <3} =max{g(r):0<r <1}

Since (r + 2)(r + 1) < (r — 4)(r — 5), for 0 < r < 1, we have g(r) < f(r), for
0 < r < 1. Since g(r) > 0 on (0, 1), it attains its maximum value at a point r,
on the interior of the interval (0, 1). Thus

B = g(’o) <f("o) <A.
Now choose C such that B < C < 4. Then

fr)—C=0 (M
has a real root between 0 and 1, but has no real root in [2, 3]. Thus it must
have complex roots.

Letting p(¢) = C(t + 1)~%, we see that u(#) = (¢ + 1) is a solution of

y© +p()y=0 (8)

for r any root of (7). Thus, since (7) has both real and complex roots, (8) must
have both oscillatory and nonoscillatory solutions, contrary to I.

The idea in the above example can be used to show that I is false for n > 6
and that II is false for n > 8. However, since the min{ f(r): 1 <r <2} =
min{ f(r): 3 <r < 4} we cannot give a counterexample to II for n = 6.
Indeed, II is true for n = 6.

THEOREM 5. If

yO—-p=0 ©
with p > 0 is oscillatory, then every nonoscillatory solution is either strongly
increasing or strongly decreasing.

PRrROOF. Because of the sign condition on p any nonoscillatory solution
other than a strongly increasing or strongly decreasing one will imply that (1)
is either (4, 2) or (2, 4) disconjugate. But since (9) is selfadjoint it is (4, 2)
disconjugate if and only if it is (2, 4) disconjugate. Thus if there exists such a
nonoscillatory solution it is disconjugate.
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