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FREDHOLM COMPOSITION OPERATORS

ASHOK KUMAR

Abstract. In this paper a necessary and sufficient condition for a composition

operator CT on L^O, 1] to be a Fredholm operator is given. In addition, all

Fredholm composition operators on l2(N) are characterized.

1. Preliminaries. Let (X, S, A) be a a-finite measure space and T be a measurable

nonsingular (\T'X(E) = 0 whenever A(F) = 0) transformation from X into itself.

Then a composition transformation CT on L2(X, S, A) is defined as

CTf = f°T   for every/ G L2(X, S, A).

In case CT is a bounded operator with range in L2(X, S, A), we call it a composi-

tion operator induced by T. The main purpose of this paper is to study Fredholm

composition operators on L2(X, S, A) (briefly written as L2(A)), where X is the unit

interval, S is the a-algebra of all Borel subsets of X, and A is the Lebesgue measure

on S. A criterion for a composition operator to be Fredholm on l2(N) is also given

here.

Let 7J(L2(A)), 7?(Cr)x and [x,y, z,. . .] denote the Banach algebra of all

bounded linear operators on L2(A), the orthogonal complement of the range of CT

and the closed linear span of the vectors x,y, z, . . . respectively.

Definition. An operator A on a Hubert space H is called a Fredholm operator if

the range of A is closed and if the dimensions of the kernel and the cokernel are

finite.

2. Fredholm composition opertors. A characterization of Fredholm composition

operators on H2(D) is given by J. Cima, J. Thomson and W. Wogen in [2] where

they proved that a composition operator CT is Fredholm if and only if F is a

conformai automorphism of the disc. The following theorem gives an analogous

characterization of Fredholm composition operators on L2(A) = L2[0, 1].

Theorem 1. Let CT G 7?(L2(A)). Then CT is a Fredholm operator if and only if it is

invert ible.

Proof. If CT is invertible, then clearly CT is a Fredholm operator.

It is known from [5, p. 82] that C£CT = Mf, where Mf is the multiplication

operator induced by/0 = d\T~x/d\. Since X is nonatomic [3, pp. 171-174] and

Ker CT = Ker C£CT = Ker M/o = L2(X0), where XQ= {x: fo(x) = 0}, it follows

that the dimension of the kernel of CT of either zero or infinite.
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The map T induces an expectation operator E: Ll(X) -» Ll(XT ') defined by

f(<b o T)f d\ = f <¡>E(f) dXT1

for <f> e L^iXT'1) [1, p. 847]. Since X is the unit interval, by Theorem 2 [1] there is

a disintegration of X with respect to T that assigns to each x in the essential range

of F a probability measure Xx on § such that

E(f)(x) = ffdXx       XT-l-a.c.

We now suppose CT is a Fredholm operator. Then in order to show that CT is

invertible, it is enough to show that CT has dense range.

Suppose / G L2(X), f¥=0 and / is orthogonal to ran CT = L2(X, T~\%), X),

where T~\%) = {T~\F): F e S } [10, Lemma 2.4]. Then E(f)(x) = 0, XF-'-a.e.,

and

0*f\f\2dX = ff\f\2dXxdXT-\x).

Thus for some e > 0 there is a set F of positive XF_1-measure such that for x G F,

¡\f\2 dXx > e. Since XT'1 « X and X is nonatomic, one can write F as a countable

union of pairwise disjoint sets Fn of positive XF_1-measure. Since

/K*/; ° T)f\2 dX = f XFj\f\2 dXx dXT-\x) > eXT-\Fn) * 0,

and for every g in the range of CT,

((XFm » T)f, g) = ff- (XK o T)g dX - 0,

it follows that the family {(XF ° T)f: n £ N} of nonzero, pairwise orthogonal

functions is orthogonal to the range of CT. Thus, either the range of CT is dense or

its orthogonal complement is infinite dimensional. This completes the proof of the

theorem.

Corollary. Let CT e B(L2(X)). Then CT is a Fredholm operator if and only if T

is invertible and T1 induces a composition operator.

Proof. Proof follows from Theorem 2 of [7].

Before proceeding to the characterization, we shall give some examples of

Fredholm composition operators on l2(N).

Example 1. Let Af be the set of natural numbers and X be the counting measure

on N. Let /2(A0 denote the Hubert space of all square summable sequences of

complex numbers. Then {en} is an orthonormal basis of l2(N), where

e(m) = [X    whenever m = n,

( 0   whenever m =£n.

Now define a measurable transformation T as follows:

i 1 if n = 1, 2, 3,
T(n) = U Un = 4,5,

[n - 2   if n > 6.
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Now consider composition operator CT induced by the T defined above.

Ker CT = [e2] and Ker C* = [2ex — e2 — e3, e2 — e3, e4 — e5]. From the corollary

to Theorem 2.2 [9] it is known that every composition operator on l2(N) has closed

range. Hence CT is a Fredholm operator.

Example 2. Let U* be the adjoint of the unilateral shift on l2(N). Then U* is a

composition operator induced by T(n) = n + 1. Ker U* = [e,] and Ker U = [0].

Hence U* is a Fredholm operator.

Now we shall give an example of a composition operator which is not a

Fredholm operator.

Example 3. Let

t(„\ = i n if « is odd,
I n — 1    if « is even.

Then Ker CT = [e2, eA, e6, . . . ] and Ker C* - R(CT)X = [ex — e2, e3 - e^ e5 -

e6, . . . ]. Hence CT is a not a Fredholm operator on /2(iV).

Now we shall prove the following theorem.

Theorem 2. Let CT G B(l2(N)). Then CT is a Fredholm operator if and only if the

range of T contains all but finitely many elements of N and the restriction of T to the

complement of some finite set is injective.

Proof. It follows from the corollary to Theorem 2.2 [9] that every composition

operator on l2(N) has closed range. Since Ker CT = Ker C£CT = Ker M} [2],

where f0(n) = AF_1({«})/A({/i}) = \T~x({n}) for n G N, therefore the Ker CT is

finite dimensional if and only if f0(n) = 0 for at most finitely many elements n in

N. Now we claim that dim R^j-)1- = 2m(am - 1), where m G Nx = {«:

\T~l({n}) > 1} and o^ = AF"'({m}). We give the outline of half of the proof as

follows. Let T(n¡) = m for /' = 1, 2, 3, . . .,/». Then m G Nx, am = p and the

characteristic function XT-\^m^ = en¡ + e„2 + ■ • • +e belongs to the range of

CT. It is clear that there exist /» - 1 orthogonal vectors fx,f2, . ■ ■ ,fp-X in [en,

e„2, . . ., e ] which are orthogonal to the vector XT-i^m^. Since </., XT-¡^nX)) = 0

for all n G N and for / = 1, 2, ...,/»- 1, it follows that the vectors

/i.A. • • • 'fp-i belong to the orthogonal complement of the range of CT. This

completes the proof of the theorem.
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