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A MEASURE-THEORETIC PROOF OF THE STONE-WEIERSTRASS

APPROXIMATION THEOREM

SURJIT SINGH KHURANA

Abstract. Using the Daniell integral, a simple proof of the Stone-Weierstrass

theorem is obtained.

A simple measure-theoretic proof of the following version of the Stone-

Weierstrass approximation theorem is given.

Theorem. Let X be a compact Hausdorff space, C(X) all continuous real-valued

functions on X, and L a point-separating linear sublattice of C(X) such that 1 G L.

Then L is norm dense in C(X).

Proof. Let p be a positive regular Borel measure on X. p^L is a Daniell integral

[2, p. 287] and as such can be uniquely extended to a Daniell integral p: Lx-* R

with the property that L, contains the characteristic functions of a o-algebra 21

such that each function in L, is 31-measurable [2, Chapter 13]. Since L separates

points of X and elements of L are 31-measurable, open subsets of X in 21 form a

base for a Hausdorff topology on X and as such form a base of the original

topology on X. Now take a u G (C(X))', p = 0 on L. By taking its positive and

negative parts, p can be considered as a Daniell integral on both A = C(X) and on

L. By the uniqueness of extension [2, Proposition 14] if p is the extension of p to A,

and px is the extension of p to Lx, then Ax 3 Lx, u = /i, on Lx, and u = 0 on Lx.

Thus u = 0 on a certain base of open subsets of X. By the regularity of p, p = 0 on

all open subsets of X and as such u = 0. (Note if { Va) is an increasing net of open

sets with V = U Va then for any positive regular Borel measure v on X, v( V) —

lim v(Va), for if a compact C G V, then C G Va for some a; from this it is

immediate that for any signed measure u, p( V) = lim p( Va).) By the Hahn-Banach

theorem, L is norm dense in C(X).

Remark. If L is a point-separating subalgebra of C(X) with l G L, then it is

easy to prove that its closure L is a lattice [1] and so L is norm dense in C(X).
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