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CONVEX AND STARLIKE MEROMORPHIC FUNCTIONS
JAMES MILLER

ABSTRACT. In this paper we study meromorphic univalent functions with a simple
pole at p which map the unit disk onto the exterior of convex sets or the exterior of
starlike sets. A question raised by Libera and Livingston concerning the equality of
two classes of starlike meromorphic univalent functions is answered. We show that
the set of points omitted by the class of convex functions is {-p/(1 + p?)}. The
coefficients of convex and starlike meromorphic functions are also studied.

1. Introduction. Let S(p), 0 < p < 1, denote the class of univalent meromorphic
functions f in the unit disk E with a simple pole at z = p and with the normaliza-
tion f(z) = z + a,z> + - - - for |z| < p. Let K(p) be the subclass of S(p) defined
by f € K(p) if and only if f € S(p) and thereis a p, p < p < 1, such that for each
z,p<|z| < 1,

Re{l + zf"(2)/f(2)} < 0.
Functions in K(p) map |z| <r, r > p (for some p, p < p < 1), onto the comple-
ment of a convex set. Further, if f € K(p), then foreachz € E

f(2) 2 2pz
Re{1+zf,(z)+z_p l—pz]<0' 0y
Define 2(p) to be the functions f € S(p) which satisfy (1). Functions in Z(p) map
E onto the exterior of a convex set [4]. For p < 2 — V3 Royster [5] showed that
K(p) = =(p) and forp > 2 — V3 that K(p) is a proper subset of =(p).

Also let S*(p, wy) denote the subclass of S(p) defined by f € S*(p, w,) if and
only if f € S(p) and thereisa p,p < p < 1, such that foreachz, p < |z| < 1,

zf'(2)
Re{f(z) — Wo} <0

If f € S*(p, wy), then

5G) . p
R°[f(z)—wo+z—p 1_,,z}<° @

for z € E. Now define 2*(p, wy) to be the functions f € S(p) which satisfy (2).

2. Starlike functions. In [3] it was shown that S*(p, wy) = Z*(p, wy) for
p <2 — V3. We now show that this is true for p <\/3 — 2V2, and that this is
best possible for a certain wy,.
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THEOREM 1. Ifp < m then
S*(p, wo) = Z*(p, wy)-
Ifp > \/3—-2_\/5, then S*(p, o) is a proper subset of Z*(p, o) where
o=-p/(1+2pe™ + p?)
and

_ 21+ ) — (L= (P2 - (1 = rP?)
2pr(1 + p?) '

COs a

ProoF. If f € Z*(p, wy), then
_F@) | _ { . L} _
Re{ ) - Wo} Re = 7-7p Re{P(z)}
where P(0) = 1 and Re{P(z)} > O for z € E. The proof of Theorem 1 in [2] shows
thatif p <3 — 2V2 there exists a p,p < p < 1, such that

#(2)
R"[f(z) - wo} <0

for p < |z] < 1. Hence S*(p, wp) = =*(p, wp) for p < V3 —2V2. Royster [5]
has shown that Re{pz/(1 — pz) — p/(z — p)} attains its maximum on |z| = r,
2—-V3 <p<r<l,atz=re™where

_20+ ) - (- -p)1 =)
2pr(l + pz)

COs a

A calculation shows that the function

_ pz + po(l — e™?)2?
R = = =r)

where 6 = —p/(1 + 2pe™ + p?), belongs to =*(p, o) for all p, but F & S*(p, 0)
forp > V3 -2V2.

Recently Libera and Livingston [2] have defined the classes A(p) and A*(p) of
weakly starlike meromorphic univalent functions with a simple pole at p. A
function g in A(p) or A*(p) omits the origin and g(0) = 1. If g € A(p) (A*(p)
resp.), then f(2) = (g(2) — 1)/8'(0) € S*(p, -1/¢'(0)) (*(p, -1/g(0)) resp.), and
if f € S*(p, wo) (Z*(p, wo) resp.), then g(2) = 1 — f(z)/wo € A(p) (A*(p) resp.).

Further, (1 — p)*/p < |wp|™" < (1 + p)*/p, which are the bounds for g’(0). In [2]
it was shown that A(p) = A*(p) for p <V3 —2V2 and that A(p) is a proper
subset of A*(p) for p > 1/2. Using Theorem 1 we obtain the following result.

COROLLARY 1. If p > \/3 — 2V2, then A(p) is a proper subset of A*(p).

REMARK. In Theorem 1 we have not shown that S*(p, wy) is a proper subset of

S*(p, w,) for all possible wy and p > V3 — 2V2. Furthermore, since ¢ depends
on a we feel that this is unlikely to be true.
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3. Convex functions. Sheil-Small [6] and Suffridge [7] have shown that f(z) = a,z
+ a,z2 + - - - is convex in E if and only if

2zf'(z)  z+¢
Re{f(z)—f(g) . —g} >0, |zZ]<L|f<

We now generalize this to functions in K(p) and Z(p).
THEOREM 2. If f € K(p), then

2zf(z)  z+§ z+p_l+pz}
Re{f(z)—f(~f) c—tt-p T-pz) <" )
for |z| < 1and |g| < 1.

Proor. For f € S(p), define F(z, §), for |z| < 1 and |§| < 1, by

1+

zf"(z z+p 1+pz .
;,((z)) + — l—ﬁz’ ifz=¢§
2zf'(z) z+§ z+p 1+pz
f2)-f§) z-§& z—-p 1-pz’
Then F(z, §) is analytic in E X E for each f € S(p). Now suppose f € K(p). Let
p(f) be such that if p(f) < |z] < 1, then

Re{l + zf"(2)/f(z)} <O.
For 0<r <1, let C(r)={f(2)|: |z| = r}. Then C(r) is a convex curve for
r > p(f). This says that arg{ f(re”) — f(re®)} is a decreasing function of ¢, for t €
(0, 0 + 27). Therefore

F(z,§) = )

if z # &

Ref 7} = et - ") <0

A(z2) = f§)
for z = re # ¢ = re®. Further if |z| = |¢| and z # £ then
z+§) _
Re{ P £] =0.
Thus

@) -f) z-¢

for |z| = |§] > p(f) and z # £. Since F{(z, §) is analytic for all z and £ (Jz] < 1 and
|¢) < 1) and

Re{ 2zf'(2) z+ §} <0

R%iiﬁ_LiE}=o
z—p 1-—pz

for |z| = 1, the maximum principle leads to (3).
THEOREM 3. Let f € S(p). Then f € Z(p) if and only if
2zf'(2) z+¢ z+p l+pz]
Re[ - - <0 S
FD-1® z-¢ i T-p )
Jor |z} < 1and |§| < 1.
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PROOF. Let F(z, §) be as defined in (4). Then

_ 2f"(z) L z+p l+pz
F(z,z) =1+ 2) +z-—p 1—pz°

Hence (5) implies that f € 3(p).
If f € 3(p), then by combining the proof of Theorem 2 and Carathéodory’s
theorem on variable regions we have (5).

COROLLARY 2. If f € Z(p), then

zf'(2) ) 2 1
Re{ o) +z_p l—pz}<2' (6)

PROOF. Let ¢ = 0in (5).
For f € 3(p) Theorem 3 says
2zf(2) z+§ z+p 1+pz

f)-f§) z2-& z-p 1-pz
where P(0) = 1 and Re P(z) > O for |z| < 1. Thus for £ # 0 we have

= -P(2)

1 1 1
Hn—1+(ﬁg—z+;+pyz+u..

From the bound on the coefficient of z, we have

THEOREM 4. If f € Z(p), then

11
- }—’+p’<l. 7

THEOREM 5. For the class 2(p), we have

[ = }= N {(c/AB)).

(1+p) ) rexp

PrOOF. The functions

£(2) = pz — p(1 + N2/ (1 + p?)

p—(1+p)z+pz?

o =1,

map E onto the exterior of straight line segments through w = —p /(1 + p?). Thus
-p/(1 + p?) is the only possible point in the exterior of f(E) for all f € 3(p).
Suppose f(z) = —p/(1 + p?) for some z. Then (7) gives |-1/z| < 1, but we have
lz] < 1.

Since functions in =(p) omit —p /(1 + p?) and map E onto the exterior of a
convex set, we obtain the following.

THEOREM 6. If f € 2(p), then f € =*(p, -p/(1 + p?)).
THEOREM 7. If f € K(p), then f € S*(p, -p/(1 + p?)).
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4. Coefficient bounds. Let =* denote the class of functions g(z) = 1/z + ¢, +

¢,z + - - -, which are starlike in 0 < |z] < 1.
If f € =*(p, wy), then the function
_ (- p) - p2) _
() = T2 =P (f(2) ~ wo) ®)

is in 2*, since

zg'(2) { zf'(z) P pz }

Re ——= = Re + - <0

8(2) fe)—w, z2-p 1-pz

for |z| < 1. Further if g € =* then
pz
z) =wy|l — z )
0 = w1 = Gy 8

is in Z*(p, wy), for —-wy = (by + p + 1/p) where g(z) = 1/z + by + bz + - - - .

Taking the series expansions in (8) with f(z) = z + @22 + - - - , g(2) = 1/z +
bo+ bz + -+ ,andwy = —(by + p + 1/p)”, we have
2 2z
g(z)=l—(p+l+—l—)+(1+l+p —ﬁ)
z P W W, Wo
1 1+ p?
+”.—70(a""_a"-_p_—+a"“ 2"+ -

Using the bound |b,| < 2(n + 1)7' [1], we have the following result.
THEOREM 8. If f € S*(p, w,), then

1 + p?
ay — ——E — w| < |wyl ©))
p
and
1+ p? 2|w|
Gp-1 ~ L g, +a,,< n +°1 forn > 2. (10)
Equality occurs in (9) for the functions
pz + pwo(1l + A)z?
z) = where \| = 1.
A& = T =) W
Since 2(p) C =*(p, -p/(1 + p?), we have
THEOREM 9. If f € Z(p), then
1 + 2 + 4
o= = (11)
p(1 + p?) 1+p
and
1+p 1+ p?
P <l < =L (12)

p(1 +p?)
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Equality occurs in (11) for
P(1+ 022/ (1+p)

pz —
A =
M) = T G T -
Equality in (12) occurs for f, and f_,.
Royster obtained (12) for 0 <p < 2 — 3. Here we obtained the second coeffi-
cient region for all p.
COROLLARY 3. If f € Z*(p, wy), then
R(p)
3p%(1 - p)’
where R(p) = 3 — 6p — 8p> — 6p> — 6p° + 3p°. If p, = 0.4037 is the smallest posi-
tive root of R(p) and p < p,, then Re a; > 0.

for A\l = 1.

1+ p*+p*

< Reqg; < 3
4

Proor. The right side of the inequality follows from the fact that

las| < (1 + p* + p*)/p?
for all functions in S(p). From (9) we see that a, = (1 + p?)/p + wg(1 + A) where
[A] < 1. Using this for a, and equation (10), we have

(1+pY)  1+p 2wy
1- = 7 wo(l+?\)+a3<n_’_1
and then
1+ p?+p* 2(1 + p?) (6 +2p + 6p2)
aG—-——|< '3' lwol € —————7—
)2 3(1 - p)’
Thus we have

3 —6p — 8p> — 6p° + 3p® <Rea,
3p%(1 - p)’

COROLLARY 4. If f € Z(p), then

2
a3—p +la2+l <——2'L2—
3(1 + p?)
and
4.3 6
Reay » 22204302
3p(1+py) 3

PROOF. Since F € 2*(p, -p/(1 + p?)), we have
1+ p%+p* A
LS ik 0 A

p(1+p%) 1+p

<1,
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and
- +p2a + 1< = P
? p 31+ p?
Thus
1+ p*
3 zp A'<§ P 27
P 1+p
or
- 3 6
Rea3>3 2"+ 3p >Z.
3p*(1 +p?) = 3
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