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ON THE FLXED-POINT THEORY FOR

LOCAL /c-PSEUDOCONTRACnONS

CLAUDIO MORALES

Abstract. Two commonly used boundary conditions which imply existence of

fixed points for local strong pseudocontractions in Banach spaces are compared, a

previous fixed-point theorem for this class of mappings is improved, and an almost

fixed-point result is obtained for local pseudocontractions.

Throughout this paper we suppose A' is a Banach space and D an open subset of

X. We use B(x; r) to denote the closed ball centered ai x G X with radius r > 0

and D and 9Z> to denote, respectively, the closure and boundary of D.

An operator T: D -»• X is said to be a local k-pseudocontraction (k > 0) (see [6])

if each point x G D has a neighborhood N for which

(X - *)||u - o|| < \\(XI - T)(u) - (XI - T)(v)\\,       u,vGN,X>k.    (1)

For k < 1 (k = 1) such mappings are said to be local strong pseudocontractions

(resp., local pseudocontractions). It is easy to verify that the condition (1) is implied

by the assumption that T is a local contraction with (uniform) Lipschitz constant

k < 1 (|| T(u) - T(v)\\ < k\\u - v\\, u,v G N), and in fact all of our results appear

to be new even for this more restricted class of mappings.

Our main objective in this paper is to clarify the relationship between two

conditions which have been prominently used in the recent development of

fixed-point theory for the local and global strong pseudocontractions. These

conditions are the standard Leray-Schauder condition (see, e.g., [2], [6]) which

asserts that the mapping T: D -» X satisfies for some z G D:

T(x) - z ^ X(x - z)   for aU x G 9Z> and X > 1,

and the assumption (used in [1], [3], [4]) that the mapping I — T not assume its

infimum on 9Z). We show in fact, that for local strong pseudocontractions these

conditions are in some sense equivalent. In the process we are able to sharpen

Theorem 1 of [2] by showing that boundedness of the domain D is not an essential

assumption. This fact is a consequence of the imphcation (iii) => (ii) in Theorem 1

below. We also obtain (Theorem 2) a localization of a result of [3].
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Theorem 1. Let X be a Banach space, D an open subset of X, and T: D —» X a

continuous mapping which is a local strong pseudocontraction on D. Then the

following are equivalent:

(i) T has a fixed point in D.

(ii) There exists z G D such that \\z - Tz\\ < ||jc - T(x)\\ for all x G 9Z>.

(iii) There exist an open set G G D and z G G such that T(x) — z =£ X(x — z)for

x G 9G and X > 1.

The equivalence of (i) and (ü) is simply Theorem 3 of Kirk-Schöneberg [4].

Before proving the other implications we need some preliminary facts.

Lemma 1. Let X be a Banach space, D an open subset of X, and T: D —* X a

continuous mapping which is a local k-pseudocontraction on D (with k < 1). Suppose

that T(x0) = XfyX0 for some x0 G D and \ > 1, and suppose for o0 > 0,

B(x0; o-q) c D. Then:

(a) If k < 1, for all X > 1 satisfying \X — XJ < a0(l — fc)/||jt0||, there exists a

unique point xx G B(x0; o0) such that T(xx) = Xxx, and moreover this point satisfies

ll*x-*oll < ll*xlll*-Aol/(\»-*).

(b) If k = 1, for all X > 1 satisfying |X — X„| < o0(Xq — l)/||x0||, there exists a

unique point xx G B(x0; oQ) such that T(xx) = Xxx, and moreover this point satisfies

K - *oll < ll*xll I* - *ol/ (*o - O-

Proof, (a) is Proposition 3 of [2] for H = X, and (b) is obtained by applying (a)

to the mapping Xq- lT (taking k = X¿~l).

Lemma 2. Let X be a Banach space, D an open subset of X and T: D —* X a

continuous mapping which is a local k-pseudocontraction on D, with k G (0, 1]. For

H c D, set &H = {X > 1: T(x) = Xx for some x G H) and let E = {x G D:

T(x) = Xxfor some X > 1}. Then

(i) the set E is the union of disjoint nontrivial components, each of which is a

continuous image of a subinterval of [I, oo).

In addition, if F is any component of E, then

(ii) the function h: &F —> R defined by h(X) = \\xx — 7X-xA)||, where xx G F and

T(xx) = Xxx, is nondecreasing;

(in) if k < I < Xq and Xq G ëF, then the set S = {x G F: T(x) = Xx for some

X G &F n (1, Xq]} is bounded; and

(iv) if T(xK) = \xK with \,->X > k (\ > X and k < 1) and {xK} G F, then

{xx} is a Cauchy sequence.

Also:

(v)IfO G D, then there exists r > 0 such that (r, oo) c &D •

Proof, (i) is an immediate consequence of Lemma 1.

(ii) Let X G &F and xx G F with T(xx) = Xxx. Then, by assumption, there exists

a > 0 such that T is a A:-pseudocontraction on B(xx; o) G D. Suppose T(x¿) = /ixM

where x^ G B(xx; o) n F and 1 < /t < X. Then by (1) we have
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U - *)||*x - xM|| < || |«x - T(xx) -(fLXß- 7X^)||

= (A - m)II*xII. (2)

which yields

II*, - T(x¿\\ = (p- 1)||*„H < (m - 1)[||^ - xx|| + ||xj]

< (p. - l)[(X - p.)/ (p - k) + l]\\xx\\

< (x - i)\\xx\\ = ||xx - r(xx)||.

(Ui) Suppose xx G F with T(x%) = XqXXo and select p., x^ as in (ii). Then by (2)

we have

(/i - k)\\Xlí\\ < (u - fc)^ - xj + llxj]

< (K - *)ll*vj,

and it foUows that ||xM|| < ||xxJ| |Xn - k\/(l - k) for all x^ G S.

(iv) We follow the proof of Theorem 1 of [2]. If X„ < \„, then by Lemma 1 the

segment [X„, X,J can be covered by a finite number of overlapping subintervals

{/,}"_, which have the property that for each i and X, p. G I¡, the eigenvectors

xx, Xp corresponding to X and p satisfy

K-^lJI < M\X - p\/(I - k), (3)

where M = sup{||;cx||: xx G F, 1 < X < X0} with Xq = sup{\,}. (By (ui), M < oo.)

We may now select ¡i¡ G I¡ n /,+ , such that X„ = /íq < /x, < • • • < Py+X = X^.

Then by (3),

K - xrt+JI <M\Hi- ^,1/ (1 - k),       i = 0, 1, . . ., r,

and thus

K -r**JI < 2 K - ^*.H < M¿ I ft - ft+il/i1 - *)•
i-O i-O

Therefore, {jc> } is a Cauchy sequence.

(v) By the continuity of T at 0, there exists a 6 (0, 1) and a baU B centered at the

origin such that (1) holds for aU u, v G B while tT(B) c B for all t < a. Since (1)

impUes for u,v G B: <m — v, T(u) — T(v)}_ < k\\u — v\\2 (in the notation of

Martin [5]), it follows from Theorem 6 of [5] that (a-1, oo) c &D-

Lemma 3. Let X be a Banach space, D an open subset of X and T: D —» X a

continuous local pseudocontraction. Then the set &D = (X > 1 : T(x) = Xx for some

x G D] is open in (1, oo).

Proof. This is an immediate consequence of Lemma 1(b).

We now complete the proof of Theorem 1.

Proof of Theorem 1. (ii) => (iü). By replacing T(x) with T(x + z) - z one may

take z = 0 in (ii) (and thus by assumption 0 G D ). Define F as in Lemma 2 and let

F0 be the component of E for which 0 G F. Let B be a baU centered at 0 such that

T restricted to B is a strong pseudocontraction, and let x G B n F0 with T(x) =

Xx. Then by (1)

(X - l)||x|| < ||Xx - T(x) + T(0)\\ = ||71(0)||,
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yielding ||x - 7Xx)|| < ||7X0)||. Therefore, Lemma 2(ü) and Lemma 1 imply that

||x - 7(*)|| < || 7X0)|| for aU x e F0, proving F0 c D. Since F0 is a component of

E, there exists an open set U in X such that U n E = F0. Choosing G = D n U

completes the proof of (üi).

(üi) =» (i). Without loss of generaUty, we may assume z = 0 in (ni). As in the

proof of Lemma 2(v), there exists o G (0, 1) such that tT(B) c B for some ball B

centered at the origin and for all t < o. Hence X G &F and xx G B for all

X > a-1; thus by Lemma 2(üi) we conclude that F0 (defined as above) is bounded.

Therefore, there is no loss in generaUty in assuming G bounded, and existence of a

fixed point for Tin D follows from CoroUary 1 of Kirk-Morales [2].

The next theorem represents a localized version of the first part of Theorem 1 of

[3].

Theorem 2. Let X be a Banach space, D a bounded open subset of X, and T:

D —» X a continuous mapping which is a local pseudocontraction on D. Suppose there

exists z G D such that

||z - T(z)\\ < ||x - r(x)||   for all x G 9£>. (4)

Then inf{||x - F(x)||: x G D) = 0.

Proof. As before, by replacing T(x) with T(x + z) — z and D by D — z, one

may take z = 0 in (4). Since T is continuous and 0 G D, &D ^ 0 (by Lemma 2(v)).

Let Xq = inf ëF where F0 is the component of E containing 0 in its closure.

Suppose first that Xq > 1. Then by Lemma 2(iv), Xq G &^, i.e., T(xq) = XqX0 for

some x0 G D. If x0 G D, Lemma 3 implies that X G &F for some X < Xq, which

contradicts the minimaUty of Xq. It foUows in this case that Xq = 1, and thus

inf{||x — 7Xx)||: x G D) = 0. To complete the proof, observe that as in the proof

of Theorem 1, ||x - T(x)|| < || 7(0)11 for aU x G F0. Thus, by continuity of T on D,

\\x0 - T(x0)\\ < || 7X0)||, and it follows from (4) that x0 « 9D.

It is shown in [1] that for uniformly convex X the assumptions of Theorem 2

guarantee existence of a fixed point for T.
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