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Abstract. Free subgroups, the elements of which have ample cycles in their cycle

decompositions, are enlarged to free subgroups of an infinite symmetric group by

the specific construction of one more free generator.

1. Introduction. Investigations of some open Riemann surfaces lead to the

question of whether a free subgroup on a free basis in an infinite symmetric group

can be extended to a free subgroup by augmenting that free basis by one more

generator ([2], [5]). Suppose that the free rank is infinite but of smaller cardinality

than that of the permuted set on which the symmetric group acts. Consider any

nontrivial element of the free group as a permutation, and suppose that our

embedding is such that the cardinal of the set of nontrivial cycles in the disjoint-

cycle decomposition (d.c.d.) of that element always exceeds the free-rank cardinal.

Then we shall show that the desired augmentation is always possible.

We well order the set of nontrivial elements of the free group and, by transfinite

induction, construct an indexed set of moved points. After suitably reindexing that

set, we use its members as "anchor points" for a disjoint collection of finite cycles.

From this disjoint collection our new, free generator emerges.

A subset L of a group G generates a subgroup denoted by <L>. The cardinal of

a set M is written as |M|. If M is any nonvoid set, and if Sym M is the symmetric

group on M, then each nontrivial member x of Sym M has disjoint-cycle decomposi-

tion, d.c.d.(x), a set of disjoint, nontrivial cycles of members of M, where the

nontrivial transitivity classes of <*>, the subgroup of Sym M generated by x, are

precisely the sets of moved points of these various cycles [6]. Recall that if M is

infinite, an element of Sym M need not, contrary to the situation in the finite case,

be the product of the cycles in its d.c.d. ([4], [7]). Symbols like Z>n and Z>n denote

the sets of integers respectively > n and > n.

Much has been done (e.g., [1]) in showing that free groups of quite high infinite

rank can be injected into symmetric groups that permute sets of only moderately

large cardinality. But our task is almost quite the opposite: we start with mod-

erately large free groups embedded into very large symmetric groups and try for

only very modest free enlargements.
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2. The existence of embeddings. Let b and b be infinite cardinals where b > b. In

a symmetric group Sym H of degree b is it possible to find at least one subgroup

that is a free group of free rank b? And, can the embedding be done in such a way

that, for each nontrivial member of the free subgroup, the d.c.d. in Sym H will

have more than b cycles? Should such an embedding exist, it will be called an

(b, b)-ample embedding.

Lemma. Let S be a symmetric group of degree b, a noncountable cardinal. For each

infinite cardinal b < b, there exists at least one free subgroup A of S of free rank b

such that the embedding of A in S is (b, b)-ample.

Proof. Let H be an index set of cardinal b- Construct a family {MA} of mutually

disjoint sets Mh, one for each n G H, where each \Mh\ = b. Let Sh = Sym Mh, let F

be a free group of free rank b, so that |F| = b, and let yph be the Cayley right

representation of F in Sh. If M = L)heH Mh, each Sh is embedded in an obvious

way in Sym M, and |M| = b- If b G F \ {lF), \ph(b) will have b infinite cycles in its

dx.d. in Sh. Let \¡/'h be \ph with its codomain extended from Sh to Sym M, and let

Qb = UA d.c.d.(^(6)). Then the set Qb consists of b disjoint infinite cycles of

members of M. There exists a unique b' G Sym M such that d.c.d.(6') = Qb. Let \p

be the map from F to Sym M that carries each b G F \ {lF} to b' G Sym M and

carries \F to the unity of Sym M. Then ^ embeds F monomorphically into Sym M,

and this embedding is (b, b)-ample.

Since the symmetric group S of the hypothesis is of degree b, it is permutation-

group isomorphic to Sym M. Thus, there must exist a free subgroup A of S of free

rank b such that the embedding is (b, b)-ample.    □

Observe that the embeddings used in the proof above are "superample" in that

in each pertinent dx.d. we get b infinite cycles (and no finite cycles), not just more

than b cycles.

3. The principal result. If f G Sym H, s($), the support of f, is the set of all points

in H that are not fixed by f.

Theorem. Let A be a free group on a free basis B of infinite cardinality. Also, let A

be a subgroup of a symmetric group Sym H, where \H\ > \B\, in such a way that the

embedding is (\H\, \B\)-ample. Then there exists at least one ß G (Sym H) \ A with

the following properties :

(1) d.c.d.(jS) has only finite cycles, and ß is fixed-point free;

(2) (B (j {ß}} is a free subgroup of Sym H on the set B u { ß) of free generators

and properly includes A.

Proof. Let b = \B\ (= |<Ä>| = \A\), and let b - \H\. Well order A \ {\A},

calling its members w0, wx, . . . ,wfL, . . ., indexed by ordinals ¡i in some initial

segment M of ordinals. Let £>M = d.c.d.^), so that, by hypothesis, b > \D \ > b.
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Let T0 be an index set of cardinality b, and let p0 be a monic function from T0 into

D0. For each t0 G T0 let p0(r0) = CTo, a cycle in D0. Let C0 = {CtJt0 G r0}, the

range of p^ so that | C0\ = b.

Suppose that v G M and that, for each /* G M, p <v, sets II have been

constructed, as well as monic maps p^ from 7" into Dß, subject to the following:

(a) each | 7JJ = b, and the T are mutually disjoint;

(b) the supports s(p (r¿j) constitute a family of mutually disjoint sets for all jit < v

and all t^ G 7^.

It is convenient to write CT = p^r^) and C^ = {CT |t G 7^}. Observe that each

|CM| = b, so that the disjoint union UT s(CT ) has cardinality b for fixed ¡i <v. Let

W, = IL^, UT/(CT(i). Now \M\ = |¿\ {£}] - \A\*\&\,m b, so that |Wr| < b2

= b. But \DV\ > b, and there can be at most b cycles in D, in which members of Wv

can occur, so that there are more than b cycles in Dr that move no members of Wr.

Such cycles will be called H^-free.

Let Tp be a set of cardinality b, disjoint from the T already specified for the

H < v. There exists at least one monic map p„ from Tv into Dr such that the range

of p, consists only of If „-free cycles. As before, C„ = {CT |t„ G r„} (where CT =

P„(t„)) has cardinal b, and the sets s(Cr ) for all ju < v and all t G 71 are mutually

disjoint. By transfinite induction we have thus created a set C of disjoint cycles

C G Z> for all u G M and all tm G r„. We see that ICI = b.

Choose u' G í(Ct ), and let vL = m' w„. Note that v' 6î(C) and that u' ¥=v'

Let / be the set of all these u'T 's and v'T 's (all distinct), so that |/| = b.

Let G be a multiplicatively written, infinite cyclic group on the free generator y

where G and A as sets have only 1G = lA in common. Let A* = A * G, the free

product of A and G, thus a free group of free rank b on the free basis B u {y}.

Well order A* \ {lA*}, indexing its elements ta by an initial segment N of ordinals

a. Note that |JV | = b. Each ta has an expansion as a unique product of elements

from A and G in that ta = w(a, l)Ye(a• ° • • • <o(a, /•(a))ye(a> Ka)) where each w(a,j)

G ^4 and each e(a,j) is an integer; where r(a) is a positive integer such that if

/•(a) > 1 then each u)(a,j) ¥= \A for 1 <j < r(a) but where each e(a,j) ¥= 0 for

1 < j < r(a); and where r(a) = 1 implies that w(a, 1) =^= \A or e(a, 1) ^ 0. Ob-

serve that if u(a,j) = 1^ theny = 1.

We see that / is a function with domain N and codomain and range Z>0. Let P

be that subset of N X Z>0 which is determined by r upon placing (a,j) G P if and

only if 1 < j < /-(a). Then e is a function with domain P and codomain and range

Z. Likewise, w is a function with domain P and codomain and range A. Observe

that|P| = b.

Let w_x = \A, and augment M to M' = M u {-1}- The function w from M'

onto y4 given by w(¡i) = w^is a bijection, so that fl = w"1« (here, functions written

to the left of arguments) is a function from P onto M' for which |ß_1( p)\ = b. The

set of all Q'\n)'s constitutes a disjoint cover for P. Since |fl_1(/i)| = b = |!T | there

exists at least one bijection ^ from ß_1(fi) onto T. Let Í» be the bijection from

P\ß~'(-1) onto the disjoint union T = U,,eJi I), given by ®(a,j) = <f>ll(a,j)

whenever («, j) G ß~'(ju).
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For each (a,j) G P \ ß_1(-l) let u(a, j) = u'^ jy and let v(a,j) = u(a,j)u(a,j),

which reduces to v'^^. Then « is a function from P \ ß~'(-l) to H with range

U' = [u!r ¡Tp G T and n G M}. Since $ is a bijection u is monic. Likewise, v is

monic, sharing domain P \ fi"'(-l) and codomain H with u but where v has range

r = {^6 7;and^M}.

For «GAT, let

= Í {«(a,y)|2 < j < K«)}     if «(«. O = li,
" \{«(a,y)|l <j<r(a)}     if «(«, 1) * \A.

Similarly, define F(a> by replacing each u(a,j) by u(a,y) in the definition of C/(a).

Let U = Ua i/(a) and F = Ua F(a) (a running over N), mutually disjoint sets,

each a disjoint union of the C/(o)'s (respectively, F(a)'s). One readily shows that

U = U' and F = F', so that t/' u K' = J = Í7 u V. We have effectively re-

labeled the elements of J in a way that will be useful in the construction to come of

a free subgroup of Sym H properly including A, while the original labeling is

convenient in the foregoing, transfinite construction of /.

Let e0 be the function from P to Z given by e0(a,j) = -1 if r(a) >j = 1 and

«(a, 1) ^ 1^, or if 2 < / < r(a); e0(a,j) = 0 if r(a) = j = 1 and <o(a, 1) ¥= \A, or if

j = 1 < /-(a) and w(a, 1) = 1^, or if Jf = r(a) > 2; e0(a,j) = 1 if y = 1 = r(a) and

w(a, 1) = 1^. Let ¿s be the function from P to Z given by E(a,j) = |e(o,y)| +

e0(a,j) for each (a, j) G P, whence range(£) = Z>0. For nonnegative integers n it

will be convenient to let [n] = {m|m 6 Z>0 and /n < n} if n > 0; [0] = 0.

Let RiaJ) = {(a,j)} X [E(a,j)], a subset of P X Z>0 for which |Ä(a>^| =

E(a,j). These Ä(a ^'s are mutually disjoint, and the cardinal of the set of nonvoid

ones is b. Thus, R = U(o ß R(a,j)> a disjoint union of void and finite sets, has

cardinal b.

Since \H \ J\ = b > b there exists at least one injection 5 of R into H \J. Write

5 for the induced map, too, and set X = 8(R) and X{aj) = S(Ä(a 7>). These Xia^s

constitute a disjoint cover of X by void and finite sets where |^(a,y)| = E(a,j). If

X(aJ) is nonvoid let its members be denoted by the x(a,j, k)'s where the integers k

obey 1 < k < E(a,j). We form a subset /T of / by placing all the u(a, 1) in K and

all the u(a, r(a)) in # for which e(a, r(a)) = 0. Let Y = (J \ K) u X, so that, in

particular, Y Q H \ K and K Q H \ Y.

Let us introduce a linear order into each nonvoid X(a ̂  by ordering its elements

x(a,j, k) with respect to increasing k. We can then incorporate such an ordered

X,a rt into a finite cycle (av . . . , an) of elements a¡ G H by setting

(*(«,,> "i.--. a„) = (*(«,./> 1), • • • , x(a,j, E(a,j)), ax, . . . , a„) if X(aJ) is non-

void; just (ax,. . ., a„) otherwise.

Let sgn e(a,j) = 1, 0, -1, according to the sign of e(a,j). Let ß0 be any permuta-

tion on H \ Y. Let ßx be the permutation on Y that has its dx.d. defined by the

collection {C(a, j)\(a, j) G P} of disjoint finite cycles

C(olJ) = (X(a,j), u(a,j + 1), v(a,j)y*»'<"■■»
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if either (a) 2 < j < r(a) or (b)j = 1 < r(a) and co(a, 1) ** \A;

C(a,j) = (*(«,/>, »(a,/))*5*"«^

if either (c)y = r(a) > 2 and e(a, r(a)) =£ 0 or (d)y' = 1 = /-(a), e(a, /-(a)) ¥= 0, and

c(«,7) = (*(«, A "(«J+i))sgne(0,y)

if (e)y' = 1 < r(a) and w(a, 1) = 1^;

C(a,j) = (^(a,7))sgne(-^

if (f)y' = 1 = r(a) and w(a, 1) = 1¿ ;

C(a,y) = 1

if (e)j = K«) and e(«. K«)) = o.
One readily computes the length of the cycle C(a,j) to be |e(a,y')| + 1 whenever

j < r(a). But e(a,j) runs over all integers, so that there are finite cycles of arbitrary

length in dx.d.( /?,). Thus, /?, is of infinite order in Sym Y. Let ß be that map from

H to H which coincides with ß0 on H \ Y and with ßx on Y, so that ß G Sym H

and is, like ^,, of infinite order.

Let A' = (A, /?> be the subgroup of Sym H on the set A u {ß) of generators.

Recall that the free group ^4 # is (A, y>. Let A be the map from A # to /í' given by

A(w(a, l)y«*-» • ■ • w(a, /•(a))Ye<0,r(a))) = w(a, l)^"' ° • ■ • w(a, /■(«))£e(a'K'l)).

Then, À G Hom(A #, A'), X extends the identity map on A, X(y) = ß, and A is onto

A'. If w(a, 1) =5^ lA call t<(a, 1) i/te leading vertex for ta. If «(a, 1) = 1^ call

x(a, 1, 1) the leading vertex for ta. Then A(/a), as a permutation on //, carries

the leading vertex for ta to v(a, r(a)), or to x(a, r(a), \e(a, r(a))\), or to

x(a, 1, |e(a, 1)| + 1), in no case equal to that leading vertex. That is, ker X is trivial,

so that X is an isomorphism, and A ' = X(A *) is free on the free set of generators

X(B u {y}) = X(B) u (a(y)} = X(B) u {ß}, a set of generators of cardinal b.

Since X reduces to the identity map on A, this set of generators is just fiu { ß).

Since ß & A, A' properly includes A. By requiring that ß0 have no fixed points, ß

can be forced to have none either; likewise, ß can be made to have only finite

cycles by so restricting /?„.   □

If H is countable there are much easier techniques [2] leading to a similar result.
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