
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 83, Number 3, November 1981

ON A MEAN ERGODIC THEOREM

RYOTARO SATO

Abstract. A recent mean ergodic theorem of Shaw [2] is improved. The proof

given below is simple and direct.

The purpose of this paper is to prove the following

Theorem. Let (T,: t > 0) be a strongly continuous semigroup of uniformly bounded

linear operators on a Banach space X. Suppose there exists 8 > 0such that \\T, — I\\

< 2 for all0<t < 8. Then for each 0 < t < 8

lim — j   Tsx dx = lim — 2 Tttx
¿>-»oo  b Jq n     n   ,_q

provided one of these limits exists.

Proof. If X0 [resp. X„ t > 0]is the set of all x in X at which

1   fb
P0x :=   lim - I   Tsx ds

h Jo

1 n-l

resp. P.x := lim — 2 T¡tx
"    n i-0¿>->oo b

exists, then, as is well known (see e.g. [1, Corollaries VIII.5.2 and VIII.7.2]),

*o = n n(ts -1)
. s>0

U R(TS - I)
s>0

and

X, = N(T, - 7)0 R(T,- I).

Moreover if x E N(T, - I) (i.e. Ttx = x) then

1    rb rnt |   rt
hm-/   7;x^ = lim-|    Tsxds = -     Tsx ds,

b-too  O Jq rt     nt Jq t Jq

and thus x E X0. Therefore X, c A'o, and hence to prove the theorem it suffices to

show that

U R(TS - I)
J>0

<ZR(T,-I)        (0<t<8).

To do this, however, it also suffices to show that

R(Tl/2 - I) c R(T, - I)        (0<t<8),

because the semigroup (Tt: t > 0) is strongly continuous.
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Suppose x G R(Tl/2 — I), which is equivalent to P,/2x = 0. Then

2L- ■ 41^
j    2«-l j

2n~ ,?0 ^'/2 = 5[/H

I + j(tl/2-l) (¿Ir-)
and thus

therefore

i   n— 1 ,2/1—1 ,

« .?„ ^  <   2^  ,?n^'/2^  +2llr'/2
i = 0

| 2 rJ <
"  ( = 0 v

1=0

l-ill^/2-A

n-1

2 ^
( = 0

\-l||    1    2"-1

■ o

as w -» oo, since 1 — ||| r,/2 — 7|| > 0. This proves that P,x = 0, or equivalently

that x E R(Tt — I). Hence the theorem is established.
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