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ON A MEAN ERGODIC THEOREM
RYOTARO SATO

ABSTRACT. A recent mean ergodic theorem of Shaw 2] is improved. The proof
given below is simple and direct.

The purpose of this paper is to prove the following

THEOREM. Let (T,: t > 0) be a strongly continuous semigroup of uniformly bounded
linear operators on a Banach space X. Suppose there exists 8 > 0 such that ||T, — I||
< 2forall 0 <t < 8. Then for each0 <t <&

blflbf Tyx dx = lim — 20

provided one of these limits exists.

PrOOF. If X, [resp. X,, t > 0] is the set of all x in X at which

—1
Pyx = lim bf T,x ds [resp Px = hm lgo T,,x]
exists, then, as is well known (see e.g. [1, Corollaries VIIL.5.2 and VIIL.7.2)),

xo=[ ﬂN(T,—-I)]e[ UR(T,-I)]

s>0 s>0

and
X,=N(T,—-1)®R(T,-1).
Moreover if x € N(T, — I) (i.e. T,x = x) then

bli)n:obf Txdx—hm—f T,x ds = ftT,xds',

and thus x € X,,. Therefore X, C X, and hence to prove the theorem it suffices to
show that

[ U R(T, - 1)] CRE=D (0<t<9)

s>0
To do this, however, it also suffices to show that

RT,-DCRT -1 (0<1<8),

because the semigroup (7,: ¢ > 0) is strongly continuous.
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Suppose x € R(T,,, — I), which is equivalent to P, ,x = 0. Then
1 2n—1

1 1 n—1
n i§0 T, =5[1+ T:/z](; 2 Ti:x)

R Ok

and thus
l 2"—]
e <|s 3 e+ 31ma-n 35
therefore
1 n—1 1 -1 2n—
‘; EOTX <(1_§||Te/2‘1") 2 T, x| —

as n— oo, since 1 — || T,,, — I|| > 0. This proves that P,x = 0, or equivalently
that x € R(T, — I). Hence the theorem is established.
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