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CONSTRUCTION OF FIXED POINTS
FOR ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

GREGORY B. PASSTY

ABSTRACT. In uniformly convex Banach spaces with Frechet differentiable norms
(e.g. L?, 1 < p < ), fixed points for asymptotically nonexpansive mappings are
constructed as weak limits of iterates of the mappings themselves or of related
mappings.

Let E be a uniformly convex Banach space, and let C be a closed convex subset
of E. A mapping U of C into itself is said to be asymptotically nonexpansive (Goebel
and Kirk [6]) if |U"x — U'y|| < k,||x — y|| for all x and y in C, with lim, k, = 1.
It was proved in [6] that if C is further assumed to be bounded, then an
asymptotically nonexpansive self-map of C has a fixed point. We show here that if
E has a Fréchet differentiable norm, and if U is, for example, weakly continuous,
then fixed points of U can be obtained by iterating U starting at a point of
asymptotic regularity.

Theorem 1 extends theorems of Feathers and Dotson [S] and of Bose [2] which
were obtained in uniformly convex spaces with weakly continuous duality maps.
The basic tool in both of these papers was Opial’s Lemma [7]. Because this lemma
does not carry over to L?, p # 2, new techniques are needed for this more general
case. These were provided by Baillon [1] and simplified by Bruck [4] when the
norm is Fréchet differentiable.

We will present Theorem 1 in a slightly more general form, and then discuss
applications to asymptotically nonexpansive mappings and to a conjecture of H.
Schaefer [8].

First we extend the definition of [6] to sequences of maps which are not
necessarily powers of a given map.

DErINITION 1. The sequence {7}, of self-maps of C is asymptotically nonex-
pansive if | T,x — T,y| < k,||x — y|| for all x,y in C with lim, k, = 1.

Denote the set of fixed points of T by F(T), strong convergence by — , and weak
convergence by — . We may now state

THEOREM 1. Let E be uniformly convex with a Fréchet differentiable norm, and C a
closed convex subset of E. Let F be a subset of C and S = {T,} ., an asymptotically
nonexpansive sequence of self-maps of C such that (a) F C N ,_, F(T,). Assume also
that there exists x, in C for which

(b) me°7 z implies z € F, and
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©) T,T,xo— T,xo— 0 as n— oo for all (fixed) m.
Then either (i) F = & and ||T,x,|| — + o0 or (ii) F # & and T,x,— an element of
F.

Note that hypothesis (c) may be interpreted as asymptotic regularity of S at x,,.
In order to prove Theorem 1, we proceed using several lemmas.

LEMMA 1. Let x4 and y, be any two elements of C for which hypothesis (c) holds.
Then lim, || T,xq — T,y,ll exists.
PROOF. By the triangle inequality and the Lipschitz property of 7,
1T, %0 = Tuyoll < 1Txo = T Tpoll + 1 T TXo = T Tl + I T, Thmyo — Toyoll
<N Tuxo — TuToxgll + Kyl Txo = Tl + 1T, Ty — Toyoll
Fixing m and letting n — oo, applying (c), and then letting m — oo, we see
lim”sup”T,,xo — Tyl < l‘unminf”T,,,x0 — Tyl Q.E.D.

COROLLARY 1. For each f € F, lim,||T,x, — f|| exists.

PrOOF. By (a), 7, f = f for all n. In addition, x, (by assumption) and f satisfy (c).
Q.E.D.

A very important tool is a result proved by Bruck, which we state here as

LEMMA 2 [4). Let E be a uniformly convex Banach space and let K be a nonempty
closed bounded convex subset of E. Then there exists a strictly increasing, continuous
convex function y: R — R™* with y(0) = 0 such that every nonexpansive mapping U:
K — E satisfies

Y(lrUx + (1 = Uy — U(rx + (1 = ry)l)) < llx =yl = [IUx = Wy|
forall x,yin Kand 0 <r < 1.

More suitable to our purposes is a variant of Lemma 2 for mappings which are
not necessarily nonexpansive.

COROLLARY 2. Let E, K, and consequently y be as in Lemma 2, and let T: K —» E
be Lipschitz with Lipschitz constant k. Then

/T + (1 = )Ty — T(rx + (1 = )|l <ky™'(llx — yll = &7 Tx — Ty||)
for all x andy in K and 0 <r < 1.

We now begin the proof of Theorem 1, following lines developed in [4].

PROOF OF THEOREM 1 (BEGINNING). Suppose some subsequence {7, xo} is
bounded. Since E is reflexive, a further subsequence must converge weakly to an
element z € E which, by (b), is in F. Thus F = & implies || T, x,|| — oo. '

If, on the other hand, F # O, then there is some f, € F and, by Corollary 1,
{IIT,,xo — foll} is bounded, say, by R. Let C, = {x € C: ||x — fo|l < R}. Then C,
is closed, convex, bounded, and nonempty. Furthermore, T, x, € C, for all n. We
take C, to be the set X in Corollary 2.
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We abstract the next section of the proof as

LEMMA 3. Under the hypotheses of Theorem 1, lim,||rT,xo + (1 — r)f, — f,|| exists
Jorall f, f, € Fand for all 0 < r < 1.

PROOF.
IrTxo + (1 = 1)fy = foll <rlT,xo = T, T, x|l + |IrT, T,,x0 + (1 = r)fy = £l

<1 Toxo = T, Tuxoll + 1rT, Tuxo + (1 = 1T, fy = T,(rT,xo + (1 — DAl
+I T (rTpxo + (1 — Nfy) — TAl

<l Toxo = T, %l + ko' (1 Tpxo = Aill = k211 T, o — £ill)
+k,|IrTxo + (1 — n)fy — £l

< | Tyxo = T, Tl
+h, v (I Txo — Aill = K11 Toxo — fill + &N Tox0 — T, T, %oll)
+k,|IrT,xo + (1 = r)f, = fill-

Here we have used the triangle inequality, hypothesis (a), the Lipschitz property of
T,, Corollary 2, the triangle inequality again, and the fact that y™' is also an
increasing function. Fix m and let n — oo:

lim sup [|rT,xo + (1 = Ny = £l <0+ Y (170 — Aill — im || T, xo — £ill)

+|rT,xo + (1 = fy — fll-
Now letting m — oo,
lim sup T, %o + (1 = P)fy = ll < lim inf [rT,uxo + (1 = 1)fy = f;ll. QED.

PROOF OF THEOREM 1 (CONCLUSION). Let f,, f, € F. Since E has a Fréchet
differentiable norm, we may take J(u) to be the Fréchet derivative of 1|| - || at .
Then there exists an increasing function A: R¥ - R* such that +"'A(f) >0 as
t—-0* and

3l = AP+ U = L) B) <304 — fo + BIP
<3l = £LIP + G, = £, ) + A(|IAl)
forallh € E. Take h = r(T,x, — f,). Then
%”fl _f2||2 + "(J(fl -fz), T, x, _fl) < %“rT,,xo +(1 - ")fl -f2||2
<A = AP+ r(I(fy = £) Toxo — £i) + Ml Toxo — fill)-
Letting n — oo and using Lemma 3, we obtain
limnsup r(J(fy = f), Tyxo — f)) < % li,‘fl IrT,xo + (1 — 1)f; _f2||2 _%“fl - fz”2
< limninf r(J(fy — £2) Toxo — f1) + A(rM),
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where ||T,x, — f;ll < M for all n. Dividing by r and letting r— 0" shows
Lim,(J(f; — f,), T,xo) exists for all f,, f, € F. Thus if z, and z, are two weak
subsequential limits of {7, x,}, (J(f; — f,), 2, — zp) = 0. By (b), z, and z, are in F;
thus we may take f, = z;, for i = 1, 2, finding that 0 = (J(z, — z,), z; — z)) =
lz; = z,|I>. (We have used (Ju, u) = ||u||> = ||Ju|]® for all u € E [3, p. 97].) Since
all weak subsequential limits of the bounded sequence {7,x,} are thus equal,
{T,x,} must converge weakly to an element of F. Q.E.D.

We now present a consequence of Theorem 1 for weakly continuous mappings.

COROLLARY 3. Let C be closed, convex, and bounded, and let U:. C — C be weakly
continuous and asymptotically nonexpansive. If U is asymptotically regular at x, € C
(i.e., if U 'xy — U"xy— 0), then U "x, converges weakly to a fixed point of U.

PROOF. In Theorem 1, we take F = F(U), and S = {U"};°_,. It is obvious that
(a) holds, and (c) holds by assumption. To see that (b) holds, note that U"x, — z
and weak continuity imply that U%*'x,— Uz. On the other hand, asymptotic
regularity implies that { U"%*'x,} and { U%x,} must have the same limit, namely z.
Thus Uz = z. F # & by [6], so { U"x,} must converge weakly to an element of F.
Q.E.D.

Theorem 1 may also be used to make statements about nonexpansive mappings.

THEOREM 2. Let E be uniformly convex with a Fréchet differentiable norm, let C be
a bounded closed convex subset of E, and let U be a nonexpansive self-map of C.

Set Uy =AU + (1 = NI for fixed 0 <X < 1. Then for any x € C, {Uyx}
converges weakly to a fixed point of U.

ReMARK. This theorem shows that Schaefer’s conjecture [8] holds in a class of
uniformly convex spaces which includes L?, 1 < p < co.

PROOF OF THEOREM 2. We apply Theorem 1 with F = F(U) and S = {Uy}r,.
F(U) = F(U,) for all 0 < A < 1, so (a) holds. By the Browder-Kirk-Gohde Theo-
rem, U has a fixed point in C. U, is thus asymptotically regular [8, Lemma 2]
establishing (c) with x, any element of C. In order to verify (b), note that,by
asymptotic regularity, (I — U,)Uyx — 0. Since Upx —z (by assumption) and
since (I — U,) is demiclosed [3, Theorem 8.4], we see that 0 = (I — U,)z; i.e.
z = Uz. Since F is nonempty, { Uyx} must converge weakly to a fixed point of U.
Q.E.D.

ADDED IN PROOF. The author has learned that Theorem 2 is a special case of a
result of S. Reich (J. Math. Anal. Appl. 67 (1979), 274-276, Theorem 2).
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