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SOME EXPANSION FORMULAS FOR A CLASS

OF SINGULAR PARTIAL DIFFERENTIAL EQUATIONS

ABDULLAH ALTIN

Abstract. We obtain a generalization of the Almansi's expansion and the Lord

Kelvin principle for solutions of a class of iterated elliptic or ultrahyperbolic

equations. We also obtain some homogeneous function expansions for solutions of

the same equations.

1. Introduction. In this paper we present some expansion formulas for solutions of

a class of iterated elliptic or ultrahyperbolic partial differential equations. Specifi-

cally, we consider the elliptic or ultrahyperbolic equation

,r, \ dxf     x,. 9x,. /      * \ dy2     yt 9y, J      r2

where the constants «,,... ,a„, ßx,...,ßs and y are real parameters and

(2) r2= 2x,2±¿ y,2 = x2±y2.
i=i /=!

The domain of the operator L is the set of all real-valued functions u(x, y) of class

C2(D) where x = (x,,.. .,x„) and y = (>>,,.. .,ys) denote points in R" and Rs,

respectively, and D is a regularity domain of u in R"+s. Clearly the equation (1)

includes some of the well-known classical equations such as the Laplace equation,

the wave equation and the EPD and GASPT equations [1-9].

2. Expansion formulas. We first establish some properties of the operator L. From

the definition of L, it can be shown by induction on p that

p-\

(3) LP{rm) =  u  [(m - 2j){m - Ij + <b) + y]^'2"
7 = 0

where m is a real parameter and

n s

(4) </> = « + *-2+ 2«,+ 2 ft.
1=1 1=1
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Let u,vE C2(D) be any two functions. By direct calculation we see that

(5) L(uv) = uL(v) + vL(u)-±uv + 2\[2^^±Z^^.

Hence if m G C2(D) is a solution of the equation Lu = 0, then by (3) and (5),

(6) L{rmu) = rm-2m(m + d> + 2T*)u

where

n Q S r\

T*= Sx —+ Y y —
^    'dx        ^ y'dv 'i=\       ax>        i=\      °Xi

By direct calculation, it can be shown that

(7) LT* = (2 + T*)L.

Hence if we set T = m + <b + 2T*, then from (7) we get

(8) Lr=(4+r)L.

Lemma 1. Let u be any solution of the equation Lu — 0. Then, for any positive

integer p and for any real number m,

p-\

(9) LP(rmu) = rm_2* u (m - 2j)(m - 1) + <f> + 2T*)u.
7 = 0

Proof. From (6) we have L(rmu) = mrm~2Tu. Applying the operator L on both

sides of this equality and using (5) and (8) we have

L2(rmu) = mL(rm-2Tu) = mrm-2(4 + T)Lu + rm-Am{m - 2)(-2 + T)Tu

= rm-Am(m - 2)T{-2 + T)u

= rm-4m(m - 2)(m + <f> + 2T*){m - 2 + <b + 2T*)u.

Hence by induction we obtain the formula (9).

By making use of Lemma 1 we shall now give two expansion formulas.

(a) A generalization of the Almansi's expansion. Let «,(x, y),j = 0,1,... ,p — 1, be

any p solutions of the equation Lu — 0. Then by Lemma 1

L'[r2>«,(x, y)] =0   for/ = 0, l,...,/> - 1.

Thus each of the functions r2jUj(x, y) and therefore their superposition

p-\

(10) w =  2 r^uj{x, y)
7 = 0

satisfies the equation Lpw = 0. This is the analogue of the Almansi expansion given

for the Laplace operator [1]. Hence we call the representation (10) an Almansi's

expansion.

(b) A homogeneous function expansion. Let the function w(x, y) be a homogeneous

solution of degree X, of the equation Lu = 0. Then, by the Euler's theorem, we know

that

t*u(x, y) = 2 xtj- + 2 y¡jr = Mx, y).
,=i   axi   ,=i   °y¡
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Hence by (9) we have

p-\

(11) L"(rmu) = rm-2p u (m - 2j)(m - 2j + <f> + 2X)u.
7 = 0

This shows that if the functions u,,j — 0, \,...,p — 1 are homogeneous solutions of

degree X/ of the equation Lu = 0 then, for each of the values m — 2j — <b — 2A,,

j — 0,\,...,p — 1, the functions

r*J-*-*jUj(x, y),      j = 0,l,...,p-\,

satisfy the equation Lpu — 0. It follows that the linear combination

p-\

w =  2 r2j~*-2XJUj(x, y)

,/=o

is also a solution. Here we noted that the operators on the right of (9) are

commutative.

3. Generalized Lord Kelvin principle. The classical Kelvin principle was given for

harmonic functions in 1847 [5]. Germain and Bader [3] stated this principle in

two-dimensional space for the Tricomi equation in 1953. Their result was extended

by A. Huber [4] for the equation

£  32w  ,  d2u  ,  k du     n
2 —7 + —r + --5- = 0,       -oo<Â:<oo,

, = , 3x2      3y2     y 3v

in 1956. A generalization of Kelvin principle was established by A. Weinstein [9] in

1960 by the use of polar coordinates for the equation

A / 32«  ,  k, 3« \

Weinstein's result was obtained again by A. O. Celebi [2] in 1968 by using

rectangular coordinates.

To establish the Lord Kelvin principle for solutions of (1), let £, = x,/r2,

/" = 1,...,«, t;, = y¡/r2, i = \,...,s. Then, by using the same method as in [2] and [4]

we can show that

(12) L[rmu(i, i?)] = r"'~2(m + *)(#«- 27?)«<í, l) + rm"4L(£.„[«(Í, t,)]

where L{i x denotes the operator L with x and y replaced by | and tj. respectively, <¡>

is defined in (4), £ = (£,,. ..,|„), tj = (tj,,...,?;,) and

Thus if u(x, y) is a solution of Lu = 0, then it follows from (12) that L[r"t>u(^, tj)]

= 0. That is, the function v — r~^u(i, tj) or, explicitly,

„ = r2-H-s-lu,«,-ZUß,u(5± fa  Zi II)
1     ? '' ' ' '     2 '     2 '" ' ' '     2  /
V r r      r r   I

is also a solution of the same equation. This establishes the Kelvin principle for the

equation (1).
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By making use of the formula (12) we shall obtain further results.

If m(x, y) is a homogeneous solution of degree X of the equation (1), then

r,*w(£, tj) = 2 èiwr + 2 %TT = M£, T))-
i=\      ç'     í=i      ^'

Hence, by the formula (12) it is clear that L[/-2Am(£, tj)] = 0, that is, the function

v — r2Xu(^, tj) is a solution of the equation (1).

Let u(x, y) be a solution of (1). Then (12) becomes

(13) L[rmu{Í, t,)] = r"'-2{m + <b){m - 2Tx*)u{t, tj).

Hence as in (7) it is clear that for L(ilj) and 77 we also have

L(Z.t])T* = (2 + T\)L(i.vr

Thus by induction we obtain

p-i
(14) L<>[rmu{t, t,)] = rm-2p Ü (m - 2j + <¡>)(m - 2j - 2T*)u(£, -tj).

7-0

Now by using (14), we can establish the following two expansion formulas which

correspond to those given in §2.

(a) Let Uj(x, y), j = 0, \,...,p — 1, be any p solutions of the equation Lu — 0;

then by (14) it follows that

LP[r2J-*Uj(t,ri)] =0   fotj = 0,1,...,/> - 1.

Thus each of the functions r2i~*Uj(£, tj) and therefore their superposition

p-\

w = 2 r2'-*uj(t, tj)
7 = 0

satisfies the equation Lpw = 0.

(b) Let the function u(x, y) be a homogeneous solution of degree X, of the

equation Lu = 0. Then by the Euler theorem, we know that

7>(£, tj) = 2 tijr + 2 Ii xT = AMU> v)-
i=i      ç'     ¡=i      ^'

Hence by (14) we have

L'[i-M«(É, tj)] = r"-2" II (m - 27 + ^)(»i - 2y - 2a)«(€, tj).
7-0

This shows that if the functions wy(x, y), j — 0,\,...,p — 1, are homogeneous

solutions of degree Xj of the equation Lu = 0, then for each of the values m = 2j +

2Xj,j = 0,1,... ,p - 1, the functions r2°+x^My(|, tj),> = 0,1,... ,p - 1, satisfy the

equation Lpu = 0. It follows that the linear combination

p-\

w=  2 r*J+*j>Uj((,ii)
7 = 0

is also a solution.
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