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ON THE CONJUGACY PROBLEM FOR F/R'

C. K. GUPTA1

Abstract. Let F/R be a finitely generated recursively presented group

with the solvable conjugacy problem and the solvable power problem. The

conjugacy problem for F/R' when F/R is torsion free has been solved by

Remeslennikov and Sokolov (Algebra and Logic 9 (1970), 342-349). In this

note we prove that F/R' has the solvable conjugacy problem even when F/R

is not torsion free. This allows us, in particular, to conclude the solvability of

the conjugacy problem for F/[Fn, Fn] in terms of the conjugacy problem for

F/Fn.

Summary. If the conjugacy problem and the power problem for F/R is solvable,

then the conjugacy problem for F/R' is solvable.

Introduction. Let F/R be a finitely generated recursively presented group with

the solvable conjugacy problem and the solvable power problem. The conjugacy

problem for F/R' when F/R is torsion free has been solved by Remeslennikov

and Sokolov [6]. In this note we are able to prove that F/R' has the solvable

conjugacy problem even when F/R is not torsion free. This allows us, in particular,

to conclude the solvability of the conjugacy problem for F/[Fn, Fn] in terms of the

conjugacy problem for F/Fn. As in [6] our tool is the Magnus embedding of F/R'

into a group of 2 X 2 matrices and a result of Matthews [5] about the conjugacy

problem for the restricted wreath product of two groups.

Preliminary results. Let F be a noncyclic free group on a finite set X and R a

normal subgroup of F. Let Q be the free left Z(P/P)-module with basis {\x\x G

X}. Then every element of fi is of the form

/ = X) fxK,        /x G Z(F/R).
xex

For w G F, we set Rw = w and consider the group

M = (FIR      1   )
\    0      R/R j

of 2 X 2 matrices of the form

w

0

w G F, f G n. It is easily verified that M is isomorphic to the restricted wreath

product of a free abelian group of rank |X| by F/R. Thus, by a result of Matthews

[5], we have
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Lemma 1.   If F/R has the solvable conjugacy problem and the solvable power

problem2 then M has the solvable conjugacy problem.

Let ip : F —► M be the homomorphism defined by

-(:x;}

Then a well-known result of Magnus [4] states that the kernel of ip is R'.  Thus

F/R' is embedded in M and we shall identify the elements of F/R' in M by

ip(w)
(w    a(w) \

0       1   /

The matrix multiplication yields the following lemma (see, for instance, [2, Lemma

2.1]).

LEMMA 2.   Leta(w) be the 12-entry ofip(w). Then

(i) a(uv) = ua(v) -4- a(u) for u,v G F;

(ii) a(w~xrw) = w—1a(r) forw£F,r£ R;

(iii) a(w~*) = —w~1a(w);

(iv) o(x) = X*;

(v) o(l) - 0.

The next lemma gives a criteria for an arbitrary element / G fi to be a(r) for

some r £ R.

Lemma 3 (Remeslennikov and Sokolov [6]).  Let f = ¿2X fx\x g fi.
Then f = a(r) for some r G R if and only if J2X /x(x — 1) = 0 in Z(F/R). [Since

(: í)-(¡ '".""X: ?>
Lemma 3 can be used to determine if f = a(ra) for some a G F, r G R-]

Finally, we shall need the following lemma about finitely generated groups with

the solvable word problem.

LEMMA 4. Let G be a finitely generated group with the solvable word problem.

Let a be an element of G of finite order n>2.If(a — l)u = 0 for some u G ZG,

then u = p(a)v, where p(a) = 1 -4- a -4- • • • -4- on—1 and v G IG can be effectively

determined.

PROOF. Let A = sgp{a} and let S = suppG(u) be the support of u. Let

S = Ui=i Si be the partition of S determined by the property: g, h G Si if and
only if Ag = Ah (this can be tested using the word problem for G). We choose

a representative Oi for each 5¿. Then g £ S implies g = fcw<r< for some k(i) G

{0,..., n — 1} and i G {1, • •., I}.

2Given a, b 6 F/R, it can be effectively decided whether or not there exists an integer n such
that a = bn. Throughout this note we shall assume that F/R is recursively presented.
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We write u as
i

« = X] Zi<7i>
t=l

where z¿ G ZA. Then (a — l)u = 0 is equivalent to (a — l)z¿ = 0 for each i =

1,..., I and, in turn, Zi = p(a)z* for each ¿ = 1,..., I. This gives u = p(a)v, where

v = X)¿=i zi°~i is effectively determined.

The conjugacy in F/R'. In this section we shall prove the following result.

THEOREM. If F/R has the solvable conjugacy problem and the solvable power

problem, then F/R' has the solvable conjugacy problem.

PROOF. Let F/R have the solvable conjugacy problem and the solvable power

problem. Let T be a right transversal of F with respect to R. Let <p(ra), <p(sb) be

given elements of F/R' where r,s G R, a,b E.T. Then we wish to decide whether

or not there is an element <p(tc) G F/R' with t £R, c£T such that <p(tc)<p(ra) =

ip(sb)<p(tc). It is clearly necessary that a and b are conjugate in F/R. Thus we may

assume that there exists c G T with a = c~ xbc. Since ip~ 1(c)ip(sb)ip(c) = ip(s'a)

for some s' G R and since tp(ra) and <p(sb) are conjugate in F/R' if and only if

<p(ra) and ip(s'a) are conjugate in F/R', we may, without loss of generality, assume

that the given elements are

and

By Lemma 1, there exists

such that

<p(ra)

<p(sa)

(a a(ra) \

0 1    )

(a a(sa) \

o i   )■

£M

(i    /Va    a(ro)\ = /a    a(so)Vc    f\

Vo vv0  ! ) v°   i A° v
[if no such element of M exists then ip(ra) and y>(sa) are not conjugate in F/R'].

Thus we have c G 7" and / G fi such that

(1) ca = ac

and

(2) (a — 1)/ = ca(ra) — a(sa)

if a = 1 we simply choose c G T such that ca(r) = a(s) (which is clearly decidable)

and take / = a(c). If a ^ 1, then ca = ac implies ca = qac for some q G R and

it follows that a(ca) = a(qac), which gives (using Lemma 2)

(3) (c-l)a(a) = (&-l)a(c) + a(q)
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Next,

ca(ra) — a(sa) = c{a(a) + a(r)} — {a(a) + a(s)}

= (e — l)a(o) + ca(r) — a(s)

= (a - l)a(c) + a(q) + ca(r) - a(s),    by (3)

= (a — l)a(c) -f- afâcrc-1^-1),    by Lemma 2.

Thus (2) gives

(4) (a-l)r = a(0

where f* = f — a(c) and q* = q(crc~1)s~1 G R- It remains to show that, in (4),

/* can be replaced by a(t) for some ten; for, then (a — l)a(i) = a(q*) implies

(a - l)o(i) + (a - l)a(c) = (a - l)o(c) + a(q*)

and, in turn,

(a — l)a(tc) = (a — l)a(c) + a^crc-1^-1);

(a — l)a(tc) = ca(ra) — a(sa);

which implies that

ip(tc)ip(ra) = <p(sa)ip(tc).

Let a(q*) = £x 9xK and /• = £x /SV Then, as in [6], (a-1)/* = a(q*) gives,

in turn,

(*-l)fx = gx   for all x;

(a-l)/I(x-l) = ffx(x-l)   for all x;

(a-l)^/x(x-l) = ^gx(x-l)

X X

(a — 1) ̂ 2 f*x(x — 1) = 0   (by Lemma 3, since q* G R).
X

If a is of infinite order in F/R, then (a — l)u = 0 in Z(F/R) is possible only if

u = 0. Thus £i /*(x — 1) = 0 and, by Lemma 3, /* = a(t) for some t G R- If a
is of finite order n, then by Lemma 4,

(5) £/;r>-i) = p(ay.
z

for some effectively determined h G Z(F/R) and p(a) = 1 + a -\-\- an—l. Since

the left-hand side of (5) lies in the augmentation ideal of Z(F/R), it follows that

h = Y^,x hx(yi — 1), where hxs can be effectively determined (using (gh — 1) =

g(h — 1) + (g - 1) and (g-1 — 1) = —g'l(g — 1) etc.). Then (5) gives

X)(/:-p(«)fc*xx-i)=o
X

and, by Lemma 3, there exists t G 72 such that

£(/I-p(a)MXx = a(i).
X

Thus with /i* = J^ ftxXx,
r-p(a)/i* = a(i)

and consequently,

(a-l)r = (a-l)a(t)

as was to be proved.
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COROLLARY. IfF/Fn has the solvable conjugacy problem, thenF/[Fn,Fn] has

the solvable conjugacy problem (Fn is the group generated by the nth powers of the

elements of F).

REMARK. If F is finitely generated, then for n = 2,3,4,6, F/Fn is finite (see,

for instance, M. Hall [3, Chapter 18]) and so F/[Fn, Fn] has the solvable conjugacy

problem. If F is finitely generated then for n odd, n > 665, F/Fn has the solvable

conjugacy problem (Adian [1, Theorem 3.5]) and so F/[Fn,Fn] has the solvable

conjugacy problem for all such n.
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