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PSEUDO-SEMISIMPLE RINGS

SAAD MOHAMED AND BRUNO J. MULLER!

ABSTRACT. We characterize right-pseudo-semisimple rings (i.e. rings R for
which every right ideal is semisimple or isomorphic to R) which are split
extensions of their right socle.

We call a ring R (right) pseudo-semisimple if every right ideal not isomorphic
to R is semisimple. Principal right ideal domains and semisimple rings are trivial
examples of pseudo-semisimple rings. Moreover, any local ring R with Jacobson
radical J satisfying J2 = 0 is a pseudo-semisimple ring. Mohamed and Singh [1]
raised the following question: Does there exist a pseudo-semisimple ring with zero
right singular ideal which is neither a principal right ideal domain nor semisimple?
If such a ring does not exist, then by [1, Theorem 2.9}, a semiprime weak g-ring must
be a principal right ideal ring or a right g-ring. In our (unsuccessful) attempt to
find such an example we were led to consider rings in which the right socle splits off
additively. For this class of rings we prove the following complete characterization
of the pseudo-semisimple property.

THEOREM. LetT be a subring and S be an ideal of a ring R such that R = TP S
as additive groups. Then R is right pseudo-semisimple with right socle S if and only
if 82 = 0, T is a principal right ideal domain, TS is torsion free divisible and St 1s
semisimple.

It is clear that a ring of the type described by the above theorem can have zero
right singular ideal only if it is a principal right ideal domain.

We start with the following.

LEMMA 1. Let R be a ring with right socle S, and T a subring of R such that
R = S @ T as additive groups. If a proper right ideal A is isomorphic to R, then
A+ S#R.

PROOF. Assume that A+ S = R. Since A ~ R, A = zR for some element
z € R with right annihilator z0 = 0. Therefore 1 = zr + s, r € R, s € S. Writing
r=t+38,t€T, 8 €S wegetl =zt sy where s; = zs; + s € S. Also
z=t+8,t'€T,s €8S. Then 1 = t't + s3 where s3 = s't + s, € S. Hence
1—tt€TNS =0, and so t't = 1. This proves that t® = 0, hence (zt)° = 0.

Let K = sJNS. Then S/K ~ 3,5 C szR. Hence S/K is a finite direct sum
of simple R-modules. Since (zt)k = k for all k € K, and (zt)° = 0, we get

S/K ~ ztS/rtK = ztS/K.

Thus ztS = S. Now S = ztS C zS C zR = A, which is a contradiction. This
completes the proof.
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COROLLARY 2. Let R be as in Lemma 1. Then any mazimal right ideal
tsomorphic to R 13 essential.

If R is right pseudo-semisimple then every right ideal is either semisimple or
principal. The following example shows that the converse is not true, in general.

EXAMPLE 3. A ring R in which every right ideal is semisimple or principal, and
no proper right ideal is isomorphic to R.

Let V be an infinite-dimensional vector space over a field F', and let S be the
set of all finite rank linear transformations of Vr. Let R = F' @ S. Then S is the
right socle of R. As S is a maximal right ideal, every right ideal not contained in S
is a summand of R and hence principal. Let A be a proper right ideal. If A C S,
then A ¢ R. On the other hand, A Z S implies that A+ S = R and A % R by
Lemma 1.

The following is an example of a ring R in which every nonsemisimple right ideal
contains a copy of R, but R is still not right pseudo-semisimple.

EXAMPLE 4. A ring R in which every nonsemisimple right ideal contains a copy
of R, but no maximal nonessential right ideal is isomorphic to R.

Let V be a vector space with countable basis {b;,bs,...} over a field F', and
let S be the set of all finite rank linear transformation of Vx. Let A be the linear
transformation defined by Ab; = b; ;1. Let F[A] denote the ring of all polynomials
in A.

Let f(A) be a nonzero element in F[A]. Then f(A) = >0 _,a:AY, a; € F,
ap #0. Let v = E;‘=x n,b; € Ker f(A). Then

0=f(A) = (i a,-A‘)(Xt: njbj)

i=0 =1
n+t
-5 (5 o
1=1 \h+k=!L
This gives rise to the system of equations
anne =0,
anft—1 + an—1m: =0,

anf + an—1M2 + -+ + aofny1 = 0.
Thus 7; = 0, 1 = 1,2,...,t. Hence Ker f(A) = 0, and therefore f(A)V =~ V.
This proves that F[A]NS = 0. Let R = F[A] @ S. It is clear that S = Soc R,
and that F'[A] is a subring of R. Let ¢ = g(A)+ s, s € S, 0 5% g(A) € F[A].
Since s is of finite rank, Ims C (by, bs,...,by,) for some integer m. Let ¢ = A™.
It is clear that SA™V C (b1, b, ...,bm) and g(A)A™V C (bm+1,bm+2,--.). Now

vEKerdy = (9(8)+ 8)A™vy =0 = g(A)A™y = —sA™v

= g(A)A"‘V € (b1, b2,..., bm) N (bm+1, b2y .- )

= g(A)A™v =0

=v=0 (asg(A)A™ is a monomorphism).
This implies that (¢%)° = 0; indeed given r € R

Nr=0=23WrV=0=22rV=0=r=0.
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Hence ¢ R ~ R, and so ¢ R contains a copy of R. However, it follows by Corollary
2 that no maximal nonessential right ideal is isomorphic to R. (Note that maximal
nonessential right ideals exist in abundance: If all maximal right ideals would be
essential, then S C J, the Jacobson radical of R; therefore S = S2 C SJ =0, a
contradiction.)

PROOF OF THE THEOREM. Assume that R is right pseudo-semisimple with
right socle S. Let M be a maximal right ideal. If M £ R, then M is semisimple
and hence S = M. On the other hand if M ~ R, then M is essential by Corollary
2, and s0 S C M. This shows that S C Rad R and hence S? = 0.

Let K be a nonzero right ideal in B/S. Then K = A/S for some right ideal A
properly containing S. Hence A ~ R and so A is a principal right ideal. Therefore
K is a principal right ideal in R/S. This proves that R/S is a principal right ideal
ring.

Let 0 % t € T. Then tR ~ R, and therefore R = t° ) B where B ~tR ~ R.
If T° ~ R, then R ~ R@ R, which would imply that R contains an infinite direct
sum of copies of itself. Since such a right ideal cannot be isomorphic to R, it would
be semisimple and hence R would be semisimple, a contradiction. We conclude
that t® 22 R. Hence t° C S, and therefore t* N T = 0. Therefore R/S ~ T is a
domain.

Let a € R such that a ¢ S. Then aR = zR for some z € R with 20 = 0. As
tR+S 2 8, zR+ S = yR for some y € R with y° = 0. Then y = zr + s,
reRaste S. Let r =t—+s,. Then y =zt + 33, 82 € S. Now z € yR implies
z=yr', " €R. Letr =t/ 4+ ¢, €T and ' € S. Then y = yt't + 33, s3 € S.
Hence y(1 —t't) € S. As R/S is a domain and y € S, 1 — t't € S and therefore
1—1t't€ SNT =0. Hence t° = 0 and then (zt)° = 0.

Since S C yR, S = yB for some right ideal B of R. However yb € S and
y & S implies b ¢ S as R/S is a domain. Hence B = S and we get S = yS. Let
K = sJN S and consider the diagram

xt

S S5 ztS

U U

K - yK=ztK
N N

s 5 ys=s

Then
ztS/yK = ztS/ztK ~ S/K ~ yS/yK = S/yK.

Since S/K is a finite sum of simple modules, ztS = S. Then
S D aS =aRS =zRS D ztS = S.

Hence aS = S. In particular tS = S for every t € T. Therefore 7S is divisible.
Let u be a nonzero element in T. Let uf = 0 for some f € S. Since uR ~ R,
there exist ¥ € T and g € S such that (u(v + ¢))° = 0. The divisibility of 7S
implies that f = vh for some h € S. As S2 = 0, we have gh = 0. Then
u(v + g)h = uvh + ugh =uf = 0.

Therefore h = 0, and hence f = 0. Therefore 7S is torsion free.
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Let N be a T-submodule of S. Since S? = 0, N is an R-submodule of S. Then
N is a summand of S as an R-module and of course as a T-module. Therefore St
is semisimple.

Conversely, assume that R = T @ S satisfies the conditions. It is clear that S
is the right socle of R. Let A be a right ideal of R which is not semisimple. Then
A contains an element ¢ - s where ¢t 7 0. Since 82 = 0 and 9 is divisible, we get

AD(t+38)S=tS=3S.
As R/S is a principal right ideal domain,
A=t R+ S=tiR+tS=t4HR.
Let t; + s2 € R be such that ¢1(t; + s2) = 0. Then
tito=—t192€TNS=0.

Since T is a domain and 1S is torsion free, t; = s, = 0. Hence t? = 0, and
therefore A =t R ~ R.

We conclude this paper by giving an example of a right pseudo-semisimple ring
which is not left pseudo-semisimple.

EXAMPLE 5. Let K be a field, K[z] the ring of all polynomials over K and
K (z) the field of rational functions. Let T = K|[z] and S = K(z). Fort € T
and s € S define ts as ordinary multiplication in S, and st as multiplying s by the
constant term in the polynomial ¢. It is clear that 1S is torsion free divisible and St
is semisimple. Let R = {(¢,s) : t € T, s € S}. Define addition and multiplication
in R by

(t1,81) + (2, 82) = (t1 + t2, 81 + s2),

(t1,81) - (t2, 32) = (t1t2, t1s2 + s1t2).
With respect to these operations, R is a ring. Identifying T and S with their
respective images in R, we find that T is a subring of R, S2 = 0 and R/S ~ T
a principal right ideal domain. It follows by the above theorem that R is right
pseudo-semisimple with right socle S.

Since Soc(rS) = 0 and Soc(rT) = 0, we get Soc(rR) = 0. Therefore if R is
left pseudo-semisimple, then every left ideal of R is isomorphic to g R, which would
imply that R is a domain, a contradiction.
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