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ON THE INTEGRAL MEANS OF DERIVATIVES
OF THE ATOMIC FUNCTION

MIODRAG MATELJEVIC AND MIROSLAV PAVLOVIC

ABSTRACT. In this note we give upper and lower estimates on integral means of the
atomic function and its derivatives over a circle of radius r as r approaches 1. From
this we derive some known and new results.

1. Introduction. In 1971, M. R. Cullen [5] conjectured that ¢’ & B'/2 for any
singular inner function ¢. A counterexample was found by H. A. Allen and C. L.
Belna [3]; in fact, the atomic functions S(z) = exp[(z + 1)/(z — 1)] satisfies S" € B?
forallp <2/3 and S’ & B*>/?. P. R. Ahern and D. N. Clark [2] generalized this and
showed that ¢’ & B2/? provided that ¢ has a singular factor. Further references are
[1 and 2].

Here we give good estimates of integral means of derivatives of S(z) (our main
result), and use these to find analogues of the above results for the spaces D? and G?
(to be defined below).

2. Definitions. Let f be an analytic function on the unit disc. We shall use the
convenient notation,

M(r f) =32 [t p a8, p>o0,
A =[f 1@ FPdcdy, p>0.

The classes D?, A%? and G” are defined by f&€ D? (p>0) if and only if
Jo A(r, f)?/?dr < +o0,f € A?? (¢ > 0,0 < p < 1) if and only if

[ [10e%) 0 (= )7 rdr s < o,
0 Y0

f € G?(p > 0)if and only if [J( " |f'(re?®)| d8)? dr < 0.
The classes B? (0 < p < 1) is defined by B? = A'». For some properties of D?
spaces see [6, 7, 9 and 10], for G” see [10 and 11].
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3. The results. The following theorem will be proven in §4.

THEOREM. Let p >0 and n be a positive natural number. Then there is positive
constant K which depends only on p and n such that

(1) () < My(r, SP) < Ky(r),  r-1,

where Y(r) denotes (1 —r)"/>~"? if p>1/2n, |log(1 —r)| if p=1/2n and 1 if
p<1/2n.

An immediate corollary is

PROPOSITION 1. Let n € N. Then

(1) S € D?ifand only if p < 4/(4n + 1),

(i) StV € AP ifand only if p < 2/(2q(n + 1) + 1),
(i) S € G? if and only if p <2/(2n + 1).

If we set n = 1 in part (i) and n = 0 in (ii) of this proposition we obtain Theorems
5 and 3 in [8]. In particular, we have S’ & B2/3 [4].

Proposition 1 implies S” € D7 if and only if p <4/5 and S’ € G? if and only if
p < 2/3. The following Propositions 2 and 3 generalize this fact.

PROPOSITION 2. If ¢ is an inner function with a singular factor then (i) ¢’ & D*/>
and (i) ¢’ & G2/°,

PROOF. Let us consider (i). We have proved [9] f € D? if and only if

0 p/2
S( 3 ke p)” <+,
0 \kel,
where f(z) = Za,z* and I, = {k: 2" <k <2"*! k € N}. Hence, D? C A>?/? for
0 < p <2 and, in particular, D*/* C 4%?/5, Now (i) follows from Ahern’s result [1]
that ¢’ & 4%?/5 if ¢ is an inner function with a singular factor.

Part (ii) follows from the relation G” C B?, 0 <p <1 [10], and Ahern-Clark’s
result that ¢’ € B2?/3 if ¢ is an inner function with a singular factor.

We need the following definition [2]: a compact subset E of [0,27] is of type B
(0 < B <1) if there is a constant c such that | E, |< ce?, where E, = {6: dist(6, E)
< g}. It is clear that E is finite if and only if E is type 1.

PROPOSITION 3. Suppose o is a singular measure whose support is a set of type 8
(B > 0). Let ¢ be the corresponding singular inner function. Then

(i) ¢’ € D? forallp < 4/(6 — ),

(ii) ¢" € G? for allp <2 /(4 — B).

PROOF. Let us first consider (i). Ahern [1, Lemmas 4.1 and 5.1] has proved
(2) ¢ € B? if and only if f]Mz(r, )1 —r)"dr<oo (A<p<]).
i
Hence
3) ¢ EB?=>My(r,¢)=0(1—r)"?, ro1_(i<p<l).
Combining (2) and (3) with Theorem 4 of [2], we get (i).
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For the proof of (ii) it is enough to note M,(r, ¢") < c(1 — r)?~! for all ¢ > B/2
(cf. [2, Theorem 4)).

4. The proof of the Theorem. The letter “C” in the following should be read “an
arbitrary constant, depending only on p and n”.
Let p > 0 and n a positive natural number. Induction gives

S(”)(z) = —P&S(z),

(Z _ 1)2n
where P, is a polynomial and P, (1) # 0. Hence, we obtain
. P (re 2
(4) Is(n)(rex(i)l — | P(re’) | B i r
(1+r%2—2rcosf)” 1+ r*—2rcosf

(0<r<l1,0<6<2m).

From (4) and the inequality e ™ = 1 — x it follows that

r| P,(re) |
2"(1 — rcos §)""!
Since P,(1) # 0, there are positive constants C and r,, 0 < r, < 1, so that | P(re’?)|
= Cfor all (r, 0) satisfying 0 < < 7 /2 and r{ < cos § < r? < 1. Hence,

r — cos @
(1—rcosf)"™"'

From this inequality, we obtain

| S™(re?) |=

(r—cos@) (r>cosf).

| S™(re’®)|=C (0<b6<m/2,ri<cosf<r2<1).

, URY

my = ¢ [ _(r—u) )2

M,(r, S )>C/;02 Qa _m)np+p(1 u)"'" du

=C[ =)™ Pz (), rEn
o

This establishes the left-hand inequality in (1).
For the rest, we note first that, by (4),

7/2 n p(1—r?)
M(r,S™)y<C+C 1+r2—2rcos8) " exp|- de,
A ) /(; ( ) P 1+ r%—2rcosé

ie.
(5) M,(r,S™W) < C+ CI(r) + CI(r),
where

()= [g(r, (0 =22y at,

0

L(r) = ['g(r, 0 (1 = 22 ar

and

- 1—r2
r,t)=(1+r2—2r)"ex (——)
glr 1) = )" exp 1+ r2—2rt
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Let0<t<r.Thenl+r?—2rt=1—rtand 1 — 12> 1 — rt. Hence,

(6) 1,(r)<f(1 — )" @< cy(r), r-1..
0
To estimate I,(r) we use the equality (derived by direct calculation)
— N — w2\ " ,-n n—1
(1) max g(r,1) = w(1 = r2)"e (n+1<r<l).

From (7) it follows that

® L(n<ca-r"[l1-0"a<ca-r""" rol

Now the right-hand side of (1) follows immediately from (5), (6) and (8).
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