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SHEAF THEORETIC COHOMOLOGICAL DIMENSION

AND FINITISTIC SPACES

SATYA DEO

Abstract. For a topological «-manifold X, we proved earlier [7] that Dimz(Ar) = n

+ 1, if n > 0; and, for a zero-dimensional manifold (discrete space) we observed

that Dimz(Ar) = 0. The question was later raised as to what are those paracompact

spaces, besides discrete one, for which Dimz(A_) = 0. In this paper we prove that

there is none, i.e., if X is not discrete then Dimz( X) > 0. Another question which

cropped up only recently in the cohomological theory of topological transformation

groups is whether or not there exists a finitistic space which is not of finite (sheaf

theoretic) integral cohomological dimension. We show that this question is related to

a famous unsolved problem of cohomological dimension theory.

1. Introduction and preliminaries. Unless stated otherwise, all our spaces are

assumed to be completely regular Hausdorff. Let A be a topological space and L be

a ring. Suppose <p is a family of supports on A, and for any sheaf & of L-modules on

A, 77*( A; &) denotes the Grothendieck cohomology groups of 6£ with supports in <p.

Then the largest integer n (or oo) for which there exists a sheaf & of L-modules on A

such that H£(X; &) ¥= 0, is called the cohomological y-dimension of A over L and is

denoted by dim^, £(A). Furthermore, sup^dim^, ¿(A)} is called the large cohomo-

logical dimension of A over L and is denoted by Dim¿(A). Recall that the extent

£(<p) of a family of supports is the union of all members of (p. If y is a

paracompactifying family of supports on A such that E(<p) — A, then dim^ L(X)

turns out to be independent of <p [2]; it is called the cohomological dimension of X

over L and is denoted by dimL(A). In [7] we proved that if A is an «-manifold,

n > 0, then Dimz( A) = dim A + 1, where dim A denotes the covering dimension

of A and agrees with dimz( A) whenever the former is finite. We also remarked there

[7] that if Ais a zero-dimensional manifold (discrete space), then Dimz( A) = 0. It is

easy to observe that there are large number of zero-dimensional spaces, other than

discrete spaces, for which Dimz(A) ¥= 0. Therefore, it is natural to ask whether or

not there is a space A which is not discrete and for which Dimz( A) = 0. We prove

that there is none, i.e., for a locally paracompact space A, Dimz( A) = 0 if and only if

X is discrete (Theorem 2.4). Obviously 'if part' is trivial. Our proof of the 'only if

part is not difficult if the space A is either locally compact or first countable.

However, our general proof for any locally paracompact space depends on an

assumption viz., there does not exist a strongly inaccessible cardinal number. As is well
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known, a discrete space is realcompact iff its cardinal number is nonmeasurable [10,

p. 163]; and for all practical purposes almost all cardinal numbers are nonmeasur-

able,i.e., there does not exist a strongly inaccessible cardinal number. Therefore this

assumption practically does not amount to any condition for the validity of our

proof.

Another question that we discuss in this paper is regarding finitistic spaces. Recall

that a paracompact Hausdorff space A is said to be finitistic if each open cover of A

has a finite dimensional open refinement [3, 9]. In the cohomological study of

various generalizations of Smith fixed-point theorems and orbit structures of a

transformation group (G, X) where G is a compact Lie group, the basic assumption

on the space A is any one of the following:

(a) A is compact Hausdorff,

(b) A is paracompact Hausdorff of finite cohomological dimension over Z or a

prime field,

(c) A is finitistic.

Most of the fundamental results [4, 11] of cohomological theory of topological

transformation groups, specially various generalizations of Smith fixed-point theo-

rems, were earlier obtained for the class of spaces mentioned in (a) or (b). However,

in proving the same results for Cech cohomology, it is the class of finitistic spaces,

discovered by Swan [15], which fits very well. The trend of proving results for

finitistic spaces is now firmly established [3, 9]. Obviously each compact space is

finitistic, but the following appears to be an open

Problem A. Does there exist a paracompact Hausdorff space of finite integral

cohomological dimension which is not finitisticl

We do not know an answer to this problem. However, we show that this question

is related to a famous unsolved Alexandroffs problem, viz., does there exist a

compact Hausdorff space of infinite covering dimension which has finite cohomo-

logical dimension with respect to each coefficient group?

All definitions regarding sheaf cohomology, dimension theory and group actions

are standard ones.

2. Large zero-dimensional spaces are discrete. Our proof of the main result

(Theorem 2.4) of this section will make use of the following characterization of

Dimz( A) [7]: Dimz( A) < 0 // and only if every sheaf of abelian groups on X is

flabby. Thus we wish to characterize those completely regular spaces on which every

sheaf of abelian groups is flabby; and what we claim is that discrete spaces are the

only ones on which every sheaf of abelian groups is flabby. To prove this result first

we have the following lemmas.

Lemma 2.1. Suppose X is a locally compact Hausdorff space which is not discrete.

Then there exists a countable discrete subset A of X which is not closed.

Proof. One can assume, without loss of generality, that A is compact Hausdorff.

By the Bolzano-Weierstrass property, it is then enough to show that there exists a

countably infinite discrete subset A of A. Since A is not discrete there exists a point

x0 G A which is not isolated. Hence, there exists a net (xx) in A — {x0} which
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converges to x0. Let xx be some element of the net. Use complete regularity of A to

find an open niehgbourhood Ux of x0 such that xx G Ux. Next choose a point xx of

the net so that X, > A0 and jca G t/j. Again find an open neighbourhood U2 of x0

such that U2 C Ux — {xx¡}. Proceeding inductively, choose open neighbourhoods U„

of x0 and points xx of the net so that for each n

Then, clearly A = {Ax | n G N} is a countable discrete subset of A.    D

By an obvious modification of the above proof one can easily prove the following

Lemma 2.2. Let X be a first countable space (e.g. metric space) which is not discrete.

Then there exists a countable discrete subset A of X which is not closed.

Lemma 2.3. Let X be a zero-dimensional completely regular space which is not

discrete. Then there exists a discrete subset A of X which is not closed.

Proof. Suppose jc0 G A is not isolated. Since A is zero-dimensional, x0 has a local

base of closed-open neighbourhoods of x0 [10, p. 247]. Let Vx— X and well order

the set A — {x0} — {xa \ a < r): For each positive integer n > 1, choose a closed-

open neighbourhood Vn of x0 such that

y   D  y  D   ...   ^  y  D   ...

Then {Vn — Vn+X \ n = 1,2,...} is a disjoint family of nonempty closed-open subsets

of A. If the union M of this family is not closed, then there exists a net (xx) in M

which converges to some point x G A — M. Because each member Vn — Vn+X of the

family is closed in M, the net cannot be frequently in Vn — Vn+X; and also it has to

intersect the family {Vn — Vn+X} in a cofinal subfamily. Then, it is easy to see that

one can find a subset (x9(X)) of (xx) which has the property that if it intersects

Vn — Vn+X, it intersects only once. Then the subset A = {xv(X)} of A is discrete and

its closure must contain the point x G A — A, i.e., A is not closed. However, if M is

closed then r\<u V„ is closed-open and contains infinitely many points of A other

than x0. Again we continue, by transfini te induction, to find closed-open neighbour-

hoods Va+n of x0 such that

Once again, if the union M of the family [Va— I/^+1|a<2co}is not closed, we can

find, as above, a discrete subset A of A which is not closed; and if M is closed we

again continue as above. It is, however, obvious that there must exist a limit ordinal

t0 =£ t such that

H {Va\a<r0} = {x0}.

Therefore, the set U {Va — Va+X \ a < t0} = A — {x0} cannot be closed and conse-

quently we can find, as above, a discrete subset A of A which is not closed.    D

Remark. Although Lemmas 2.1 and 2.2 are special cases of Lemma 2.3, the proof

of Lemma 2.1 has been included only to point out that if the space is either locally
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compact Hausdorff or metric then the discrete set A, which is not closed, can be

chosen to be countable.

We recall that dimz(A) is not always defined unless the space A admits a

paracompactifying family of supports whose extent is A. But, if A is locally

paracompact then it always admits a paracompactifying family of supports whose

extent equals A. Hence dimz( A) is always defined if A is locally paracompact. On

the other hand, Dimz( A) is always defined for any space A. However, it is only the

class of locally paracompact spaces (which includes locally compact and paracom-

pact spaces) for which sheaf theoretic cohomological dimension is useful in the

cohomological theory of topological transformation groups. That is why we prove

the following theorem for locally paracompact spaces, although the result will

remain true if A is any completely regular space. Note that a locally paracompact

space is completely regular. Now we have

Theorem 2.4. Let X be a locally paracompact space which is not discrete. Then

Dimz(A) >0.

Proof. Since each point of A has a closed paracompact neighbourhood and there

is a nonisolated point in A, there must be a closed paracompact subset Y of A which

is not discrete. Because Dimz satisfies the monotonicity condition for locally closed

subsets, it suffices to show that Dimz Y > 0. Suppose dim Y > 0. Then Y being

paracompact dimz Y = dim F [12], and consequently

Dimz(7)>dimz(7)>0.

Hence, we can assume that dim Y = 0. Once again, it suffices to show that there is a

closed subset F of Y for which Dimz(F) > 0. Now, by Lemma 2.3, there exists a

discrete subset A of Y which is not closed. This means A is open in A (closure of A).

Assuming that there does not exist a strongly inaccessible cardinal, we find that A is

realcompact. Since A is dense in A and A ¥^ A, A cannot be C-embedded in A [10, p.

125, Example 8A.1]. Suppose /: A -» R is a continuous function which does not

extend to A. Consider the constant sheaf G = A X R of abelian groups on A. Then,

ah»(a,/(a)) defines a continuous section s of G on the open set A of A. Since /

cannot be extended continuously to A, the section s of G cannot be extended to A.

This implies that the sheaf G of abelian groups on A is not flabby. Therefore,

Dixnz(A) > 0, and this completes the proof.    D

Remark. Since every countable discrete space is realcompact, Lemmas 2.1 and 2.2

show that if A is locally compact or first countable then, in the proof of the above

theorem, we do not have to assume that there does not exist a strongly inaccessible

cardinal. In general, however, the proof is based on this assumption.

3. Cohomological dimension and finitistic spaces. In this section we make use of

the sum theorem proved in [8] to show that Problem A and a generalization of

Alexandroffs problem are equivalent.

It is a theorem of Floyd and Grothendieck (see [4, p. 6]) that if A is locally

compact Hausdorff and L is a P.I.D. then the dimension function dim£ agrees with

the one defined by Cohen [6]. Further, if A is paracompact Hausdorff as well as
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locally compact then dimL also agrees with the cohomological dimension defined by

Okuyama [13]. The following result relates the covering dimension with these

cohomological dimensions with respect to the additive group Z of integers.

Proposition 3.1. Let X be a paracompact Hausdorff space. Then D(X, Z) <

dimzA^dim A, where D(X,Z) is the cohomological dimension, dimz(A) is the

Carton's cohomological dimension and dim A stands for the covering dimension.

Further, if X is of finite covering dimension then equality holds everywhere.

Proof. First of all we note that for a paracompact Hausdorff space, Cech

cohomology and the sheaf cohomology with supports in the family eld of all closed

sets are isomorphic. Suppose D(X,Z) = n. Then, by definition of cohomological

dimension there exists a closed subset A of A such that H"(X, A; Z) =£ 0. Since A is

closed, 77"( A, A; Z) « H£mx_A)(X- A; Z) where eld ](X - A) denotes the family

of all closed subsets of A which are contained in A — A. Now, because eld | ( A — A)

is a paracompactifying family of supports on the locally paracompact space X — A

and its extent equals X — A, we find that dimz(A — A) > n. Also the subset

theorem for dimz is true for locally closed subsets of A and hence dimz(A) 3= n.

This proves D(X,Z) < dimz(A) whether or not A is of finite covering dimension.

Using Cech's definition of sheaf cohomology, one can easily prove that dimz(A) <

dim(A). Finally, if A is a paracompact Hausdorff space of finite covering dimen-

sion, then it has been proved in [12, pp. 206, 210] that D(X, Z) = dim A. This

completes the proof.    D

Now we can ask the following

Problem B. Does there exist a paracompact Hausdorff space X of infinite covering

dimension such that dimz( A) < oo?

The universal coefficient theorem for Cech cohomology shows that for a compact

Hausdorff space, cohomological dimension with respect to any coefficient group

does not exceed the cohomological dimension with respect to the additive group Z of

integers. Hence Alexandroffs problem is equivalent to asking: Does there exist an

infinite dimensional compact Hausdorff space which has finite integral cohomological

dimension? Therefore, Problem B is a generalization of Alexandroff s problem. Now

the following theorem shows that indeed Problems A and B are equivalent.

Theorem 3.2. The following two statements are equivalent:

(i) Every paracompact Hausdorff space of finite integral cohomological dimension is

of finite covering dimension.

(ii) Every paracompact Hausdorff space of finite integral cohomological dimension is

finitistic.

Proof. That (i) implies (ii) is obvious. To prove the converse, we shall make use of

the following sum theorem: If (Aa} is a locally finite closed covering of a paracom-

pact Hausdorff space A and dimz( Xa) =£ n for each a, then dimz( A) < n (cf. [8] for

the proof). Now suppose (i) is false and let A be a paracompact Hausdorff space

such that covering dimension of A is infinite and integral cohomological dimension

is finite, say n, for the disjoint sum Y of countably infinite number of copies of A.
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Then clearly Y has a locally finite closed covering such that each member of this

covering is paracompact Hausdorff and consequently Y is paracompact Hausdorff.

Also, by the sum theorem stated above dimz(T) = n. However, one can easily verify

that Y is not finitistic. Thus (ii) is false and the converse is proved.    D

Remark. Let us observe that a proof of part (ii) of the above theorem will

definitely solve Alexandroffs problem in negative, although, disproving it will not

quite solve it in affirmative, but may provide a clue to obtain a solution of the above

problem either way.
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