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UNSTABLE WEAK ATTRACTORS

RONALD A. KNIGHT

ABSTRACT. Our objective in this paper is to continue the process of classifica-

tion and characterization of weak attractors initiated by the author in an

earlier paper. In particular, we obtain additional characterizations of those

weak attractors which are saddle sets and bilateral weak attractors.

1. Introduction. Considerable effort has been directed toward the characteriza-

tion of a flow near an arbitrary set. Compact minimal sets, compact invariant sets,

and closed positively invariant sets with compact boundaries on locally compact

Hausdorff phase spaces have received most of the attention. Even for those sets

a complete categorization of all possible types of flows is an enormous task which

may never be completed. This paper will focus primarily on characterizations of

unstable flows near closed weak attractors with compact boundaries on locally com-

pact Hausdorff phase spaces. In [4] the author characterized such stable, saddle,

and bilateral weak attractors. We shall obtain additional characterizations of saddle

weak attractors and bilateral weak attractors.

A given dynamical system or continuous flow (A, tx) on a Hausdorff phase space

X will be assumed throughout this paper. The symbols C, K and L denote,

respectively, the trajectory, orbit closure and limit set relations. The unilateral

versions of these relations carry the appropriate superscript + or —. A point x of

X is positively (weakly) attracted to a set M cl if the net (xi), t > 0, is ultimately

(frequently) contained in each neighborhood of M. The region of positive (weak)

attraction for a set M C X is denoted by A+(M) (A+(M)). We say that a set

M c X is a positive (weak) attractor whenever A+(M) (A+(M)) is a neighborhood

of M. Frequently, the adjective "positive" is omitted. The following subclasses

of attractors were identified in [4]. A (weak) attractor M C X is called recursive

provided the net (xi), t > 0, is ultimately (frequently) contained in M for each point

x of A+(M) (A+(M)). A set M is said to strongly attract a point x of X if for each

neighborhood U of M there exists a neighborhood V of x such that the net (Vt),

t > 0, is ultimately contained in U. The region of strong attraction is denoted by

Af(M). The negative versions of each of the attraction notions above are defined

and denoted in the obvious manner. Finally, a set M c X is called a saddle set if

and only if there exists a neighborhood U of M such that every neighborhood V

of M contains at least one point x with C+(x) (¿U and C~(x) çZU.

We denote the closure, interior, boundary, and complement of a set M c X by

M, M°, dM and X\M, respectively. The set of nonnegative (nonpositive) real

numbers is denoted by R+(R~).
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Each of the basic properties of dynamical system theory used in this paper are

presented in detail in references [1, 2 and 3].

2. Unstable weak attractors. The major characterizations related to this paper

obtained in reference [4] by the author are stated in the following theorem:

THEOREM. Let M be a closed weak attractor with compact boundary and letX

be locally compact. Then

(a) M is stable if and only if it is positively invariant and satisfies Zubov's condi-

tion, i.e. L (X\M)nM = 0;
(b) M is a saddle set if and only if A+(M)\M =¿ Af(M)\M and
(c) M is a bilateral weak attractor if and only ifA+(M)\M = A^(M)\M.

COROLLARY. Let M be a closed weak attractor with compact boundary and let

X be locally compact. Then, exactly one of the following holds:

(a) M is stable.

(b) M is a saddle set.

(c) M is a nonsaddle set and some point of M is not strongly attracted to M.

Our objective in each of the following results is to examine more closely saddle

and bilateral weak attractors. The first theorem is a very straightforward and

simple characterization of these classes of sets where M and X are arbitrary. Most

often the sets considered are compact but following Theorem 1 and its corollary we

give examples showing that the characterization of part (a) cannot be strengthened

by omitting either condition (i) or (ii) even when both the set and the phase space

are compact. Moreover, the same examples also illustrate the sharpness of the

characterization of part (b) in this case.

For a point x in M the number of times C(x) leaves M is the cardinality of the

class of components of {t: xtE C(x)\M}.

THEOREM 1.  A weak attractor M is a

(a) saddle set if and only if either
(i) some trajectory leaves M at least twice or else

(ii) each trajectory leaves M at most once and there is a neighborhood U of M

such that each neighborhood of M intersects some trajectory leaving U at least

twice,

(b) bilateral weak attractor if and only if for each neighborhood U of M and each

point x in Afn(M)\M the negative semitrajectory through x intersects U.

PROOF. Since statement (b) is an obvious result of the definitions of positive and

negative weak attraction, we shall consider statement (a). Let M be a saddle set

such that condition (i) does not hold. Then, trivially condition (ii) holds because the

existence of a neighborhood U like the one described in (ii) is always guaranteed

by the definition of a saddle set. Conversely, if condition (ii) holds, then M is

necessarily a saddle set. Moreover, if condition (i) holds, then there is a point x in

M such that xt0 and xii are in X\M for some t0 < 0 and some £i > 0. Letting U =

A\{xi0,xfi} we have C~(x) <¿U, C+(x) (ZU, and x G V for each neighborhood V
of M. Hence, M is a saddle set and the proof is complete.

Each point of the region of weak attraction for a set M has its positive semi-

trajectory entering M provided M is a recursive weak attractor. Thus, statement

(b) can be revised as follows. We say C+(x) (C~(x)) is frequently in M if (xí¿) is

in M for some net U —► +co (í¿ —► -co).
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COROLLARY 1.1. Let M be a recursive weak attractor. Then, M is a bilateral

weak attractor if and only if each negative semitrajectory leaving M returns to each

neighborhood of M frequently often in the negative direction.

COROLLARY 1.2. Every recursive weak attractor which is ,iot a recursive attrac-

tor is a saddle set.

Examples of saddle sets satisfying the criteria of part (a) conditions (i) and (ii)

are easily constructed. Even if the set is compact (and a recursive weak attractor)

and the phase space is compact, both conditions can be realized as the following

examples illustrate.

EXAMPLES. (1) Let the phase space consist of exactly one periodic noncritical

orbit. Any singleton set is a bilateral recursive weak attractor satisfying part (a)

condition (i) of Theorem 1.

(2) Consider the planar flow defined by f = r(l — r), 0 = sin2 6/2 of Example

1.7.5 on p. 59 of [3]. Let (X,tx) be the extended flow induced on the one point

compactification of the phase plane. Then, the compact half-disc M = {(r,9):

2 cosö < r < 0, 7r/2 < 9 < tx} is a saddle recursive attractor such that no trajectory

leaves M more than once and condition (ii) holds. Also, M U {co} is a compact

saddle bilateral recursive attractor.

Some recursive weak attractors never satisfy part (a) condition (ii) of Theorem

1. The succeeding theorem addresses such a class of weak attractors.

THEOREM 2. Let M be a closed recursive weak attractor on a locally compact

phase space X and let the boundary of M contain no semitrajectory. Then, M is a

saddle set if and only if some trajectory leaves M at least twice.

PROOF. The statement will follow from Theorem 1 if we show that condition (ii)

cannot hold when M is a saddle set. Suppose that M is a saddle set for which each

trajectory leaves M at most once. Choose the neighborhood U of M contained in

A+(M) so that U\M° is compact. There is a net (x¿) in U converging to a point

x in dM such that C+(x¿) n dU ¿ 0 and C_(x¿) n dU # 0 for each i. Define Ty =

inf{i G R+: yt G M0} for each point y in A+(M). For each point y in A+(M) we

have C+(y) n M° ^ 0 because C(y)\M is connected, dM contains no semitrajec-

tory, and no periodic orbit can be in A+(M)\M°. Define T = sup{Ty : y G U) and

we shall show that T < +oo. For every point y in U there exists an open neighbor-

hood Vy of y such that Vyt c M° for some t between Ty and Ty + 1 by the continuity

of 7T. Note that for any point y of U, Tp < Ty + 1 for every point p in Vy. The set

tyy '■ y G U\M°} is an open cover of the compact set U\M°, and hence, contains a

finite subcover {Vyi,..., VyJ of U\M°. Therefore, T < max{Tv< + 1: 1 < i < n} <

+oo. Now, if C+(xiT) O dU t¿ 0 for some i, then C+(x¿) contains a point of M

and C(xi) leaves M in both directions which is impossible. Thus, there is a net (í¿)

in R+ such that x¿í¿ is in dU and í¿ < T. Some subnet (tni) of (í¿) converges to a

point t < T, and hence, xnitni —► xt in dU. The semitrajectory C+(x) intersects

dU. Moreover, the dual argument implies that C~(x) also intersects dU which

is absurd. Consequently, some trajectory leaves M at least twice. The proof is

complete.

COROLLARY 2.1. Let M be a closed recursive weak attractor with compact

boundary containing no semitrajectory on a locally compact phase space X. Exactly

one of the following holds:
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(a) M is positively invariant (M is stable).

(b) Some trajectory leaves M more than once (M is a saddle set).

(c) No trajectory leaves M more than once and some point outside of M is bilaterally

weakly attracted to M (M is an unstable nonsaddle set).

The following theorem characterizes closed bilateral weak attractors with com-

pact boundaries.

THEOREM 3. Let M be a closed weak attractor with compact boundary on a

locally compact phase space X. Then, M is a bilateral weak attractor if and only

if for each neighborhood V of M contained in A+(M) there is a Ty > 0 such that

A+(M) = V[0,TV}.

PROOF. Let M be a bilateral weak attractor and select V as indicated in the

hypothesis. Let U be a neighborhood of M contained in V such that U\M° is

compact. Just as in the proof of Theorem 2 we can find a r > 0 such that r =

sup{Tj,: y G U} < +co where Ty = inf{i G R+ : yt G U0}. For any point x in

A+(M)\U let o = sup{i G R~ : xt G U). Then, xo E dU and x(o, 0] n U = 0. Now,

x G xc[0,t] c U[0,t], and therefore, A+(M) = U[0,t]. By letting Tv = r we have

the desired equation. Conversely, if M is a unilateral weak attractor, then for some

neighborhood V of M and some point x in V, C~(x)\V contains C~(xt) for some

t < 0. Thus, x(t - 7V)[0, TV] = xt[-Tv, 0] C C~(xt) so that x(t - Tv) <£ V[0, Ty] =
A+(M). Since this is impossible, M must be a bilateral weak attractor. The proof

is complete.

Note that the neighborhood V of Theorem 3 is a recursive weak attractor.

Whenever M is a recursive weak attractor and each trajectory attracted to M

intersects the interior of M, then Theorem 3 can be strengthened as follows.

THEOREM 4. Let M be a closed recursive weak attractor with compact boundary

on a locally compact phase space X such that A+(M) = A+(M°). Then, M is a

bilateral weak attractor if and only ifA+(M) = M[0, T] for some T > 0.

PROOF. First, we assume that M is a bilateral weak attractor. By appropriately

modifying the proof of Theorem 3 the condition A+(M) = M[0,T] for some T >

0 is obtained. We need only define Ty by inf{i G R+ : yt G M0} instead of

inf{i G R+: yt E U0} and consider again r = 8up{Ty: y G U). For any point y

in A~(M) = A+(M) there is a point z in L~(y)C\M. Since z belongs to A+(M), we

have 0 t¿ C+(z) n M0 c L~(y) n M°, and hence, C~(y) nM° # 0. Consequently,

A^(M) = A^(M°) and there is a dual r' > -co to the number r defined above.

Then, for the point x selected in A+(M)\U and for o as defined in the proof of

Theorem 3 we have 0 # x<r[0,r] D M = x]o,t + o] O M c x[0,r] n M. Similarly,

0 t¿ x[r',0] n M. Choosing T = r - r' we obtain A+(M) = M[0, T]. The converse

follows in the same manner as in Theorem 3 completing the proof.

The requirement A+(M) = A+(M°) cannot be omitted from Theorem 4. To

see this consider the example by Sullivan in [5] of a compact 5-manifold such

that every orbit is periodic but the fundamental periods are unbounded. One can

use this example to construct a closed recursive bilateral weak attractor M with

compact boundary such that A+(M) # A+(M°) and A+(M) ft M[0, T] for each

T > 0. We need only construct M so that there are periodic orbits with unbounded

fundamental periods such that each is contained in X\M° and each intersects
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dM as well as X\M. Since Sullivan's example requires a lengthy discussion, the

description of the example we assert the existence of would take an excessive

amount of space, and hence, it is left to the interested reader to explicitly construct.
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