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REMARKS ON FIXED POINTS AND BOUNDARIES
W. A. KIRK'

ABSTRACT. It is shown that three recent fixed point theorems of E. Chandler for
nonexpansive mappings defined on compact subsets of strictly convex normed linear
spaces hold in arbitrary normed linear spaces.

In [2], E. Chandler proves three fixed point theorems for nonexpansive mappings
defined on compact subsets of strictly convex normed linear spaces. We show here
that each of these holds without the strict convexity assumption.

We adopt the notation of [2]: X denotes a compact subset of a normed linear
space E, A’X denotes the boundary of X in co X, and T: X — X is nonexpansive
UIT(x) = Tl < Ix = yll, x, y € X).

THEOREM. In addition to the above, suppose one of the following conditions holds:

M IT(x) — T <lIx =yl forall x, y € A'X, x # y.

QTAX)NAX= 0.

(3) There exists y € X such that |T(y) — x|l > lly — x|l for all x € A’ X.
Then T has a fixed point in X.

PRrOOE. (1) For each x € X let w(x) denote the set of points of X which are limits
of subsequences of {T"(x)}. Then the sets w(x) are compact and clearly T:
w(x) = w(x), x € X. Moreover if D is any subset of X which is minimal with
respect to being nonempty, compact, and invariant under T, then

(i) T is an isometry on D [5];

(1) D = w(x) for each x € D [3].

Let

& = {D € 2*: D is minimal nonempty, compact, T-invariant }

and let § = inf{diam D: D € ¥}. If § = O then inf{llx — T(x)ll: x € X} =0and T
has a fixed point, so we suppose 8 > 0. Select D, € % such that diam(D,) — & as
n — oo, and for each n let x, € D,. By compactness some subsequence {x, } of {x,}
converges to a point z € X. Let ¢ >0, fix n so that |lx, — zIl <& and select
w € w(z). Then for some sequence {n,}i< |,

T"(z) »w asi— o0,

Received by the editors August 15, 1981 and, in revised form, April 12, 1982.

1980 Mathematics Subject Classification. Primary 4TH10: Secondary 54H25.

Key words and phrases. Nonexpansive mappings, fixed points, normed linear spaces.
'Research supported by the National Science Foundation under grant MCS80-01604.

1983 American Mathematical Society
0002-9939 /82 /0000-0654 /$02.00

62



REMARKS ON FIXED POINTS AND BOUNDARIES 63

and moreover some subsequence {T"(x,)};, of {T"(x,)};Z, converges to a point
u € w(x,)as;j — oo. By nonexpansiveness,

lu —wll < llx, —zIl <e,
proving that each point of w(z) is within distance ¢ of a point of w(x,, ). Therefore
8 < diam(w(z)) <§, + 2e.
Letting n — oo and using the fact that ¢ > 0 is arbitrary, we obtain
diam(w(z)) = 8.

Next observe that E)(w(z)) C X, for otherwise there would exist points u, v € w(z)

with distinct points u’, v" € seg[u, v] N A’X. (1) then implies

1T(u) — T(o)ll < IT(u) — T(u )l + IT(u") — T(')Il + IT(v") — T(v)ll

<Nu—wll+llu" =0l + v — oll
={lu— vl

which contradicts (& .

Since § > 0 and co(w(z)) is compact, co(w( z)) must contain a point « such that
sup{llu — xIl: x € co(w(z))} =r<38

([4)). Let .

C={x € X: co(w(z)) CB(x;r)}

and note that {T"(u)} C C (because T is nonexpansive and maps w(z) onto w(z)).

Thusif s, 1 € w(u), say T"(u) — sand T™(u) — tasi — oo, then form >n,,

NT™(u) = T (u)ll < NT™ " "(u) —ull <r.

This implies diam(w(u)) < r < §, contradicting minimality of 6.

PROOF. (2) We suppose for convenience that 0 € X, 0 & A’X. Since X is compact
(2) implies dist(T(A’X), A’X) > 0, and thus for ¢ € (0, 1) sufficiently near 1, 1T(x)
€ Xforallx € A’X. Alsosince0 € Xand T(x) € Xforallx € X,tT: X —-co X. It
is now possible to apply [1, Corollary 2] to the mapping T (taking X = K and
co X =H) and obtain x, € X such that ¢T(x,) = x,. Thus |lx, — T(x)Il =
(1 = Olix, |l yielding inf{llx — T(x)ll: x € X} = 0. Since X is compact, this com-
pletes the proof.

For the proof of (3) we need the following very elementary fact: (Here 04 B
denotes the relative boundary of B in K.)

PROPOSITION 1 [6]. Let X be a Banach space, let K be a closed convex subsset of X,
and let B be an open subset of X with BN K * & . Suppose T: B N K — K is a closed
mapping which is a local contradiction on D = B N K, and suppose for z € D,

llz = T(z)ll < llx — T(x)Il forall x € 0xB.
Then the sequence {T"(z)} lies in D and converges to a fixed point of T.

PROOF. (3) Let y be a point for which condition (3) is satisfied and, for
convenience, assume 7(y) = 0. Then (3) implies

Ixlt >1ly — xll = IT(x)ll forall x € A’X,
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and this in turns implies 0 &€ A’X and it also implies
(*) T(x) #Ax forallx € A’Xand A > 1.

Since 0 & A’X there exists p > 0 such that B(0; p) N X is convex, and for t > 1
sufficiently large, ¢ 'T: B(0; p) N X — B(0; p) N X. Thus

H={t=1:T(x,) = tx,forsomex, € X} + 2.

Since X is compact and T continuous, H is obviously closed in [1, o). To see that H
is also open in [1, c0) suppose r € H with x, € X satisfying T(x,) = rx,. Clearly we
may suppose r>1. By (), x, &€ A’X, so for p>0 sufficiently small, D =
B(x,; p) N X is convex. Moreover, since 7 ~'T is a contraction mapping defined on D
having x, as its unique fixed point,

8 =inf{llx — r'T(x)ll: x € D,llx — x,Il = p} >0.
Hence for t > 1 sufficiently near r,
lx —t'T(x)ll >8/2 forx €D, llx— x,lIl =p,
and
llx, — ¢t'T(x,)ll < 8/2.

By Proposition 1 there exist, for such ¢, points x, € D such that x, = t~'T(x,). Thus
H is open in [1, 00) and the proof is complete.
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