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LP-BEHAVIOR OF POWER SERIES
WITH POSITIVE COEFFICIENTS AND HARDY SPACES

MIODRAG MATELJEVIC AND MIROSLAV PAVLOVIC

ABSTRACT. For the power series f(z) = ) " anz™ with an > 0, certain
weighted LP-norms of f on [0, 1] are estimated from above and below in terms
of the coefficients a,,. Some consequences of this are obtained. For example,
some known results concerning Hardy spaces may be extended to a wider class
of spaces.

0. Introduction. Our main tool here is the following theorem.

THEOREM 1. Ifa >0, p>0 n>0,neEN,a,>0,I,={k:2"<k< 2"t ke
N}, tn =3 ier, ok and f(z) = 3.7 anz™, then there is a constant K which depends
only on p and o such that

00 1 oo
1S onepp < f (1)t f(zPdz < K S 27met2.
K3 0 0

Our proof is based on Jensen’s inequality and other elementary inequalities. The
proof shows that the theorem is still valid if ¢, is replaced by S,n, where S, =
E;’ ax. Hence, by the Cauchy condensation test which holds for series whose terms
are quasimonotone, we obtain

COROLLARY 1. Under the condition of Theorem 1, there is a constant K which
depends only on p and a such that

lw 1 00
- —(a+1)gp </ 1—g)e1? Pdr < K —(a+1)gp
% Snegy < [ oyt e < K Sty

For a =1 this result is due to Boas and Askey [1; 2, Theorem 2].

In addition, Theorem 1 can be used to provide easy proofs of some results of
Hardy-Littlewood [5] concerning power series with positive coefficients (see §2).

We proceed to elucidate the connection between our result and some known
results on Hardy spaces. From now on we assume, without loss of generality and
with great gain in convenience that all regular functions under discussion vanish at
the origin. In particular, the H? spaces used below are thus subsets of the usual
HP spaces (cf. Duren [3]).

DEFINITION 1. If f(2) Zl an2™ is regular on the unit disc, p > 0 and a > 0,
we write f € DP, whenever

(0.1) /1l = 22_""‘ a(f) < +oo
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where 7,(f) = (2" X 4c;. lak|?)!/2. D¥ can be defined analogously. We also write
DP instead of Df.

For p > 1, DF is a Banach space under the norm defined by (0.1); and for 0 <
p <1 DE (with the obvious translation metric) is a complete F-space. It is easy to
check that, if 1 < p < oo, then D? is the Banach dual of D®, where 1/p+1/¢=1,
andif 0 < p< 1, then the conjugate space may be identified with the space of

regular functions g(z) = Y°7" bx2* in the unit disc for which
Z kbl* = 0(2*"(*%/P)  (n — o0).
kEln

The dual pairing in all cases is given by formula (f,g) = >} k' ~*axbc. Holland
and Twomey in [9] defined I§ spaces. Theorem 1 and Corollary 1 show that DP
and lf, may be identified. Holland and Twomey (8, 9] show H? C DP for 0 < p < 2,
DP C HP for p > 2 and that both inclusions are proper for p # 2.

The following Theorem 2 generalizes this result. Our proof of Theorem 2 resem-
bles that of Holland and Twomey. Both proofs are based on the Hardy-Stein
identity (see §2). Their proof also uses the above-mentioned Askey-Boas result and
the Littlewood inequality [4, 12]; Theorem 1 and Proposition 2, respectively, play
analogous roles in our proof. Note that Proposition 2 is a generalization of the
Littlewood inequality for 0 < p < 2 (aside from the value of the constant), where the
HP-norm is replaced by the DP-norm. Also note this proposition is an immediate
consequence of Theorem 1.

Now it is natural to ask whether there are any theorems on HP spaces which can
be extended to the wider class DP for 0 < p < 2. The answer is yes: in §2, among
other things, we improve a result of Hardy-Littlewood on fractional integrals.

1. Bergman class and the area function.
Definitions of classes AP and H%,. Let f(z) = > T an2™ be regular on the unit
disc. We define the functions

P(r>=P<r,f>=§f|an|r",
A(r) = A(r //I‘I |2d:cdy-.7r2n|a |2r27,

where 0 <7 < 1. The function A(r) is called the area function. In fact, A(r) is the
area of the image of {z: |z| < z} under f, counting multiplicity.
We shall write f € AR, p >0, a > 0, whenever

(11) 1y = [ Al £/ =)o dr < o

The Bergman class B? (p > 0, > 1) consists of all functions f regular on the unit
disc for which

(1.2) / L(r, f)(1 = 7)*"2 dr < 400,

where

2m
Lp(r, f) =5 |f(re®)Pds, O0<r<1.



LrP-BEHAVIOR OF POWER SERIES 311

We shall use the Hardy-Stein identity [7, p. 42]
d p?

TEIP(T’ f) = 2_"Ep("'y f) (0 <r<Lp> 0):

where
Bon) =Byl f)= [ 11 @IS P dzdy.

Also, we shall use the notation f € H?, p > 0, a > 0, whenever

1
(13) 111y = [ Eplr, 1)1 =)= dr < 4o,

Integration by parts of (1.2) shows that H2 = B? for a > 1, p > 0.

Thus we can extend the definition of B2 for & > 0 by (1.3). The symbol H? is
motivated by the fact that H} = HP.

An extension of the result of Holland and Twomey. The following are immediate
consequences of Theorem 1.

PROPOSITION 1. The spaces D, and AP, (p > 0,a > 0) are the same and the
“norms” defined by (0-1) and (1.1) are equivalent.

PROPOSITION 2. Let f€ D2, p>0, a > 0. Then there is a constant K which
depends only on p and o such that

1
[ PP -nde < Kilfl,
forall fe D?.

This proposition is a generalization of Hardy-Littlewood’s result [6, Theorem 15,
p. 206).

PROOF. Apply first Theorem 1 and then the Cauchy-Schwarz inequality
Eke I lak| < 7n(f). Now, we are ready to state the main result of this section.

THEOREM 2. Let a>0. Then
(1.4) H? cD? if0<p<2,
(1.5) DF C H? ifp>2.

PROOF. Suppose first that 0 <p <2 and f € HE. Let
o(r) = P(r, fP(1 =r)>"1.

Combining the inequality E,(r, f) > P(r)P~2A(r) with Jensen’s inequality (for the
concave action tP/2), we obtain

2 1 p/2
115 2 { [ Py 2Atr pretr)ar

>{[ ot dr}p/z_lnfuag

Now, (1.4) follows from Propositions 1 and 2.
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Suppose now that p > 2 and f € A%. Combining the inequality Ep(r, f) <
P(r, f)P~2A(r, f) and Holder’s inequality, we have

1 (p—2)/p
1y <] [ PP =rotar}

Application of Propositions 1 a.nd 2 yields (1.5).

The examples f(z) = Y an2?", g(2) = X bn2z?", where 2-™@=P/2)|q, |P = n~2
and 2-™@=?/2)|p,|P = 1 shows respectively that the inclusions (1.4) and (1.5) are
proper if p # 2.

We shall show that f ¢ HE. The rest of the proof is similar. Suppose first that
a > p/2. A direct calculation based on the Cauchy condensation test shows that

P(T f) < K(l—”')—ﬁ,

A, f)2 (1=, 0Sr<l,
where 8 =a/p—1/2, y=20+p/2 and K is a positive constant. Now, the desired
result follows from the inquality E,(r, f) > P(r)P~2A(r).

For a < p/2 the proof is simpler, because the function P(r,f), 0 <7 < 1, is
bounded.

COROLLARY 2. If0 < q < 1, then B C D}/, where B? is the Banach
envelope of HY.

2. Some consequences of Theorem 1.

Fractional derivatives and the area function. For a function f regular in the unit
disc we denote by f18 ( fi@), B <0, the fractional derivative (integral) of order 3.
Recall that -

FB(z) = ) n+1+ B)anz",

n!

0
o0
p— n
fie) ZO: T'(n+ 1 8"
In these notations we have

THEOREM 3. Letp>¢>0,8>0,a>0and f/a=1/q—1/p. The following
assertions hold:
(a) If f € DY, then fi) € D%, There s a function f such that f € D but fis) & D4,
for all u > p.
(b) If f € D®, then 1Al € D for u < q. There is a function f such that f € D¥,
and f1Al ¢ DI

In the case p > 2 > ¢, a = 1, the assertion (a) improves the corresponding one
for HP spaces. The statement (b) has no analog in HP because f' need not belong
to the Nevanlinna class for f bounded in the unit disc.

PROOF. From Definition 1 and I'(n + 1 + 8)/n! ~ nP, n — oo, it follows that
fis) € DE, (f € DY) if and only if f € Da+ﬁ (fBl e D? , 5,)- Now, Theorem 3 can
be derlved from the following proposition.

PROPOSITION 3. Letp>0, a>0 and p >\ > 1. Then A*? C AR C AP, For

fized p, & and X there is a function f such that f € A? and f ¢ ALY for any 4 > .
If\>1, then AR, # AP
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PROOF. By Holder’s inequality, we obtain

(u—1)/up
u—1
r < upy ————————
1l < gz { 2225

This proves the left inclusion. The example f(2) = Y7 a,2?", where 2= @=P/2)|q, |P
= n~2 shows that this inclusion is proper. The rest of the proof is simple.

Further consequences of Theorem 1.

COROLLARY 3. Let f' € DP for some p > 1. Then Y g |an| < o and f(e*) €
Ai_1/p, where A, (0 < a < 1) denotes the class of all complez-valued 27-periodic
functions on (—oo, +00) which satisfy the Lipschitz condition of order a.

In the case 1 < p < 2 this result improves the corresponding one for HP because
HP C DP (for p < 2).

PROOF. Let f' € DP. Then, by Proposition 2, f, P(r,f')Pdr < +co and,
therefore,

P(r,f)Y=0(1-7r)"VP 7 1_.
Hence,

Y lan|<oo and f(z)=0(1—-r)"'?, r—1_,
0
and, by the Hardy-Littlewood theorem [3, Theorem 5.1] f € A;_; /5.

F. Holland and J. B. Twomey [8] have proved that there is a function f such
that f € HP for each p, 0 < p < oo, while f ¢ DP for p > 2. Here, we observe that
h(z)=3Tn"22%" € H®, but h ¢ DP for p > 2. This follows from Theorem 1.

On the other hand it is clear that H® C DP if 0 < p < 2, because D? = H?. The
following stronger results hold.

THEOREM 4. Let0<p<2,g€ H>® and f € DP. Then f(z)g(z) € DP.

PROOF. In the case p = 2 the assertion is trivial. Suppose that 0 < p < 2.
From the condition g € H* it follows that |g'(z)| < K(1—|z|)~! (|z| < 1), for some
constant K. Hence

- [[ 1@ < K-y et o<ret

where K ) is a positive constant. From the condition f € DP and Theorem 1 it

follows fo 7)P/2dr < 0o. The statement may easily be derived from Proposition
1 and the mequahty

[ 17 @Plata)? zay < ol Atr, ).

THEORERM 5. Let f(z) =37 anz™, a, >0,
(i) Ifg>0,r>p>1, then

/01(1 —z)/97 f(z)dz < Kl(i n—-(p+q—m)/qaﬁ) /P.
(i) If¢g>0,0<r<p<1, then
in—(pﬂ—pq)/qaﬁ < KZ(fol(l — g9 f7(g) dz)P/r’
where K, and Iéz depend on p, q and r only.
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These results first appear in Hardy-Littlewood [5, Theorem 3 and 11].
PROOF. Let us first consider (i). By Theorem 1 and Jensen’s inequality,

1 0 T
/; (1- :c)'/q‘lf'(z)dx < KZT"("‘/")( Z 2‘"ak)
0

kel,
© r/p
SKE2nr(l—l/q)( Z 2—na£)
0 keln

where K depends on p, ¢ and r only. Now we use elementary inequalities and a
Cauchy condensation type argument to obtain (i). Part (ii) can be derived in a
similar way.

3. Proof of Theorem 1. Theorem 1 follows immediately from a more general
fact which, because of its independent interest, we state as a theorem. We need
the following notations: ® € A(p,q) (p > ¢ > 0) if ¢ is a nonnegative real function
defined on [0, +00), ®(0) = 0, ®(¢)/t? is nonincreasing and ®(t)/t? is nondecreasing.
We write ® € A if ® € A(p,q) for some p and ¢q. For example, t? € A(p,p) and
tPlog(l+t)e A(p+1,p) if p>0.

THEOREM 6. Let(ax), k> 1, be a sequence of nonnegative real numbers, ® € A

anda > 0. Then fol O3y akr¥)(1-r)>"1dr < 0o if and only if 35 27 B(3; ax)
< 00.

For the proof of this theorem we need some elementary facts.
LEMMA 1. Let®€ A(p,q) (p>¢>0) andt, >0(n=1,2,...). Then
(3.1) 0PP(t) < D(0t) < 99d(t) for0<6<1,t>0,

oo 00 p
(3:2) @(Z tn) < (Z ®(tn)"/ ") ,
1 1

(3.3) @(i zn) < i ®(t,), O0<p<l
1 1

PROOF. (3.1) follows immediately from definitions. Observe that @ is continuous
(by (3.1)) and, therefore, we may suppose that t, = 0 for n > 3. Since ®(t)*/?/t is
nonincreasing, ®(t)!/? is subadditive and hence (3.2). From (3.2) and elementary
inequalities we derive (3.3).

LEMMA 2. Let0 <~y <1andn(r)=3g2"r?" (0<r<1). Thenn(r) <
2I'(y)|logr| 7.

PROOF. We have

+o0 o
2T(v)|logr| ™" = 2! fo 1t dt > 21 Y kv iek/2
1

oo
> 21732 < ),
0
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Proof of Theorem 6. (=) Let t, =3, arandr,=1-2""(n=0,1,...). Then

1 o 1 0
/0 Q(z anr")(l —r)*ldr > /;/2 O(Z tkr"’kﬂ‘l)(l —r)*"lgr
1

2k+1_ Tn+a a—1
Z ters ! ) (1—r)y>1dr

n+1

6—1

[\
[\/]:

SNgk o[\/]a

©

tk)2_("+2)"‘ log?2
k=0

q>( tk)2"‘°‘,
k=0
where K1 = e~P272%]og 2. Hence,

/ (Z an? ) (1-7r)2"ldr> K, i?"“d)(sgn).

0

\Y
X
OMS

NgE

(«=) Let us first suppose that p > 1. Because of the inequality (3.2) we can take
&(t) =tP.

Let v = min{1,a/p} and n(r) = Y5 2"7?", 0 < r < 1. Then, by Jensen’s
inequality, we have

(Z‘“"k) * (Z t"’?) <Pt o2 P P
1 0 0

Now, the desired result follows from Lemma 2, the inequality r(1—7)*~! < |logr|>~1,
0 <7< 1, and the equality fol |logr|7=1r2"~1dr = I'(y)2~™". A direct calculation

shows that
1/ o P p
/0 (Z akrk) (1-r)2>1ldr< K222 ""‘(Zak) ,
1

In

where (in the case p > a) K, = 2P71'(y)?.

For p = 1, the proof is similar, but simpler, because we need not introduce
the function 7(r). In the case 0 < p < 1 the relation (3.3) is used, and the proof
resembles that for p = 1.
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