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DISTORTION AND COEFFICIENT ESTIMATION
OF SCHLICHT FUNCTIONS

HU KE

ABSTRACT. Let

S(h) = {f(i) =+ E a,:" € S, im,_\ (- —pP)—

max |f(z)|=a, =k >()},
n-2 INENY
In this paper. we prove that for f(z) € S(k) the inequality

P+yJ(1+p)a/ —p
1+ P

la,|<n

holds where p = k2/(1 — k) and 1 < A < (1.0657)". This strengthens a recent
result of Horowitz.

Let S={f(z)=1z+ 2¥_,a,z": f is analytic and univalent in the unit disc
|z|<1} and let S(k) = {f(z) € S, lim,_,-(1 — p)*/pmax,_,|f(2)|=a,>k >
0}.

(In fact for f(z) € S, the lim
lim sup.)

The Bieberbach Conjecture asserts that if f(z) =z + £%_,a,z" is in S, then
|a,|<n (n=2.3,...). In other words the extremal function of the Bieberbach
Conjecture is z /(1 — z)? for which a, = 1. The best approximation to the conjecture
so far proved is due to D. Horowitz [1] who showed that

(1) la,|<1.065Tn (n=>2).

pl” exists, but for this work it suffices to use the

In this paper, we improve Horowitz’s result (1). Besides, we prove a new theorem
of distortion of schlicht functions. The method of [1] is used.

1. The main inequalities.
THEOREM 1. If f(z) = z + 2%_,a,z" € S(k), then

[P+ (1 +p)a/2—P
(1.1) la,|<n TP <en, n=23,...,

where ¢ = 1.0657 (1], P = k2 /(1 — k?), A = max{3%, ¢* = P[3%)"/* — 1%}

This result is obviously stronger than (1).
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THEOREM 2. If f(z) = z + Z%_,a,z" € S(k), then
2

L 2 L
(1.2) 2 lafx) + P Z (1, =),
j= j=
L n+m-—1
2 2 Bi(n, m)laklzx Xy
mn=1
where
Bu(n. m)-{ —|k—m| for|k—m|<n,
k otherwise
and P = k?/(1 — k?).
PROOF. We know that [2]
n L= 1 L[
(13) T yig|T—=F — |5 1200 (f=1(2,))
p.q=0 Pz, g ||_2,,Zq|2 Zp2q d g

In (1.3),sety, = A, x. (p # 0), ), = x, and let

2 2
“ Lh—h 1 folo —
A, = 2)\,) zp_z — 5 zpz . Ay = Ay,
p=1 P of |[1— z,2,| peo
2
Az‘z— EAA f;’_fq l—z_ﬂfq .
p.q=1 ZP Zq ' 1 - zpqu ZPZ‘I
4
, 1 f
Ay = s |2
(1—zP) 1%
Then (1.3) may be written in the following form:
2
(1.4) > A4, jXix; = 0.

ij=1
An immediate consequence is
(1.5) A Ay, — |A|.2|2>0'

That is,
(1.6)
4 2 2
, 1 f & <l hH 1 51
lf°|2 2_2_0 2 AP}“’ zp—zq 12 |zz
(1—|20|2) 0 p.q=1 )4 q I]—szql P°q
2
2 2
p=1 {12 T %] | 1= 2,5 |% %

Let max, -, |f(z)|= |f(pe”’°) | and divide by | f,/z,|* on both sides of (1.6). Next
make z, — e'%, since
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2
129/ 1+]z] =— (1—]z])
and k<a,= lim ————|f(z,)],
%o | =Tzl = T ()]
|zl <1
(1.6) can be reduced to
™ 2 2
(1.7) S ang| 2k L\ (%-1)
p.g=1 zp zq ' 1 — ZPZqI zpzq k

2
“ 1 f;
A |—— |2
p§| P(Il_zpe100|4 z )
The method of [2] gives
(1.8)
. N2
1 m - 27 (27 f(ppelo)_f(pqe“l’) 1
7(7 -1 2 APA‘I‘/‘ f 6 __ ip 1 — i(0—9) |2
pug=1 o Yo pe’ — e 1= p,pe l
o ) |
| Aloye?) foge”) d6de
PpPq
o\ (2 2
“ 27 1 f(P f-"o)
> A _ —| == de| .
,E. p'/(; ( [ 1= p,e®f Py

Inequality (1.8) can be converted to a statement about coefficients by the method
of [2]. Thus inequality (1.8) implies inequality (1.2) and Theorem 2 is proved.

THEOREM 3. If f(z) = z + 2F_,a,2" € S(k), then

2n 2 2n 2
(1.9) ( S A(n, K)|ag)| +P| D A,(n,K)(|aK|2—K2))
K=1 K=1

< 2 AZ(n* K)laKlz’
K=1

(1.10) ( 2 Ay(n, K)|agl? +P{ 2 Az(n,K)([‘aK|2—K2)}
K=1 K=1

8n
< Y As(n.K)|agl
K=1

where A((n, K)=n—|K—n|,|n—K|<n
2m= 1y

J
A (n,K)= 3 2 B DU=1|j=K)A,_(n, j)A,_(n.1)
J=UK+1)/2) I=|K—|

and B(j,1)=1,j=12,j#I[1].
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The proof of this theorem is similar to [1] except using inequality (1.2) in place of
the Fitzgerald inequality.

PROOF OF THEOREM 1. In (1.2)set L =n,x,=x, = --- =x,_,=0andx, = 1 to
obtain
2n
(1.11) la,[*+ P(la,? —n?)’< 3 A(n, K)|agl?
K=1

From (1.9) and (1.10), it follows that

2n 2 2n 2
(1.12) 2 Al("»K)|aK|2 +P{ 2 Ay(n, K)([aK|2 2)}
K=1

4n
2 Ay(n, K)|“K|2 \/—E Aa(” K)|akl2

K=1
where ¢ = 1.0657 [1).
If 322 ,A\(n, K) | ag|* < /209/T40 n*. Then
2 209
(1.13) |a,,|“+P(|a,,[2— 2) < m‘h“

by (1.11). It follows that

\/P+ J(1 + P)/209/140 — P 209\ /8
(1.14)  Ja,|<n TP <(m) n<ecn

On the other hand, if 3%, A,(n, K)|ax|* = /209/140 n* then, since ,/209,/140
> Zand ¥, A (n, K)K2< 7n“[2]

29 _ 1\,
140 6

2n 2
(1.15) ( S A,(n,K)|aK|2) + P

K=1

2n
<( 2 A(n K)|agl

K=1

2 2n 2
+P{ > Al(n,K)(laK|2—K2)} < ctn®

K=1

by (1.12).
From (1.11) and (1.15). ¢® — p(,/209/T40 — {)* =0 and

2n
(1.16) la [t + P(ja, P = n*)’ < 3 Ay(n, K)|axl
K=1
200 7\’
8 __ ez L 4
<\|c P( 140 6) nt.

P+ \/(1 + P){e* - p({209/140 — 7/6)7) " — P

(1.17) Ja,|<n TP <cn.

This gives
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This completes the proof of Theorem 1.
2. Theorem of distortion.

THEOREM 4. If f(z) = z + Z¥_,a,z" € S, then

@) 1) Few S o G P+ (f(-2) fexp S 5 (G(-)
n=1 n=1

2P, 1z

=1z (42

<

2 17()fep S 516, F+ 1) P 3 o |G (o)

n=1

(a-|z)y (1+]z])

where G, (z) = 1/z" + z, — F,(1/f(z)) and F,(w) is mth order Faber s polynomial.

The proof of Theorem 4 is based on the following inequality [3]:
(2.3)

a

m _ ff o 1

S AR 2 ep S 26,200 < S A —

. z z “ 2n |
p.q=1 P-q n=1 p.q=1
where a > 0.

In (23),setm=2,z, =z,z,= -z, a = 1 and A; = A, = 1 to obtain

(2.4)

§ |G,(z )'2 ’f( z)

E—IG(Z)I2

1
14|z

f(z) = f(-2) |

< m{lf’(Z)l +Hf(=2)]) +

Nextin (2.3),setz, = z,z, = -z,a = l and A| = 1, also put A, = -1 to obtain
(2.5)

2 2 oc
222 ew 3 5 16,(2)

wp § oo o[ 2
n=1
’f( z)f(-2)

Rexp 2 ! 5,6 (2)G,(-2)

1
1+|z|2

1) = 1(2) |

z

< ]—_—ljl;{lf’(Z)l +Hf(=2) |} -
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Adding (2.3), (2.4) we have

(26) \"j’epE 16,0+ |2 PEACEL

] (z (=
< TR,
Goluzin proved that [4]
2.7 [f ()| +1f(=2)|<

1+ ]z 1—|z|
3 1 3
(T=1zp)  (+]z])
The inequality (2.1) follows from (2 6) and (2.7). To prove (2.2), we observe that

(2.8) (115 P)|L <1+ 1N+ -t

f(§) .ff)

This inequality is easily deduced by Goluzin’s method [4] and it is omitted here.
Inequality (2.8) may be written in the form
A8,

29)  (1=PP) IS PF+1=<{(1—15D*+(+[5D")

In (2.9), set { = z, -z and multiply both sides of (2.6) by exp T2 l(l/2n) | G,(2) |
exp 22, (1/2n)| G,(~z) |? respectively. Adding these results we obtain

(2.10)
(1—|z|){|f< ):expz LGP+ 1) e S 516 (z)F}

n=1

rep 371G, F +ep $ 901G,

n=

<(( -1z + 0 +|z|)“}{|f—(j—"e p3 5 (G ()F

n=1

'f( 2)

n=1

4 4 1 1
<i(l—]z +(1+]z +
(12D ')}{(l—m)‘ (1+iz|)“}

w3 L nc(-‘n}

by (2.1).
Since exp =%_, (1/2n)| G,(z) |* + exp 22, (1/2n) | G,(-2)|* = 2 (2.2) follows at
once from (2.10). Thus the proof of this distortion theorem is complete.
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