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DISTORTION AND COEFFICIENT ESTIMATION

OF SCHLICHT FUNCTIONS

HU KE

Abstract. Let

S(k) = \f(z) = z +  2 «„-" e S- HrnVr (' " p)    max \f(z) |= af> k:> 0

In this paper, we prove that for/(;) E S(A ) the inequality

/> + vTTTT)^77"-
i + />

holds where p = k2/(\ - k2) and  1 « A <( 1.0657)*. This strengthens a recent

result of Horowitz.

Let 5 = {f(z) = z + 2^=2a„z": / is analytic and univalent in the unit disc

\z\< 1} and let S(k) = {f(z)ES, limp_,-(l - p)2/pmax)l|=J/(r)|= af> k >

0}.

(In fact for/(z) E S, the limp_r exists, but for this work it suffices to use the

lim sup.)

The Bieberbach Conjecture asserts that if f(z) = z + 1^=2a„z" is in S, then

|a„|<« (« = 2,3,...). In other words the extremal function of the Bieberbach

Conjecture is z/(\ — z)2 for which ar—\. The best approximation to the conjecture

so far proved is due to D. Horowitz [1] who showed that

(1) |aj< 1.0657/1        (n»2).

In this paper, we improve Horowitz's result (1). Besides, we prove a new theorem

of distortion of schlicht functions. The method of [1] is used.

1. The main inequalities.

Theorem 1. Iff(z) = z + 2%2a„zn E S(k), then

P + /(I + p)Ax/2 - P

(1.1) |aj<«y -TT7- <C"'       " = 2,3,...,

where c = 1.0657 [1], P = k2/(\ - k2),A= max{^§, c8 - F[(^)l/2 - ¡]2}-

This result is obviously stronger than ( 1 ).
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Theorem 2. Iff(z) = z + 2™=2a„z" E S(k), then

(1.2) 2 M*j + p 2(KI2-v2h
7=1

where

ßk(n,m) =

l.       n + m-l

2        2    ßk(n,m)\ak\2x„,x„,
m.n=\     K=\

n — | k — m |     for \k — m\< n,

otherwise,

and P = k2/(\ - k2).

Proof. We know that [2]

(1.3)     2 yp%
p.q=0

L-L
zr~zi

JpJq
o.     U-/ÍO).

In (1.3), set y  = A^a:. (p =£ 0), y0 = x, and let

^1.2 -    2   Xr
p=\

L-h
zp-Zo -  z   I2

Lk
-p-0

A,-,       yî-,.

2 KK■2.2 ^     ■■?■•,]

/,"/,

ZP~Z« 1  ̂ V9P

/./.

V«

^11 — I /o

(i-Uoi2r

Then (1.3) may be written in the following form:

2

(1.4) 2  AiJxixJ>0.

An immediate consequence is

(1.5)

That is,

(1.6)

AU]A2a-\Ax2\2^0.

I/o'
1

(1 - l-ot2)2

h 2 V
p.q=\p   i\

Jp        Jq

2\p=\

ZP~Z,

Jp     h

zp-z0

»-W

1-Vol2

U
zpz<

kk
Zp  ¿0

Let max|z|=p \f(z) | = j/(pe'e°) | and divide by \f0/z014 on both sides of (1.6). Next

make z0 -» e'9°, since
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¿o/o'

/o

1 + Un I -
--L_?_L    and   k<a=   Hm
1 - \zn\ '

(1-Uol)2

¿ol<l

l/(zo)h

( 1.6) can be reduced to

(1.7) 2 KK\
fp-fa
ZP~Z, »"'Al

u
Vi I*-1

2 a,
1  - ze'9° I4

The method of [2] gives

(1.8)

(¿-'lly-n^,<?=i
2w  /.2tt

0

f(Pp<ie)-f(Pf*)

Ppe'e - p/* 1 - PpPqei(«-«p) |2

/(p^)/(p/<)

2 x,r
P=i     yo i -a,*''«'-'"'!4

<Wrf<p

i/Ö

Inequality (1.8) can be converted to a statement about coefficients by the method

of [2]. Thus inequality (1.8) implies inequality (1.2) and Theorem 2 is proved.

Theorem 3. Iff(z) = z + 2™=2a„z" E S(k), then

(1.9) (  2Ax(n,K)\aK\2^   + P^ß Ax(n, K)(\aK\2 - K2)^

4/1

2 A2(n,7i)|a*|2,

(1.10) [   2 A2(n,K)\aK\2\   + P\   2 A2(n, K)([aK\2 - K2)
K=\ I l/V=l

AT= I

4n

in

^  2 A,(n,K)\aK\
K=]

where Ax(n, K) = n - \K - n\ ,\n - K \< n

n J

Am(n,K) =        2 2    B(j,I)(l-\j-K\)Am^x(n,j)Am_x(nJ)
j = ((K+\)/2) l=\K-j\

andB(j,l)= I,y=/;2,/#/flJ.
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The proof of this theorem is similar to [1] except using inequality (1.2) in place of

the Fitzgerald inequality.

Proof of Theorem 1. In (1.2) set L = n, xx = x2 = • • ■ = x„ _ ,= 0 and xH = 1 to

obtain

(1.11) |a„r + P(|a„|2-«2)2<  2 Ax(n,K)\aK\2.
K=\

From (1.9) and (1.10), it follows that

(1.12) (   2 Ax(n,K)\aK\2)   + p\ 2 Ax(n, K)(\aK\2 - K2)
\ A'= 1 / L A-= 1

2 A2(n,K)\aK\2<J  2  A,(«, K) \ a K\2 < cV
K=l V    K=\

where c= 1.0657 [1].

If 22K"=, Ax(n, K) | aK \2 *s ̂ 209/140 n\ Then

(1-13) \^ + P(\a„\2-n2)U^n^

by (1.11). It follows that

/F+/(l+F)/209/140 -P        /209,i/8
(1.14)       |a.|««y-p^- <(w)    n<cn.

On the other hand, if I2K"=xAx(n, K)\aK\2 3= y/209/140«4 then, since y/209/140

>¡and22."=,Al(«, A')A'2<|/14[2]

2n 209        7 ,
2

(1.15) \2Ax(n,K)\aK\2\   +/>(Vl40   " 61

<i  S Ai(*.*n»/rPj   +f( 2 A^n.TOda^p-A-2)!   <cV

by (1.12).

From (1.11) and (1.15), c8 - ^209/140 - ¿)2s*0and

(1.16) |a„|4 + F(|aJ2-«2)2^   2 A,(«, ff ) | a J2
k=i

''w-|i
:

This gives

P + J(\ + F){c8 - FJ/209/140 - 7/6)
2V/2_p

(1.17)     |flj<«|/ -z-^j-   <cn.
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This completes the proof of Theorem 1.

2. Theorem of distortion.

Theorem 4. Iff(z) - z + 1™=2a„z" E S, then

oc       , oc,

(2.1) |/(z)|2exP2 ¿|C„(z)|2 + |/(-z)|2exP2 ^\G„(-z)\2
n = I n — 1

+

(l-|z|)4        (l + |z|)4

1
(2.2) |/'(z)|2exp2 ^|Gn(z)|2 + |/'(-z)|2exP2 —JG„(-z)

1 + Izl

B=I « = 1

2 r       1

where Gm(z) = \/zm + zm - Fm(l//(z)) ana" F„,(h') is mth order Faber's polynomial.

The proof of Theorem 4 is based on the following inequality [3]:

(2.3)

2 ax
p.q-\PI

u
eXP    2     ¿C„(Zp)Cj(2,)     < 2       \,A,

»= i p.<?= i

/,-/«

>     i

i

i-vJ

where a > 0.

In (2.3), set m = 2, zx — z, z2 — -z, a = 1 and A, = X2 = 1 to obtain

(2.4)

|/(z)
exP2  ^-|G„(z)|2 +

h=i
2«

/(-*)

+ 2
/(z)/(-z)

c OC .

exP2   2^1^-z)
rt= 1

1

1

7?exp 2 j-Gn(z)G„(-z)
* I «—1

/(;) -/(-»)

Next in (2.3), set z, = z, z2 = -z, a = 1 and X, = 1, also put \2 = -1 to obtain

(2.5)

2«
exP2   2^|G„(-z)|2

n= 1

/(*)/(-*) 1
7vexP2  j¿G„(z)G„(-z)

n= 1

1 -\z\
{\f'(z)\+\f(-z)\}

1

1 + lz|

/(z)-/(-z)
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Adding (2.3), (2.4) we have

(2.6)
/(z)

: oo .

exP2 ^\G„(z)\2 +
n= 1

f(-z)
"exp2  ¿|G„(-0|2

n= 1

i

i
-(|/'(z)|+|/'(-z)|).

Goluzin proved that [4]

(2.7) |/'(z)|+|/'(-z;
1 + I z I

+
1 - \z\

(1-1*1)    (1 + 1*1)
The inequality (2.1) follows from (2.6) and (2.7). To prove (2.2), we observe that

(2.8) (i-KI2):
nn
/(£)

+
/in (i + irt)4 + 0-ifi)4.

This inequality is easily deduced by Goluzin's method [4] and it is omitted here.

Inequality (2.8) may be written in the form
"i

(2.9)    (i-in2)2i/'(ni2 + i^{d-in)4 + (i + in)4} ^

In (2.9), set f = z, -z and multiply both sides of (2.6) by exp2^=l (1/2«) | G„(z) |2.

exp2^=1 (1/2«) | G„(-z) \2 respectively. Adding these results we obtain

(2.10)

(l-|z|2)2{|/'(z)|2exP2 ¿|C^)|2 + l/'(-;)|2exP2 ¿|C„(-z)|2}
I n=I n=\ >

oc        , OC        ,

+ exP2 ¿|Gn(z)|2 + exP2  ¿l<^)|2
n=l n— I

^{(l-!z|)4 + (l + |z|)4}-

{(l-|z|)4+(l + |z|)4}{

/(z)
exp2  ¿)ö„(*)|2

n= 1

/(-z)

+

«p2 ¿ I «.,(-•) I'

1

(1-  |z|)4       (l+|z|)4

by (2.1).

Since exp2^=l(l/2«)|G„(z)|2 + expS^L, (1/2«) | G„(-z) |2 s* 2 (2.2) follows at

once from (2.10). Thus the proof of this distortion theorem is complete.
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