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ON SUPERCOMPLETE UNIFORM SPACES

AARNO HOHTI

Abstract. We show that a uniform space iiA" is supercomplete if, and only if, the

Ginsburg-Isbell locally fine coreflection of p.X X 'Sß X is equinormal.

1. Introduction. J. Isbell calls a uniform space pX supercomplete if the uniform

hyperspace H(pX) of closed subsets of X is complete. He proved in [4] that pX is

supercomplete if, and only if, X is paracompact and Xp = ®sx, where ^Fx is the fine

uniformity of X. (On the other hand, Morita proved in [7] that the uniform

hyperspace K(p.X) of all compact subsets of X is complete if and only if p. X is

complete.) Tamaño established in 1960 (see [9]) the following famous result: a

completely regular space X is paracompact whenever X X ßX is normal. It seems

reasonable to ask if it is possible to give a Tamano-like "finitary" characterization of

supercomplete uniform spaces by means of their Cech-Stone compactifications. First

of all, we will recall some familiar definitions. A quasiuniformity is a filter of

coverings ordered by the relation of refinement. If p and v are quasiuniformities,

then p/v is the quasiuniformity consisting of all covers {V, D IV'}, where {V¡}¡ G v

and for each i, [Wf}j G p. If p is a quasiuniformity, let ju(0) = p. If //0) is defined for

all a < ß and ß is a limit ordinal, let p{ß) = U {pia): a < ß). On the other hand, if

ß — a + 1, then we define p(ß) = p{a)/p<a). There is an ordinal a such that w(a) =

/i<a+" and for which we define Xp = p(a). In case p is a uniformity, it can be shown

that [1, Theorem 4.4] Xp is the coarsest locally fine [1] uniformity finer than p. The

operator X is called the Ginsburg-Isbell locally fine coreflection. The precompact

reflection of p will be denoted by pp. A uniform space is equinormal if every binary

open cover of the space is uniform. The symbol °Y | A (resp. p | A) denotes the trace

of the family ^ on A (resp. the induced quasiuniformity of A).

2. The result. Tamaño proved the following lemma in [9].

Lemma 1. A completely regular space X is paracompact if and only if for each

compact K G ßX ~ X there is a locally finite open cover ^ of X such that dpx V (~l K

= 0 for all V G %

We will extend Lemma 1 to "X-uniform" covers.
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Lemma 2. A uniform space pX is supercomplete if and only if for each compact

K G ßX~ X there is a Tg Xp such that c\ßx V D K = 0 for all V G T.

Proof. To prove sufficiency, suppose that the condition given in Lemma 2 holds.

By Lemma 1, A' is paracompact since each element of Xp has a locally finite open

refinement [5,1.14]. We will show that Xp = Wx. To this end. let L~V be an open cover

of X. For each element Kof "Ychoose an open set V* in ßX with V = V* n X. Then

A = ßX ~ U{V*: V G T} is compact. Hence, there exists a "life Xp such that

d/îA" W n A = 0 for all W G %. It is not difficult to see that % refines the cover

T*" consisting of all finite unions of sets from Q\. As ^V is arbitrary. Theorems 2 and

3 in [8] show that VT^, = pXp/Xp. But pXp/Xp — Xp. Hence pX is supercomplete.

On the other hand, let pX he supercomplete and assume that A C ßX ~ X is

compact. By Isbell's result X is paracompact and Xp = "Jx. Let '"V be as in Lemma 1.

Since X is paracompact, we have °\ G %x = Xp, as desired.

To prove the main result, we shall need an auxiliary derivative introduced in

[3]. Let Mo" = Í*. If Mo° is defined for all a < ß and ß is a limit ordinal, let p\ß' =

U {ii(()a): a < ß)\ if ß = a + 1, then we define u(<f > = p\f/p. The following basic

lemma can be found in [3]. The statement is proved by a transfinite induction

argument.

Lemma 3. For each a there is a o(a) such that p{tt) C p[¡ia)).

It follows that there is an ordinal a with p\)t) = Xp.

Finally, we shall need the following result proved in [2].

Lemma 4. Let pX be a uniform space and let K be a compact space.  Then
(l;,".V X ''**)      = %XHKY

Note that in the preceding lemma both (9X X lBK)li) and S XxK) are uniformities

on X X A.

Theorem. A uniform space pX is supercomplete if, and only if. the Ginsburg-Isbell

locally fine coreflection of pX X L:JßX is equinormal.

Proof. To prove sufficiency, we will proceed by transfinite induction. Let

K G ßX ~ X he compact. Then X X A and A(X) (the diagonal of XXX) are

closed and disjoint subsets of X X ßX. Define G, = ( X X ßX) ~ ( X X A ) and

G2 = ( X X ßX) - A( X). Then § = (C,, G2) is a binary open cover of A X ßX. Let

P(ot) he the following statement: if vY is a uniform space, A C ßY ~~ Y is compact, SÍ

is defined as above, and 3 G (p X ^Lr)g0>, then there is a TEjiJ"1 such that

cl/<v I7 n A = 0 for all V G % Theorem 5.1.2 in [2] shows that P(a) is valid for

a — 1. For the induction hypothesis, suppose that P(a) holds whenever 1 < a < t.

Let § G (p X ":%;<• )ÓT). If t is a limit ordinal, then the induction hypothesis implies

directly that there is a °V G ju(0T) with the desired property. Thus, we can assume that

t = a + 1. There is a uniform cover % of A X ßX such that for each U G tfl we

have (?| Í/ G [(p. X ^v) | £/]0a). Choose {tV,} G /u and {Ky} G l^v such that [U, X

Vj) < "ll. As /?Ais compact we can assume that {1^} = {K,.Vn). We can assume
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that each (7, is closed. It follows from the hypothesis of the theorem that X is normal.

By Urysohn's extension theorem, U, is C*-embedded in X and consequently ß(U,) is

homeomorphic (and thus unimorphic) to c\ßX U¡. For this reason, we can write

ß(U,) = c\pXU,. Now S\(U, X Vj) G \(p X %X)\(U, X (/)]{,"> for all / and /. As

(p X ^pXfl)x) is a quasiuniformity it is easy to see that for each /. the restriction of !?

to U, X ßX belongs to [(p X <$fix) \(U,X /?A)]<0a); hence §\(U, X ß(U,)) belongs to

[(pX l.yv) | (U, X ß(U,))]if)a). Further, note that

G, n(UiXß(Ui)) = (UiXß(U,))~(XX K) = (U,X ß(U,))~(U, X A,)

where A, - A n ß( U, ) and

g2 n (u, x ß(u,)) = (u, x ß(u,)) ~ MU,).

Finally, note that [(p X %x) | (U, X ß(U, ))]{"' is the same quasiuniformity as

(p | U, X l.^a,))¡"1. Therefore, the induction hypothesis applies and we can find a

cover {Wk'}k in(p\ i/,)(0o1 such that clpa; ,H// C ß(U,) - A, for all k. Now

d*u.M = d*ßXuW = dßxWt n «VI/,.

Choose a closed cover {W¡}, G /i,(1"1 such that {U, D W/) < {W¿). Then {U, n Wf)u

G p\V/p = jC" (since {U,} G p) and

<V(t/( n h//) = d/jVi/, n cl^ny c cl^L/ n c\ßXWl0)

= dmUiíW¿thCfi(U,)~KCfiX~K

since A is normal (see, for example, [6. p. 764]). Hence P(r) is valid. This completes

the induction. SinceA(uA X vF/JA) is equinormal, we have S? G À(ju X l.'F.jV). As /»(a)

is valid for all a, it follows from Lemma 3 that there is a ~\ G Xp such that

clflx K n A = 0 for all V G *\. By Lemma 2, ii A is supercomplete.

Necessity follows directly from Exercise VII.8.c) in [5]: the product of a super-

complete space and a compact space is supercomplete. We give a proof for the

reader's convenience. Let fiA" be supercomplete and let K be compact. Then X is

paracompact and XpX — ̂ X. Hence A X A is paracompact. By Lemma 4, the

inclusions <$X X §K C Xp X X 9K C X(p X X <5K ) C 5*( A X K ) imply

cVvxa-, = {Sx X $K )(" G(X(pX % ))'" = X(p X % ) c SiXXKt

and thusA(jti X l5Ä) = %xx.ky Hence. the proof is complete.
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