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THE ALMOST FIXED POINT PROPERTY
FOR NONEXPANSIVE MAPPINGS!

SIMEON REICH

ABSTRACT. It is shown that a closed convex subset of a reflexive Banach space has
the almost fixed point property for nonexpansive mappings if and only if it is
linearly bounded.

Let C be a closed convex subset of a Banach space (E, | - |). Recall that a mapping
T: C — E is said to be nonexpansive if | Tx — Ty |<|x — y| for all x and y in C. The
set C is said to have the almost fixed point property for nonexpansive mappings if
inf{| x — Tx | : x € C} = 0 for all nonexpansive T: C — C. Any bounded C has this
property (see, for example, [12, p. 35]). The set C is called linearly bounded if it has a
bounded intersection with all lines in E. The purpose of this note is to characterize
those closed convex subsets of reflexive Banach spaces £ which possess the almost
fixed point property for nonexpansive mappings. The best result to date has been
that of Baillon and Ray [2] who assumed that E belongs to a special class of
superreflexive spaces. For previous results in this direction see [3] (where E = [?)
and [6] (where E = I?,1 < p < o0). Our approach to this problem differs from those
used previously. For other aspects of almost fixed point theory see [13].

THEOREM. A closed convex subset of a reflexive Banach space has the almost fixed
point property for nonexpansive mappings if and only if it is linearly bounded.

PRrROOF. Let C be a closed convex subset of a (real) reflexive Banach space E, and
let E* be the dual of E. To show necessity, assume that {y + ta: 0 <t < o0} CC
for some a # 0. If x is in C, then (1 — 1/t)x + (y + ta)/t belongs to C for all
t = 1. Therefore we can define a mapping S: C — C by Sx = x + a. This mapping
is nonexpansive and | x — Sx|=|a| forall x € C.

Conversely, let T: C — C be any nonexpansive mapping, and denote
inf{|x — Tx|: x € C} by d. It is known [11, §4] (see also [5]) that for each x € C
there is a functional j € E* with |j|= d such that ((x — T"x)/n, j) = d? for all
n = 1. (Note that by Banach’s fixed point theorem, the accretive operator I — T
does indeed satisfy the range condition.) It is also known [10, Proposition 4.3] that
lim,_ | T"x|/n = d. Let a subsequence of {T"x/n} converge weakly to w. Clearly
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|w|<d. On the other hand, |w|d =|w||j|= (-w, j) = d?, so that |w|= d. Now
let y be any point in C. Since (1 — 1/n)y + T"x/n belongs to C for each n = 1, we
see that y + w also belongs to C. Consequently, we may conclude that the points
y + mw belong to C for all m = 1. If C is linearly bounded, then this fact implies
that w = 0, so that d = 0 too. This completes the proof.

REMARK 1. The Theorem cannot be extended to all Banach spaces. To see this, let
E=1'C={x=(x),xp...) €1l |x,|<1 for all n}, and define T: C — C by
T(x,, x,5,...) = (1, x;, x,,...). Then C is linearly bounded and T is an isometry, but
inf{|x—Tx|:x€C} =1

REMARK 2. For x € C, let I(x)={z € E: z=x+ a(y — x) for some y € C
and a = 0}, and recall that a mapping f: C — E is said to be weakly inward if f(x)
belongs to the closure of I-(x) for each x in C. We note that if C is a linearly
bounded, closed convex subset of a reflexive Banach space E, and a nonexpansive T
C — E is weakly inward, then inf{| x — Tx|: x € C} = 0 too. This is true because
the proof of [8, Theorem 3.1] shows that the Theorem can be applied to the resolvent
(I +r(1—T))™": C - C, where I denotes the identity operator and r is positive.
Alternatively, we could have established the Theorem and Remark 2 simultaneously
by using the results of §2 of [11]. More generally, the same result is valid for any
continuous, weakly inward T: C — E such that I — T is accretive.

REMARK 3. A closed convex subset C of a Banach space E is said to have the fixed
point property for nonexpansive mappings if every nonexpansive T: C — C has a
fixed point. We remark in passing that if E is a Hilbert space and C is unbounded,
then C does not have this property [7]. If E is either uniformly convex or uniformly
smooth, then every bounded closed convex subset of E has the fixed point property
for nonexpansive mappings, but it is not known if this is true for all reflexive spaces.
For more information concerning this property see [4 and 9]. Note, in particular,
that the question discussed in [9] has been recently answered in the negative by
Alspach [1].
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NOTE ADDED IN PROOF.

REMARK 4. If E is finite-dimensional and C is linearly bounded, then C is, in fact,
bounded. Hence in this case either C is bounded and has the fixed point property, or
it is unbounded and does not even have the almost fixed point property for
nonexpansive mappings.

REMARK 5. It may be of interest to compare the Banach space situation with that
of the Hilbert ball B equipped with the hyperbolic metric p. In the hyperbolic case, a
p-closed p-convex subset K of B has the fixed point property (and the almost fixed
point property) for p-nonexpansive mappings if and only if it is geodesically
bounded. Hence there are p-unbounded sets K which have the fixed point property
for p-nonexpansive mappings.
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