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FINITE GENERATION OF NOETHERIAN GRADED RINGS

SHIRO GOTO AND KIKUMICHI YAMAGISHI1

Abstract. Let H be an additive abelian group. Then a commutative ring A is said to

be //-graded if there is given a family [Ah}h<=H of subgroups of A such that

A = ®heHAh and AhAg C Ah+g for all h, g G H. In this note it is proved, provided

H is finitely generated, that an //-graded ring A is Noetherian if and only if the ring

A0 is Noetherian and the /40-algebra A is finitely generated. This is not true in

general unless H is finitely generated. A counterexample is given.

1. Introduction. Let A = ®S>0AS be a commutative graded ring. Then as is well

known, A is a Noetherian ring if and only if the ring A0 is Noetherian and the

/Lj-algebra A is finitely generated. In this note we would like to expand this result to

the case of more general graded rings. Let H be an additive abelian group and A a

commutative ring. Then A is said to be //-graded if there is given a family {Ah}heH

of subgroups of A such that

A=(B¿h   and   AhAgEAh + !,   for all h, g EH.
heH

Notice that in case A is //-graded, A() (resp. Ah (h E H)) is a subring (resp. an

/40-submodule) of A. With this terminology our expansion is stated as follows.

Theorem (1.1). Let A be an H-graded ring. Assume H is finitely generated. Then the

following are equivalent:

(1) A is a Noetherian ring;

(2) the ring A 0 is Noetherian and the Alt-algebra A is finitely generated;

(3) every graded ideal of A is finitely generated.

As an immediate consequence of (1.1), we have

Corollary ( 1.2). Let S be a submonoid of a finitely generated abelian group and k

a commutative ring. Then the following are equivalent:

(1) the monoid algebra k[S] of S over k is Noetherian;

(2) k is Noetherian and S is finitely generated.

We shall prove Theorem (1.1) in §2. Unless H is finitely generated, Theorem (1.1)

is not true in general. A counterexample is given in §3.
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2. Proof of Theorem (1.1). We begin with

Lemma (2.1). Let B be a commutative ring and I an ideal of a subring A of B.

Suppose A is a direct summand of B as an A-module. Then I is finitely generated if and

only if the ideal IB of B is finitely generated.

Proof. It suffices to prove the if part. Choose elements xx, x2,_xr of / so that

IB = (xx, x2,... ,xr)B. Let a E I. We write a = 2-=1 xibl with b¡ E B. Let <f>: B — A

be an ^4-linear map such that <¡>(a) = a for all a E A. Then as a, x¡ G A, we get

a — 2-=1 Xj-^bj) in A, whence a E(xx, x2,...,xr)A. Thus / = (xx, x2,...,xr)A.

Lemma (2.2). Let H be an abelian group and A an H-graded ring. Let h E H and

suppose the ideal Ah- A of A is finitely generated. Then the A0-module Ah is finitely

generated.

Proof. Choose elementsxx, x2,... ,xr of Ah so that Ah A = (xx, x2,...,xr)A. Let

x E Ah and write x = 2,= 1 x¡y¡ with y¡ G A. We denote by yi0, for each 1 < /" «S r,

the homogeneous component in y¡ of degree 0. Then as x, x¡ E Ah, we get x =

2-=, x¡-yi0, whencex E Iri=x x¡A0. ThusAh = 2'=1 x¡A0.

Let B - ®sezBs denote a Z-graded ring. We put B+ = ®S>0BS and B   =

©f<0 Bs-

Lemma (2.3). (1) Suppose every ideal of B generated by elements of B0 is finitely

generated. Then the ring B0 is Noetherian.

(2) Assume all the ideals B+B, B__B, and BSB (s E Z) of B are finitely

generated. Then the B0-algebra B is finitely generated.

Proof. (1) Let / be an ideal of B0. Then by the assumption, the ideal IB of B is

finitely generated, whence by (2.1) / is. Thus B0 is Noetherian.

(2) Let fx,f2,...,fr (resp. gx, g2,...,g,) be homogeneous elements of B with

positive (resp. negative) degree such that B+ ■ B = (/,, f2,...,fr)B (resp. B_- B =

(gx,g2,...,g,)B). Letd= max{deg/|l < / < r) and e = min{degg,|l < / < t). We

putC = B0[Bs\e^s <</].

Claim. C = B.

First, notice that C D Bs (0 «£ s < d ). Let k > d be an integer and assume that

C D Bs for all 0 < s < k. Let x E Bk. Then as x G B+ , we may write x = 2¡=, fxi

with x¡ G Bk_degfi (I <i< r). Recall that k> k — deg f¡>0 and we get, by the

assumption on k, that C 3 x¡ for all 1 < i < r. Hence, C 3 x as C 3 / by definition.

Thus C D 5+ . We similarly get that C D B   , whence C = 5 as claimed.

Since all the 2?0-modules Bs (e < í < J) are, by (2.2), finitely generated, we

conclude that the 50-algebra B = B0[Bs\e < 5 < d] is finitely generated. This com-

pletes the proof of Lemma (2.3).

Proof of Theorem (1.1). It suffices to show (3) => (2).

Case 1. H = Z". We shall prove this by induction on n. If n = 0, there is nothing

to say. See (2.3) for n — 1. Assume n > 2 and our implication is true for n — 1. We

put

/ieZ"such that|A| = j
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for each s E Z, where \h\ = 2"=, h¡ for h = (hx, h2,...,h„) E Z". Then the family

(5s)jeZ defines a Z-graduation on A, and we denote A by B when we consider the

ring/I to be a Z-graded ring with graduation [Bs}s£Z.

Now notice that all the ideals B+ B, B_- B, and Bs ■ B (s G Z) of B are finitely

generated, as they are still graded with respect to the original //-graduation in A.

Hence B is, by (2.3)(2), a finitely generated 50-algebra.

Let  <¡>:Z"~X -» Z"   be   the   homomorphism   of  groups   defined   by   (j>(h) —

(A.-2?-,1*,) for each » = (*„*,.V,)6Z'-'. We put Ck = A«M) (A G

Z"~'). Then it is easy to check that the family {Ch}heZ„-t defines a Z"~ '-graduation

on B0. We denote by C the ring B0 considered to be Z"~ '-graded with this

graduation {Ch}heZ„-,.

Recall that any homogeneous element of C is homogeneous also in A. Then we

find, by (3), that the ideal I A of A is finitely generated for any graded ideal / of C.

Therefore every graded ideal I of C is, by (2.1), finitely generated, whence we get, by

the hypothesis of induction on n, that the ring C0 = A0 is Noetherian and the

C0-algebra C is finitely generated. Thus the required assertion (2) follows, because

the C-algebra A is finitely generated as is remarked earlier.

Case 2 (general case). Let T denote the torsion part of //. Then as H is finitely

generated, we may write H = Z" ® T, where n = rankz//. We put

D, =   © Ah + !
hez"

for each t E T. Notice that {£>,}/er is a T-graduation on A. We denote A by D when

we regard A as a T-graded ring with this graduation. Then all the D0-modules Dt

(t E T) are, by (2.2), finitely generated, since the ideals Dt-D of D are finitely

generated by (3) (recall that the ideals D, ■ D — 2AeZ» Ah + t ■ A are graded also in A).

Therefore the ring D is a module-finite extension of D0, since D = ®teTDt and Tis

a finite set.

Now consider the Z"-graded ring D0 = ®heZ"^h and we see> by (2.1) and (3),

that every graded ideal of D0 is finitely generated. Therefore by Case 1, the ring

A0 = [D0]0 is Noetherian and the v40-algebra D0 is finitely generated. Thus assertion

(2) follows, because the ring A = D is a module-finite extension of D0 as mentioned

above. This completes the proof of Theorem (1.1).

Proof of Corollary (1.2). Let H be a finitely generated abelian group which

contains S as a submonoid. We denote by r\ for each h E S, the canonical image of

h in A = k[S]. Let

Ah = kth   (A ES)       and       Ah = (0)    (A G S)

for h EH. Then the family {Ah}h^H defines an //-graduation on A and, as k = A0,

(1.2) follows from (1.1).

3. Example. Without the assumption that H is finitely generated, Theorem (1.1) is

not true in general. More explicitly,

Proposition (3.1). Let p be a prime number and H = Z[^]/Z. Then there is an

H-graded ring A which is a field and is an infinite algebraic extension of A0.
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By this example one knows that condition (1) of Theorem (1.1) does not

necessarily imply finite generation of A as an /40-algebra.

Proof. Let A; be a field of characteristic p and X an indeterminate over k. Let K

denote the algebraic closure of k(X) and choose elements Xn (n > 0) of K so that

X0 = X   and   X£+, = Xn   for all n > 0.

We put A = Un:s0 k(Xn). Let h E H and express

(#) A = (a/p^modZ

with integers s > 0 and a. We define

A„ = k(xyxf.

Then /!,, is determined only by h and does not depend on (#). It is easy to check

lliai the family {Ah}heH is an //-graduation on A.
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