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TWO TAUBERIAN THEOREMS

FOR NONCONVOLUTION VOLTERRA INTEGRAL OPERATORS

GUSTAF GRIPENBERG

Abstract. Two sets of sufficient conditions on the kernel k(t, s) are given so that

one can prove that if x is a bounded function such that

lim \x(t + t) — x(t)\ = 0    and     lim  I k(t, s)x(s) ds
l—oc t—oo '0
T-0

exists, then \im,^xx(t) exists.

1. Introduction and statement of results. The purpose of this note is to give

sufficient conditions on the kernel k so that the following conclusion holds: If x is a

bounded function such that

lim \x(t + t) - x(t)\= 0    and     lim f'k(t, s)x(s) ds
t—oo l—oo •'n
T^O

exists, then limt^xx(t) exists.

In the case when the kernel is of convolution type, i.e. k(t, s) = K(t — s) for some

function K, and K is integrable, then the answer is given by Pitt's form of Wiener's

Tauberian theorem, see e.g. [4, p. 210]. The statement above holds if and only if

K (y) ¥^0, y G(-oo,oo) where " " denotes the Fourier transform. The situation

when K is not integrable is studied in [2].

Since we do not make the assumption that the kernel k is of convolution type, we

cannot use the Fourier transform. Then it becomes difficult to find very general

assumptions on k that imply the desired conclusion, but as is seen from the two

theorems below, more specialized conditions can be used.

Let A = {(t, s)\Q<s<t).

Theorem 1. Assume that the function k is defined on A and that

(1.1) k is positive and continuous on A,

(1.2) k(t,0)^k(r,0)    whenO<T^t,

(1.3) k(tx,sx)k(t2,s2) <k(tx,s2)k(t2,sx)    whenO < s, < i2 < i, < t2,
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(1.4) lim / k(t, s) ds < +00 exists,
l—aa'Cil-oo J0

lim k(t, s) — 0   for all s if

lim  1 k(t, s) ds < 00 a«d
i—00 •'0

lim ( f!k(t,s)ds)( 1 +  max   (^(t, j) ds )    = 1 if
t-oo\Jo ' V Te[0,r]-/o /

(1.5) lim f'k(t,s)ds = +00,

(1.6) liminf/"'   /c(i,s)ds>0   for all h >0.
t — co    Jt-h

v
(1.7) xGL°°(R+;R),

(1.8) lim |jc(í + t) — jc(r)|= 0
1—00

T-0

a«d

(1.9) lim f'k(t, s)x(s)ds = a,       |a|<oo,
f—« •'0

i7ie«

(1.10) limx(0 = a( Hm f'k(t,s)ds
/—00 V f—00 •'o

Observe that if A:(r, 5) = AT(í — j), then the assumptions (1.1) and (1.2) imply that

(1.4)-(1.6) hold and that

K(y)=  lim   /   e-i(y+ix)tK(t) dt ¥= 0.
x^O- A)

Note also that /c(i, 5) is sufficiently smooth, then (1.3) is equivalent to

d/ds d/dtlog(k(t, s)) < 0. To see that the assumption (1.6) cannot be dropped,

consider the example k(t, s) — (t + l)"1 and x(t) = cos(/)- Then all the assump-

tions except (1.6) hold and (1.10) fails.

In the second theorem we do not make the assumption (1.3) that is crucial in

Theorem 1.

Theorem 2. Assume that k is defined on A and that

(\    \\       for eac^ t ** ®' mefunction: s -» k(t, s), 0 < s < t, is measura-

ble and nonnegative,

(1.12) k(t,s)<k(r, s)   whenO < s < t *¿ t,

(1.13) sup   k(t, s) < 00,
((,j)eA
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there exists a measurable and nonnegative function a on R+ such that f0xa(t)dt > 0

and

(1.14) liminf   inf      inf   [kit, s) - k(t + h, s) - f'+h~Sa(u) du) > 0,
í^oo   *Ë(0,Mse[0,/]\ Ji-s I

(1.15) lim  / k(t, s) ds < oo exists,
t—oo JQ

(1.16) lim lim sup f  Tk(t, s) ds < 2"'    lim  f'k(t,s)ds + f    Urn k(t, s) ds).
t-cc     ,_„<,     Jq \i-ooJq ■'O     '-oo /

Then (1.7)-(\ .9) imply

(1.17) limx(í)=(«-í    hm k(t, s)x(s) ds)
t—oo V Jq    t—oo '

X     lim f'k(t, s)ds - f    lim k(t, s) ds)   .
\ t—oo Jo Jo     I — oo /

Note that by (1.11), (1.12) and (1.15) limt^0Ok(t, s) exists and is a nonnegative

integrable function. The assumption (1.14) is not quite the best possible one but if,

for example, k(t, s) = Xfo.i]^ ~ s),0 <s< t, then all the assumptions of Theorem

2 except (1.14) hold, and to see that (2.17) does not follow from (1.7)—(1.9) one can

takex(t) — sin(2irt).

In [2] it is shown that Theorem 2 fails in the convolution case if (1.15) and (1.16)

are dropped.

2. Proof of Theorem 1. The proof will be based on the following lemma that has

also been established in [1].

Lemma 2.1. Let (1.1)-(1.5) hold. Then there exists a function r, defined on A, such

that

(2.1) r is continuous on A and 0 < r(t, s) < k(t, s),       (í,j)eA,

(2.2) k(t, s) - r(t, s) = f'k(t, u)r(u, s) du - f'r(t, u)k(u, s) du,
Js Js

(t,s) G A,

(2.3) f'r(t,s)ds<l,       t>0,
Jo

(2.4) f'r(t,s)ds> f'k(t,s)ds\l +   sup    f"k(u,s)ds)   ,       0 < t < t,

(2.5) lim fTr(t, s) ds = 0   forallT>0.
t—oo Jq

Proof. By [3, Theorem 3.1, p. 202] and (1.1) there exists a continuous function r

on A such that the resolvent equation (2.2) holds. Let 0 < s0 < t0 be such that

r(ro> so) = 0- From the continuity of r and the fact that r(s0, s0) = k(s0, s0) > 0 we

see that we may assume that

(2.6) r(/,i0)>0,       tE(s0,t0).
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By (1.1), (2.2) and the assumption that r(t0, s0) = 0 we have

0 = k(t0, s0) - (k(t, s0))']k(t0, s0) j k(t, u)r(u, s) du
Js0

+ j\(k(t, s0))~lk(t0, s0)k(t, u) - k(t0, u))r(u, s0) du
s°

- J °k(t0, u)r(u,s0)du
Jt

for every t E (s0, t0). From this equality we conclude with the aid of (1.3), (2.2) and

(2.6) that

(2.7) 0>(k(t,so))~lk(to,so)r(t,so)-   max r(u, s0) f'°k(t0, u) du.
«el'.'ol Jt

Let {t„}„°=x be a sequence of numbers such that tn -» t0- as n -» oo and such that

r(tn, s0) — maxue[r , xr(u, s0) for all n. Then (2.7) gives a contradiction because

(k(i„, s0))~*k(t0, s0) -» 1, f,'n°k(tQ, u) du -» 0 as n -> oo and r(tn, s0) > 0 for all n by

(2.6). Thus we have established the first inequality in (2.1) and the second one

follows from the first one, (1.1) and (2.2).

Using (1.2), (2.1) and (2.2) we get

f'r(t, u) du < (k(t,0))'1 f'r(t, u)k(u,0) du = 1 - r(t,0)(k(t,0))~] < 1,    t > 0,
A) Jo

so that (2.3) holds. From (2.2) and an application of Fubini's theorem we obtain

f r(t, s) ds — f k(t, s) ds - j r(t,u) f k(u, s) dsdu
Jt Jt Jf Jj

and (2.4) follows immediately since r is positive.

Since k(t, t) is continuous, hence bounded on compact intervals, and k(t, 0) is

nonincreasing, see (1.2), it follows from (1.3) that

(2.8) sup   k(t,s)< oo    foralir>0.
l»s

se[0.T]

If lim^/cir, s) = 0 for all s > 0, then it follows from (2.1), (2.8) and the dominated

convergence theorem that (2.5) holds. If

lixni f'k(t,s)ds)iI +   max   fk(r,s)ds)    =1
r-oo Wo /\       Tejo.n-'o '

then it follows from (2.8) that for all T > 0,

lim \['k(t,s)ds     1 +   max   \ k(r, s) ds)    =1.
r-oo \jt I '        Te[T,t]Jr i

If we combine this fact with (2.3) and (2.4), then we see that (2.5) holds. This

completes the proof of Lemma 2.1.

If we replace x by x(t) — a(hmt^xf¿k(t, s) ds)~\ then we may assume that

(2.9) a = 0   or     lim f'k(t, s) ds = +oo.
r—oo A)



NONCONVOLUTION VOLTERRA INTEGRAL OPERATORS 223

If (1.10) does not hold we can, therefore, by (1.8) assume that there exist numbers 8,

y > 0 and a sequence {t„}n°=\ tending to + oo such that

(2.10) x(t)>8       when/ G [t„,tn + y\,    «=1,2.

Since no assumptions are violated if we multiply k(t, s) by a large positive number,

by (1.6) we may assume that

(2.11) ['■■+yk(tn + y,s)ds^4(l+\\x\\L^R.:R))8-\       «=1.2.
t„

From (2.2) we conclude that

(2.12)

I r(t,s)x(s)ds = [ k(t, s)x(s) ds — f r(t, s) j k(s, u)x(u) du ds,        t 3= 0.
JQ J0 J0 J0

By (1.9), (2.1), (2.3), (2.5) and (2.12) we see that

(2.1-3) lim f'r(t,s)x(s)ds = 0
1— oo Jq

holds if a = 0 and, if a ^ 0 we use the fact that in this case lim ,^xf¿r(t, s) ds = 1

by (1.5), (2.3), (2.4) and (2.9) and we derive (2.13) from (2.12).

Now we choose the numbers t„ so that

(2.14)     f„ < t„ < f„ +-y    and     1   k(rn,s)ds =      max      / k(u,s)ds,
Jt„ uS\t„.t„ + y}Jtn

for all n. Then it follows from (2.1), (2.3), (2.4), (2.10), (2.11) and (2.14) that

I " r(rn, s)x(s) ds > r j " r(rn, s) ds - \\x\\L,(R<. R)\l - j"r(rn,s)ds

> (45 + 3«|W|t«(R+:R))(5 + 4(1 +||*||t-(Ä+:/t>))"1.       n= 1,2.

But this is a contradiction since (2.13) holds and the proof of Theorem 1 is

completed.

3. Proof of Theorem 2. First we note that without loss of generality we may

assume that

(3.1) limk(t,s)=0    for all 5^0.
i—OO

def
It follows from (1.12) that hm^^k^, s) = b(s) exists and by (1.11) and (1.15)

b(s) > 0 and f0xb(s)ds < oo. If we define k0(t, s) = k(t, s) - b(s), then we see

that the function k0 satisfies all the assumptions of Theorem 2.

If a # 0 in (1.9), then we subtract a(limr^xj¿k(t, s)ds)~l from x. Thus we

assume that (1.7)—(1.9) hold with a - 0 but that (1.10) (or (1.17)) does not hold. No

generality is lost if we suppose that

(3.2) S+s=-S_,   S+ > 0   where ¿>+ = limsupx(r) and S_— liminfx(/).
'-0O <^x

It follows from (1.14) that there exists a set fwith Lebesgue measure m(E) > 0

such that J*+ha(s)ds > 0 for all h > 0 when t G E. The following lemma is crucial

for the proof.



224 GUSTAF GRIPENBERG

Lemma 3.1. // [t„}™=] is a sequence of positive numbers tending to + oo such that

limn^aox(tn) = 8+ , then limn^xx(tn - t) = <5+ for every t G E.

Proof. Suppose that this is not the case for some t G E and some sequence

[t„}nc=x tending to + oo such that limn_xx(tn) = 8+ . Then there exist by (1.8) and

(3.2) (since we can pick a subsequence if necessary), numbers e, y > 0 such that

(3.3) x(t„-T- s)<8+-e,   sE[Q,y],    x(t„)>8+-e,       n=l,2,....

Choose T > 0 to be such that (see (1.13) and the definitions of 8+ and E),

(3.4) (   sup   k(t,s))(supx(t) - 8+) <2>eí  \(s)ds.

Next we choose a function g with the following properties:

(3.5) g: R+ — (0, l] is nonincreasing,        lim g(t) = 0,
l—oo

lim (g(t))'](F(t) - F(t - g(t))) = 0 when Fis any one of

(3-6) p rr rt
the functions / k(t,s)ds, /  k(t, s) ds or / k(t, s)x(s) ds,

Jq Jq jo

and

(3.7)

liminf(g(i))"'       inf       I k(t - g(t), s) - k(t, s) - f'~        a(u)du)>0.
t-oo se[0,t-g(t)]\ Jt-g(t)-s '

This is possible by (1.9), (1.13)-(1.15) and (3.1).

From (1.11), (1.12), (1.13) and (3.3) we obtain

(3.8) f"       k(tn,s)x(s)ds>x(tn)f'"       k(tn,s)ds
t„-g(t„) J'„-g(t„)

-g(tn)(        sup        \x(s) - x(tn)\)   sup   k(t,s),
KsE[t„-g(t„),t„) ' (U)eA

n = 1,2,...,

and

(3.9)

/'" Si,"\k(tn,s)-k(tn-g(tn),s))x(s)ds

>x(tn)f"-gU")(k(tn,s)-k(tn-g(tn),s))ds

+ 2\\X\\L~<R+;R)(T(k(tn,s) - k(t„ - g(tn), S)) ds +   SUV (x(t) ~ x(t„))
•'O t^T

xlft"k(tn,s)ds-f'"~gU")k(tn-g(tn),s)ds-g(tn)   sup   k(t,s)
WO •'O (/,s)Gi

+ f'~r   (k(tn,s) - k(t„ - g(tn), s)) ds(8+ -e - *(/„)),
t.—T—y

n= 1,2,.
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(We assume that T„ is so large that r > g(tn).) Divide both sides of the inequalities in

(3.8) and (3.9) by g(t„), add them up, let n -> oo and use (1.8) and (3.5)-(3.7). This

yields

a(u) du,
i^i u.i)<=-i

so that we have a contradiction by (3.4). This completes the proof of Lemma 3.1.

By the definition of 8+ there exists a sequence {f„}"=1 tending to +oo such that

lim,!„00jc('„) = i5+ . If we now repeatedly use Lemma 3.1 and the fact that since

m(E)> Oit follows that U^=1{2f=15,|s, E E,i = l,...n) D (T, oo) for some T > 0,

then we conclude that there exists a sequence {/„}"=, tending to + oo such that

(3.10)   x(t + t„) -* 8+ uniformly on compact subsets of (-oo,0] as n -» oo.

Since

lim sup /     k(t, s) ds = limsup j k(t + t, s) ds
t-oo     J0 r-oo     J0

it follows from (1.12) that the limit on the left-hand side in the inequality in (1.6)

exists. From (1.15), (1.16), (3.1) and (3.2) we deduce that there exist positive

numbers r, T and N such that

(3.11)

8+ inf    f"  k(tn,s)ds - f"~Tk(t„, s)ds) >sup(5 -x(i))sup ('k(t.s)ds.
n>N\Jt„-T Jq I       ,^r t>0   0

Since k(t, s) > 0 we have

f'"k(tn,s)x(s)ds^8+f"  k(t„,s)ds-      sup     \x(t) - 8+\sup i'k(t, s) ds
0 '„~T se[t„-r,t„] t»oJo

+ 8Í'"  Tk(tn,s)ds+ inf (x(t) -8 )sup f'k(t,s)ds

-%\x\\L«{R+.,ii)[Tk(t„,s)ds,       n = N,N+ 1,....

If we let n -» oo on both sides of this inequality, then we conclude from (1.9) (with

a — 0), (3.2), (3.10) and (3.11) that we have a contradiction because

liml^ocj^k(t, s)ds — 0 by (1.13), (3.1) and the dominated convergence theorem.

This completes the proof of Theorem 2.
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