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SUPPORT POINTS OF THE UNIT BALL OF H? (1 <p < o)
YUSUF ABU-MUHANNA

ABSTRACT. The following results are obtained for the H” class, over the open unit
disc, whenever 1 < p < o0.

(1) f is a support point of the unit ball of H”, whenever 1 < p < oo, if and only if
Ifll, =1 and f is of the form f(z) = [Q(2)]*/7- W(z) where W(z) is a function
analytic in the closed unit disc and nonvanishing on its boundary and Q(z) is either
a nonzero constant or a polynomial with all of its zeros on the boundary of the unit
disc.

(2) f is a support point of the unit ball of H* if and only if f is a finite Blaschke
product.

1. Introduction. Let U= {z: |z|<1}, U= {z: |z|< 1} and U = {(z: |z|=1}.
Denote by A the space of functions analytic in U with the topology of uniform
convergence on compact subsets of U. Each continuous linear functional L on 4 is
given by a function

oo} b”

(1) K(z)= 3 =55

n=0 %

analytic in | z|> r,, for some r, < 1, with lim, ., |b,|'/" < 1 and so that

o0

@) L()= S ab=5- [ f2)K()d
lI=R

n=0
rn<R<l
where f(z) = 2%_,a,z" € A [5,p. 36].

A function fin a compact subset F of A is called a support point of F if there is a
continuous linear functional L on A, with Re L nonconstant on F, so that Re L( f)
= max crRe L(g).

A function f € A4 is said to belong to the class H? (0 < p < o0) if

. 1 2m PN 1/p
171, = tim {5 [Ifre®)] a8} < oo.

The class of bounded analytic functions is denoted by H* and | f|., =
lim,_, maxycg<2,|f(re®)|. Each f € HP has a radial limit f(e®) almost everywhere
and f(e'%) € L~.
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In a recent paper, D. J. Hallenbeck and T. H. MacGregor [2] showed that the set
of support points of the unit ball of H* consists of all finite Blaschke products, that
is, functions of the form

Tzt a
(3) 1:[1+&kz

where |, |< 1.

They also showed [2], by using the Cauchy-Schwarz inequality, that the set of
support points of the unit ball of H? consists of all functions f € H? that satisfy
Ifll, =1 and analytic in U. This led them [2] to ask the question of whether a
similar result holds for the unit ball of H? (1 < p < ).

In §2, we determine that

(1) for 1 <p < oo, f is a support point of the unit ball of H” if and only if
I f1l, = 1 and fis of the form

(4) f(z) =[Q(2)]"" W(z)
where W is a function analytic in U and nonvanishing on 9U and Q(z) is either a
nonzero constant or a polynomial with all of its zeros on dU. Furthermore, by a
method different than the one in [2], we determine that

(2) for p = oo, fis a support point of the unit ball of H* if and only if fis a finite
Blaschke product.

2. Support points of the unit ball of H? (1 < p < o).

LEMMA 1. Let f € H? and g € H9, wherep=1and 1/p + 1/q = 1. Let K be a
function analytic in |z |> r,, for some ry < 1, and zf(z)(K(z) — g(z)) = R(z). Then

(5) lixr: /erf(re“’)K(rem) — f(e")K(e?)|d6 =0
r—17
and
(6) lim [*"|R(re'®) — R(e™)|d6 = 0.
r-17J9

ProOOF. We show (5) first and then (6) follows from (5) and the fact that
zf-g € H'[1,p. 21]. To show (5) write
(M) rf(re®)K(re) — f(e”)K(e)

= 1f(re") + (K(re®) = K(e)) + K(e)(nf(re®) = f(e®)).

Since K(z) is analytic near 9U, thus uniformly continuous, we conclude that for any
e > 0 thereis 1 > r; > rysuch that | K(re”®) — K(e"®)|<e, forall@andallr, <r <1,
and, furthermore, | K(e'?)|< M for all 8. This, (7) and the fact that zf € H' imply
statement (5).

Let L be a continuous linear functional on A defined as in (2). It follows
immediately, from (5), that, whenever f € H',

P_{r}f f(2)K(z)dz = L:If(z)K(z)dz.

=+
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Hence (2) can be rewritten,

0

®) L) = S ab= 5[ JK(G)é

n=0
whenever f € H'. Since K(e®) is continuous, it follows that [1,p. 132;3,p. 134]
there is a function f € H? (p = 1) with || f||, = 1 and a unique g € H7(1/p + 1/q
= 1) so that

9) 1L(/)] = max{|L(R)]: h € H?, Al <1} =IK = gly = inf |K = .

If p > 1, there is a unique f with the normalization L( ) > 0. Furthermore, in order
that f (with Lf > 0) and g satisfy (9), it is necessary and sufficient that [1, p. 133]

(10) e“f(e”)(K(e”) —g(e?)) =0

for almost all 6, and that

(11) - |K(e®) — g(e”)|=||K — g, foralmostalld,ifp =1,
|K(e”) —g(e®)F

(12) ()P =

for almost all 8, if 1 <p < o0,
1K — gl d

(13)  |f(e®)|=1 almosteverywhereon {6: K(e") # g(e®)},if p = oo.
LEMMA 2. Let f € H? and g € HY, wherep = 1 and 1/p + 1/q = 1. Let K(z) be a

function analytic in |z|> ry, for some ry <1, and zf(z)(K(z) — g(z)) = R(z). If
R(e'®) is real, for almost all 8, then R(z) extends analytically across dU.

ProoF. It is clear that R(z) is analytic in 7, <|z|< 1. On 1 <|z|< 1/r,, define
R(z) = R(1/Z). Radial limits of R(z) from both sides of U are the same (R(e'®))
almost everywhere. Let C, = {z:|z|=r} and D, = {z:|z|= 1/r|}, wherer, <r, <
1. Consider

F(z) = _1_/ R(w)dw _1__/ R(w)dw’
D, q

27 w—z 27 w—z
1 1
since R(z) is analytic on C, and D,, F(z) is analytic in r, <|z|<1/r,. For
1 > r > r,/r,, the function R(rz) is analytic in r; <|z|< 1. Hence

—l—f R(rw)dw __1_/ R(rw)dw
2mityy w—z 2aile w—1z

equals R(rz) when r; <|z|<1 and zero when |z|> 1. Then we conclude, by using
(6), that

_1_/ R(w)dw _l_f R(w)aw
2aidyy w—z 2mi c, Wz

equals R(z) when r; <|z|<1 and zero when |z|> 1. Similarly, one can conclude
that

'l—f R(w)dw _1_/ R(w)aw
2mi b, W2 2aityy w—z
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equals R(z) when 1 <|z|< 1/r, and zero when |z|< 1. Therefore, F(z) = R(z) for
all z such that r, <|z|< 1/r, and |z|# 1. Thus R(z) extends analytically across dU.

LEMMA 3. Let R(z) be a function analytic in ry <|z|<t, where ry<1and t > 1. If
R(z) does not vanish on U then

2met + z

(14) 1) =5, f

1 it
- e’_t_zlog|R(e )| dt
is analytic on U.

PROOF. f is analytic in U. The fact that R(z) is analytic and nonvanishing on U
implies that log|R(e'®)| is continuously differentiable and consequently f(e'®) is
continuous for all 4 [4, p. 26].

Let z, € 9U and let A be a small disc centered at z, so that R(z) is analytic and
does not vanish on A. Thus log R(z) has an analytic branch in A. (14) implies that
Re f(z) = Relog R(z), for all z € A N JU. In other words, i( f(z) — log R(2)) is
real for all z € A N dU. This and the continuity of f(z) — log R(z), on A N dU, give
that f(z) — log R(z) can be continued analytically across A N dU. Since log R(z) is
analytic on A N AU, f(z) is analytic on A N U, and, in particular, at z,,.

LEMMA 4. Let B, be a finite Blaschke product, Q either a nonzero constant or a
polynomial with all of its zeros on OU and h a nonvanishing analytic function on U. Let

L 1Q(eME k(e
eiﬁBn(eiﬂ) [Q(eio)]Z/p h(ei0)

Then there are functions g and K such that g € H*, K is analytic in |z|> r,, for some
1, <1, K(c0) = 0 and K (") = g(e"®) + K(e').

PROOF. It is clear that 1/zB,(z) is analytic in a neighborhood of dU. Write

0@ =cll :=a) (=1

(1<p<om).

K(e”) =

Hence

. . 2 .
|Q(e) R = e_%’- l(e"’ - aj) (¢, is constant).

(R

J
Let

()= % fll(z _oy  (zeu).

[ is an analytic function in 3 <|z|<1 and /(e"’) =|Q(e"®)[*. Since Q(z) # 0 for
every z € U, it follows that [Q(z)]?/? has a nonvanishing analytic branch. This, and
the condition p = 1, imply that /(z)/[Q(z)]*/? is analytic and bounded in § <|z|< 1.

Let S(z) = [h(Z)]*?/. S is analytic on U because 4 is analytic and nonvanishing
on U. Also

S(e=®)[n(e®)]”* =|h(e?) P
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Now, if we let
_ 1 Nz s(/z)-[r(2)]??
250 Tewpr — w

then F is a bounded analytic function in r, <|z|< 1, for some 7, < 1, and F(e'’) =
K (e"). Furthermore, F has a Laurent expansion

F(z)= Yaz/+ 3
j=0 j=0

bj
= 8(2) + K(2)
where g is analytic in U and K is analytic in |z|> r,. Since F is bounded and X is
analytic on dU, it follows that g € H™.

We come now to the main result of the paper.

THEOREM 5. (a) f is a support point of the unit ball of H?, where 1 < p < o0, if and
only if, || f1l, = 1 and f is of the form

(15) f(2) =[Q(2)]”"- W(z)
where Q is either a nonzero constant or a polynomial with all of its zeros on 3U and W
is a function analytic on U and nonvanishing on dU.

(b) f is a support point of the unit ball of H® if and only if, f is a finite Blaschke
product.

PROOF. (i) Suppose that f is a support point of the unit ball of H? (1 <p < o).
There is a continuous linear functional L on A4 so that

ReL(f) = max{ReL(h): h € H?,||h||, <1}

and Re L is nonconstant. Since e*f € H? for any real A, it follows that f also
maximizes | L|. Assume that L( f) > 0. Let K(z) be the function associated with L,
as given by (1) and (2). Then there is a unique g € H? (1/p + 1/q = 1) so that f
and g satisfy relations (9) through (13). Let

(16) R(z) = #f(z)(k(z) — g(2)).

R(z) is analytic in some neighborhood of U, by (10) and Lemma 2. Also, by (11),
(12) and (16) we have, for 1 < p < oo, the relations

, R(e?))"”
(17) 1f(e®)|= (R(e) ~ for almost all 8
K — glly”
and
(18) |K(e?®) — g(e®)|=|IK — g||}/1’(R(e"0))l/q for almost all 6.

Hence we conclude, when 1 < p < oo, that f and g are bounded functions. When
p = o, fis bounded and so the analyticity of R(z) implies that K(e®) — g(e’®) # 0
almost everywhere. Consequently, (13) implies that |f(e’®)|= 1 for almost all § and
then (16) implies that g is bounded. Therefore f and g are bounded for all
I<p<oo.
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If the zeros of f have an accumulation point on dU, then R(z) would have zeros
with an accumulation point on oU. This is impossible, because R(z) is analytic in
some neighborhood of dU. Thus, f has a finite number of zeros in U.

Let S(z) be the singular inner factor of f. If S(z) was not identically 1 then S(z)
would have either a zero of infinite order or an infinite number of zeros on dU [3, p.
76]. Since f and K — g are bounded on dU, R(z) would also have either a zero of
infinite order or an infinite number of zeros on dU. But R(z) is analytic on dU, so

S(z)=1.
Hence f can be written
(19) f(z) = B,(2)/i(2)

where B,(z) is a finite Blaschke product and f(z) is an outer function. Since
R(z) = 0 on aU, it follows that each zero of R(z), on dU (if there is any) is an even
order zero. Hence R(z) can be written

(20) R = 1 (e R(2)

where |a, |= 1, for k = 1,2,...,m and R(z) is analytic and does not vanish on JU.
When p = oo, |f(e?)|= 1 almost everywhere. This and (19) imply that f(z) = B,(z)
which is part (b). Assume for the rest of (i) that 1 < p < co. We conclude, by (17)
and (19), that

27 e” +z

1) = con| 52 [

log|R(e”)]dt}

where C is a constant. Combine this with (20) to get

1 fzvre +z

#&) = Il (= 0 -exp{ 51 Zlog R, (e) .

eil
So, by Lemma 3,
f.(z)—cH (z = )" h(z)

where h(z) is nonzero and analytic on U. In specific, fi(z) = ch(z) in case R(z) has
no zero on oU. Write W(z) = CB,(z)- h(z) to get statement (15).

(ii) Conversely, suppose that f has the form (15) and || ||, = 1, where | < p < 0.
Write W = B, h, where B, is a finite Blaschke product and 4 is a nonvanishing
analytic function on U. Let

0y — |f(eio)|‘r
(21) Kl( ) eiof(eia)‘

Then
L 10(e*)F 1h(e®) P

ei0 =
D= Torenpr we)
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and consequently, by Lemma 4, K (e'®) = g(e'?) + K(e'®), where g and K are as in
the Lemma. Let L be the continuous linear functional on A4 given by K, as in (2). (8)
and the fact that g € H* imply that

1
(22) L©O) =55 ],
for every G € H? (p = 1). (21) implies that |f(e”) )P =|K,(e®)|? (1/p + 1 /g = 1),
for 1 <p < o0, and | K,(e")|= 1 for p = 1. Hence we conclude that
IL(G)I<|IGll,<1 (1<p<oo)

for every G in the unit ball of H?. Also, by (21) and (22), we have L(f) = || ||} = L.
Therefore fis a support point of the unit ball of H?.

When p = o0, let f be a finite Blaschke product and
1
ei0 f( ei0) :

Apply Lemma 4 and then construct L as above to conclude that f is a support point
of the unit ball of H*.

REMARKS. 1. Every point on the boundary of the unit ball of H? (1 <p < 0) is
an extreme point. Hence the set of support points of the unit ball of H? (1 < p < 0)
is much more restricted than the set of extreme points.

2. Extreme points of the unit ball of H* are characterized by

szlog(l - |f(e‘0)|) df = —.

Hence the set of support points of the unit ball of H* is much more restricted than
the set of extreme points.

3. Extreme points of the unit ball of H' are characterized by || f||, = 1 and f is
outer. So the set of extreme points is not a subset of the set of support points.
f(z) = z is a support point but not an extreme point. Thus, the set of support points
is not, also, a subset of the set of extreme points.

I would like to thank the referee for suggesting the argument for the converse of
Theorem 5.

ACKNOWLEDGMENT. I finally would like to thank the University of Petroleum and
Minerals for their support and encouragement.

=1G(Z)K|(z)dz

Kl(eio) =
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