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RECOVERY OF H?-FUNCTIONS
V. TOTIK

ABSTRACT. Let there be given finitely many points {a, }| from the unit disc. If fis a
H”-function then how well can the value of f at z = 0 be approximated by linear
means 2} ¢, f(«;)? We give the optimal constants ¢, and get, as a corollary, the
possibility of the approximation of f by operators of the form Zff(a,)p, with
polynomials p,. The order of approximation depends on the distance Z{(1 — |a,|)
of the point system from the unit circle.

Let U = {z||z|< 1} be the unit disc, and H? (1 < p < o) and A4 the usual Hardy
space and disc algebra, respectively. In what follows, H will denote either of these
spaces with corresponding norm || - || ;. Let us consider the following problem: if
{a,}¥ C U is a sequence of points, f € H, and we know the values f(a, ), then how
can the value of f at another point « be determined, or, more generally, how can we
represent Lf for a fixed, but otherwise arbitrary, linear functional L € H* via the
values { f(a,)}¥? We shall consider a somewhat more general situation, namely
when we are given a point system {a,, }7, ; <x<» and we know at the nth step only
the values { f(a,,)}i=, and we want to recapture the value of f at a fixed point «
(the amount of information does not increase). In this note we give explicit formulas
that solve this recovery problem.

Let us agree that every point a, a,, etc. will belong to U. Our main result is the
following

THEOREM. Let a,,. .. ,a, be n distinct points from U. Set

— 1 "
D_(]—a,&-)

J i =1

and let D, be the matrix obtained by exchanging every entry in the kth column of D by
1. If ¢, = det D, /det D then for every f € H' we have

(1)

f(0) — ?Ckf(ak)

n
< Sl 111 el -
1

Of course, this implies that, for all of our spaces H and f € H,

Mm—iqﬂ%>

n
<|fllx]llel,
1
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and the Blaschke product
zZ — ak

h(z) =11
1
shows that this is the best possible result; namely, for any constants d, we have

wm—ﬁamw>

n
= |1l IT ey ] -
1

Our results has several consequences. First of all for the values of f at an arbitrary
point a we can deduce, by an application of (1) to

rA ) s
that with
[ (1= e&)(1 - aa,) |"
Pl = ( (1 - |a|2)(1 - a,&j) ) =1
and
2) (@) = det(D(a)),/det D(a),
the inequality
B (@) - Sel@f(a)| <Ifln e | 2=2] (ren)
" I —Ja| 71— aa

holds. This implies that if {a,,} is a point system such that a,, # a,, if kK # j and
2%=1(1 —|a,,| tends to infinity as n — oo, then to every a € U there are constants
€.« Such that for every f € H',

n

(4) lim 3 ¢, f(a,) = fa).

n= p=|

More generally, we have

COROLLARY 1. If a,,, # @, for k # j and 2} _ (1 — | @, |) = o0 as n — o, then to
every L € H* there are constants {c,; Y- | | <x<n Such that

n

(5) im ¥ ¢, f(ay,) = Lf

n= k=1

holds for every f € H.

Thus, the value of f at any fixed point can be determined by the above formulas.
However, we can say much more. Let

w(f,8)y= oi‘,‘,ia”f( o) —f(ee™)ly

be the H-modulus of continuity of f. We have
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COROLLARY 2. Let {a,;} (@, # @, for k # j) be a point system and let s, =
23 =1(1 = |a, ). For each n there are polynomials p,, of degree at most s, such that for
everyf € H,

o |

= 2 e )pail| < Kule™ I flly + (£, e771%) ).
k=1

H

Thus, if s, — 00, then the operators
(7) Anf(z): 2 f(ank)pnk(z)
k=1

approximate every f € H in H-norm.

This corollary is in sharp contrast with a result of G. Somorjai [3] asserting that
there are no operators A4, of the form (7) with |a,,, |= 1 such that |4, f — f llup = 0
as n — oo for every f € A. We can see that if we move the nodes a,,, into U the
situation changes radically.

We emphasize that both the constants ¢, in (4) and (5) and the polynomials p,, in
(6) can be effectively constructed (see the proofs below).

Finally, we mention that our results can be extended to the case when the nodes
may coincide. Naturally, we have to then use the values of the higher derivatives of f
as well. Let us consider, e.g., (1).

COROLLARY 3. Let a,...,a, be m distinct points and n,,...,n,, nonnegative
integers. Then there are constants {d, ;}—\ o<j<n, Such that
m Ny m
f0) = 2 2 dif V) <l I (f€ HY).
=1 )=

Here
dj=detD, ..., sy+/detD  (1<k<m,0<j<n,),

where D is the square matrix of sizen, + --- +n,, + m with

(277 (1= a2)™) |25

J

at the (ny +---+ne_, +k+r, ny+---+n;_ +j+s) position (1 <k,
j<m0<r<n,0<s<n)).

It would be interesting to know if the assumption “2}(1 — |a,,|) > o asn — o0”
is necessary in Corollaries 1 and 2. Clearly, if a,,, = a, (n = k) then

n

ﬁmEUﬂ%w=$U—Mm=w

n—oc 1

should be satisfied if we want to conclude convergence (at least for H = H?,
1 <p < o). In the general case we know only the trivial necessary condition
21 — |a,,|) = ¢ > 0 (if this is not satisfied then there is an f € H', f # 0 such that
f(a,,) = 0(1 < k < n) for infinitely many n).
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PROOF. Lete, = e’*" and p,(1) = (1 — a,e™"*)". Clearly,
1 27 .
M) = 5 [T pul0)

for every f € H'. First we compute

d = dist,,,(Span({p,}1, (e)77)5 1).
By the Hahn-Banach theorem (see also (2, p. 71])

d= sup |L1].
L{e))=L(p)=0,|IL|I<1
LECS,

Every L € C, is given by a complex Borel-measure p:
27
Lg=[Tg(t)du(r), ILI=Il (8 € Gy,).

Since for the L’s in the supremum we have L(e,) = 0 for k = 1,2,... by the F. and
M. Riesz theorem [1, p. 47] this yields that p is absolutely continuous with respect to
the Lebesgue-measure. It follows that for some f € H' we have

Lg=5. [Te(Ofedr (g€ C).

_ [ _ 1 o it —
WLl = [ dinl= 5 [1 (e 1= 1l
SO

d= sup 1/(0)].
FEH N fllm=<1.f(ap)=0

Jensen’s inequality [1, p. 51]

log |f(0)|< 5, [ “logIf(e")1dr (s H')

applied to the function

f(z)l’l-'l( z—a )—l

1l —a,z

gives
$ 1 27 it
log f(0) < Zlog | + 5 [loglf(e") |t
1

SO

d< sup (H|ak|) exp(%l}hloglf(e")ldt)

FEH N Im<1.f(a)=0\ 1

< sup (Hlakl)llfllul =[llel.
1

FEH|Iflln=<1 \ 1
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Now let us consider L, with the inner product ( £, g) = 27)~'[2"f(t)g(¢) dt. If

d* = dist,‘gﬂ(Span({p_k Ve )7 ) 1)
then clearly d* < d. The function

n it

w(1) =~

7 pll
1 1 ae

- a

is orthogonal to Span ({p,}!, {e,)¥) and has norm 1, so d* =|(h*, 1)|=[I]|a,], i.e.
we haved = d* = [1{|a,|.

By what we have proven above to every € > 0 there are a trigonometric poly-
nomial Q¢ € Span({e,}7) and numbers cf,...,c, such that
1= 3 =0

k=1

d< <d-+te

sup

and this implies

<d+e.

2
LZW

("S)H“ S G50
k=1

But then the conjugate of Zicip, + Q° converges as ¢ — 0 to the orthogonal
projection of 1 onto Span({p,}7, {e,}{) and, hence, taking also into account that
(P p) = (1 —@))", we get
n _ - -1 n o -
1= 31— aq) = (1 A Q‘,p,-) -0 (e-0).
k=1 k=1
This implies at once that every c¢j converges to a ¢, as ¢ — 0 and these ¢, satisfy

Sall—ea) =1, j=1,2...n,
k=1
from which ¢, = det D, /det D. Note that det D # 0 since D is the Gramm matrix
of the linearly independent set { p,}}.
Now let g = 1 — Zfc, p,. If € > 0 then there is a polynomial Q, € Span({e,}7)
such that |g(t) + Qt)|<d + ¢ for all ¢ (see the consideration above). Hence for
every f € H' we have

‘f(O) —éckf(ak) =[(feen@)|=I(foen g+ Q,)I

<Ufllg + Qellaup <INl (d + &) =11 1l ( [Tl | +€) ;

1

letting ¢ tend to zero we obtain (1). The proof is complete.
To prove Corollary 2 let ay,...,a, be n distinct points and s = Z7(1 — | &, |). For
any integer r = 0 set

1

c ,=—.f c(@)a 'da
e @
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where ¢, (a) is the constant defined in (2). It is easy to see that

(e = @)(1 = @) < 1= (1 = |y ])
whenever | a|< 1/2; hence, by (3),

n

fla) — ?Ck(a)f(ak)

<Al T -
\l_lalnfumIlI(l (1= )/4)

< 4| f1l  exp(-s/4)

for every |a|= 1/2. Dividing both sides by mia’* ' and integrating on |a|= 1/2, we
obtain
l n
(4) F/70) = 2 e Me) | <Uf w2 exp(-s/4).
: k=1
Let

m—1 ¢(r) 0 2m (r) O
be the de la Vallée Poussin means of the Taylor expansion of f and let us consider
the corresponding polynomials

m—1 2m

)= 2o+ 321- g e 1<k,
By (4)
2m

<|Iflln Z 27 exp(-s/4)
r=0

o.(f)— éf(ak)pk

H
< 2274 f|| yexp(-s/4).

Putting m = [s/16], and taking into account that by the well-known properties of
the de la Vallée Poussin kernels and Jackson’s approximation theorem [4, pp. 524,
260-263]

1
Hom(f) —f“H< KHw(f’ ;)H’
we obtain

“f‘ DAe)p| < KH(e_S/w”f“H + w(/, e—J/IG)H)v
1

which proves Corollary 2.
Corollary 1 is an immediate consequence of Corollary 2, since for c,, = Lp,, we
have

‘Lf— 2 e f(@)| < KyllL(e™ N fllg + w(f,e7") 5)-

k=1
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Corollary 3 could be deduced from the Theorem by a limiting argument, but it is
easier to modify the proof of the latter so as to directly verify Corollary 3. Indeed, if
Pr,=e (1 —ae™) /7!, then (fo e,,m) =fU%a,) (f€ H'") and exactly as
in the proof of our Theorem we get

n Ny

diStsup 1 - 2 2 ckjpkj;span({ek}?o) = H |aklnk+]v
k=1 j=0 k=1

and the proof can be completed as above. We omit the details.
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