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A TWO WEIGHT INEQUALITY
FOR THE FRACTIONAL INTEGRAL WHEN p = n/«

ELEONOR HARBOURE, ROBERTO A. MACiAS AND CARLOS SEGOVIA

ABSTRACT. Let I, be the fractional integral operator defined as

Lf(x) = [1(D)x = yI=~"dy.

Given a weight w (resp. v), necessary and sufficient conditions are given for the
existence of a nontrivial weight v (resp. w) such that

a/n
oxplle o5 1S () = ma (1 ids < € furr/ow

holds for any ball B such that |jox ||, > 0.

1. Introduction. We consider the fractional integral operator I,, 0 < a < n,
defined by

(1.1) LS(x) = [ f()x = yi*~ay.

Necessary and sufficient conditions were obtained in [1] in order that given a
weight v (resp. w) there exists a nontrivial weight w (resp. v) satisfying

(s rea) " < ( [rcormaa)

for 1 <p,g< o0, 1/q>1/p — a/n. For the case p = 1, ¢ = n/(n — a) weights
satisfying a weak type inequality were characterized. Our purpose now is to study
the limiting case p = n/a, g = oo.

It is not difficult to verify that, except for trivial cases, I, is not a bounded
operator from L"/*(wdx) into L®(vdx). To see this we assume the set {x:
v(x) > 0) N {x: w(x) < oo} has positive Lebesgue measure. Then if B, is the unit
ball we may assume that for some N the set G = {x: v(x) > 0) N {x: w(x) < N} N B,
has positive measure and zero as a point of density. Take f(y) = x(»)ly|”#, with
B < a. Then
Now,a

n(a—pB)’

On the other hand, since I, f(x) is continuous at zero, we have

Moaf oy > Lo f(0) = fG Iy Alyle"dy > fG a2

f1f177=wdy < N [ 1y17F/*dy <
BI
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where r is such that |B, N G|/|B,| > 3/4, for every s < r. We write
A, = {y:rda D/ yl < rdk/my
and
C,={y:27Vmra %" L |y| < rd=*/m},
Then C, is contained in 4, and
|G N Al = 2w,r"4 %D = |C,|.
Taking into account that | y|* #~" is a decreasing function, we have

oc oC
[oprtrdy =L [ pretrdy s L et
GNB, k=0"GNA, k=0"Cx

re-#k 1
w, . .
Ta—= B (14 2B/
Therefore, if |1, fl =,y < ClIf|l zn/e(., Were true, we would have
re B < cQB" 4 1) (a - B) T

for any 8 < a. Letting 8 go to a, we arrive at a contradiction.

Moreover, as is well known, the function f(x) = (1x|*log|x|) ™ 'x ..., (|x|) belongs
to L"/%(dx), yet the integral (1.1) defining I, f(x) is divergent for every x.

However, if f belongs to L"/*(dx) and has compact support, I, f(x) is finite for
almost every x. Furthermore, given any ball B = B(z,r) the expression

Lf(x) = fo(y)lx —yl*Trdy + fCBf(y)[Ix -y =y = z|* " ]dy

is well defined for every f in L"/*(dx) and coincides almost everywhere (a.e.) with
I f up 10 a finite constant Cp = [zf(¥)ly — z|*""dy, if in addition, f has compact

support.
These observations lead us to study, as in [2], the weights satisfying the substitute

inequality

a/n
(12)  oxall g [1S () = mp( L < ( fif1 o]

for any ball B such that }|vxll,, > 0 and f with compact support. We are using the
notation | E| to indicate the Lebesgue measure of the set E and m;(g) the average of

gover E,ie. my(g) = (1/|E|)[zg(y)dy.

2. The results. We begin by studying those weights w for which (1.2) holds for
some nontrivial weight v. We first prove the following

LEMMA 1. Let v and g be measurable functions satisfying

1
(2.1) ||vxsuwmfs|g ~mg(g)l<C

for any ball S such that ||vxsll, > 0. Then if B and B* are two balls such that
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|B| = |B* and||vxgll, > 0, we have
1 |B|
v — Mp. < 3C—
where B is any ball containing B U B*.

PROOF.
1
loXalle 77 [ 18 = mae(2)]
< 10xal | 37 [18 = mal &)+ mal8) = ma(e) + Imie(5) - ma(a)]
|B| /g
1 I
<C+ Ilvx5I|w[meIg —mz(g)l+ mj;*lg - mg(g)l}
IBI 1 L B|
flg - <35¢

<C
IBI |B|

From this lemma we can easily obtain a necessary condition on the weight w for
(1.2) to hold.

THEOREM 1. Let w be a nonnegative function, finite on a set of positive measure and
such that there exists a nonnegative function v, not identically zero, satisfying (1.2) for
any bounded function with compact support. Then, for any R large enough, we have

(2.2) f w(x)~ " dx < CR".
|x|]<R

PROOF. Let w,(x) = w(x) + € and define f; = WE“’/""“’XBR for R large enough so
that|jvx g, ||, > 0. Then fg is a bounded function with compact support and

flfR|"/“W—/ w, /(1 0y < Bw —a/(n—0) < o
R

Let us take B} = B(z,R), the ball centered at z of radius R, with |z] = SR. Clearly
B and B} are contained in Bgr = B(0,6R) and K = | Bg|/|Bg| is independent of R.
Also, substituting f for f in (1.2) we obtain that g, = I ( fz) satisfies (2.1) with a
constant Cp = ( [z, w,”*""~*)*/". Hence, we can apply Lemma 1 to conclude

a/n
1
X5 lloTm — Mg, <3K| [ woe/rmeo )
loxa,ll g7 f, 185 = g (8) (fB )

Now for x € B we have

gr(x) — mpgs (gr) = |BL1‘$|L*'/;B fr(D)x = 127" = |t — y|*~"]dyd:

> g S, R = GR)* v

> C a—n w[“/("_")dy
Bp
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with C > 0 and independent of R. Therefore, since we can always assume ||vx g, |o
> 1 for R large enough, we obtain

R~ " we—a/(n—a)< C(

a/n
ws—a/("—a) ,
Bg

Bg

which implies, for R large enough,

w, /"9 < CR™.
BR

Now letting & go to zero we obtain the desired conclusion. O

We now want to study the behavior of the fractional integral operator acting on
functions of L"/*(wdx) for a weight w satisfying (2.2). As in the case of Lebesgue
measure, we can show that if w™*4"~® is merely locally integrable, the integral
defining I_f is finite almost everywhere for any f € L"/*(wdx) having compact
support. In fact, if B = B(0,R) is a ball containing the support of f and f > 0, we
have

fof(y)Ix — y|*""dydx

= [f(y)[I1x —y|* "dxdy < | f(») |x — y|*~"dxdy
B B(y.2R)

I—a/n

< CRa(/fn/aw)a/"(fw—a/(n—a)) < 00.
B

Therefore I, f is finite a.e.
The next theorem shows that condition (2.2) on w allows us to construct a weight
v satisfying (1.2).

THEOREM 2. Let w be a nonnegative function, finite on a set of positive measure,
satisfying (2.2) for R > 1. Then there exists a nonnegative function v, not identically
zero, such that (1.2) holds for any ball B satisfying ||vx gll, > 0, and for any function f
with compact support.

PROOF. Let the maximal function be denoted by

1
M*g(x) = sup{mfm- )lg(y)ldy: x € B(z,r),0<r<x 2}.

Since w=*/("~% is a locally integrable function, M*(w~/("~*) is finite a.e. We may
assume that for N large enough the set E = B(0,1) N {x: M*(w™*/(""®)(x) < N)
has positive measure. We claim that the weight v = x ¢ satisfies (1.2).

Let f be a function in L"/*(wdx) with compact support. In order to prove (1.2) we
need only consider balls B such that BN E = @. If B = B(z,R) is one of those
balls, denoting by B the ball B(z,4R), we write

Lf(x) = If(x) + I2f(x) = féf(y)lx — yl*ndy + fcéf(y)pc — yl*"dy.
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For I f we have

1 2 -
i AN = my(f e < [ [1 (0l = yie "y

2
< = x — y|* "dxd
B O el sy

< CR“‘"(/|f|n/aw)a/n(féw—a/(n—a))

If 4R > 1, since EN B = @, it follows that B C B(0,9R) and, therefore, by
hypothesis

l—a/n

f.w—-a/(n—a) < CR".
B

On the other hand, if 4R < 1 and ¢t € E N B, we get
[wme/=9) < CR"M*(w™*/""®)(1) < CNR".
B

So, in any case, we obtain

(23) T [ = mp(atpya < o fisrrew)

We now estimate I2f:

2 1 a—n __ _ a—n
fB [Laf (x) = mp (13 ldx < 7 fB fB fc IO i =y |t = y|*~"|dydtdsx.

But, using the mean value theorem and the fact that ||x — y| — |t — y|| < 2R for x
and 7 in B and y in CB, it follows that

I = y1*7" = |t = yI*7"| < CR|z — y|*~"~ 1.

Therefore

ﬁfBllff(x) — mg(12f )ldx < CR/célf(y)l Iz = y|*="= dy

(24) a/n l1—a/n
< CR(/ |f|"/"w) (f w(y) "z ~ yr"ﬁdy) :
CB
where 8 =1+ 1/(n — &) > 1. For the last integral we have
o0
I =f w(y)"ﬂ/(”-a)lz __yl-nﬁdy < E (2[(R)—nﬂ w(y)—a/(n—a)dy'
lz—y|>4R k=0 lz—y)<2**'R

If|z] > 2,since BN E = &, wehave R > |z|/2 > 1 and, hence,

[ w7 Pa < [ w() Y < C(24R)"

lz—y|<2**'R lyl<2**?R
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Moreover, if |z| < 2 but k is such that 2%R > 1, the last estimate also holds. On the
other hand, if 2R < 1 and ¢ € E N B, we obtain

/[ | ZH.RW(Y)#"/(M)dy < C(2'R)"M*(w*/""®)(1) < CN(2*R)".
AN

Therefore
©
I< CR—n/(n~a) Z 2—kn/(n—a) < CR—"/(n—a)
k=0

Replacing this estimate in (2.4) gives

(2.5) ﬁ J1121G) = (121 dx < C( / Ifl"/“W)a/"-

Taking into account that ||v||, = 1, the estimates (2.3) and (2.5) prove the claim.
O

Extension of I, to the whole space L"/*(wdx). Let w be a weight satisfying (2.2). As
we have seen, the integral (1.1), defining the fractional integral I f, is absolutely
convergent for any function f in L"/*(wdx) with compact support. Let v be a weight
satisfying (1.2). The previous theorem shows there always exists such a v. Then I,
can be considered as a bounded operator from a dense subspace of L"/*(wdx) into
a weighted version of BMO, denoted BMO(v). The norm on this space is given by

ligll = sup|ix gollomp(lg — mp(g)l).
B

where the sup is taken over the balls B such that ||x gv||,, > 0. Therefore I, can be
extended as a bounded operator from L"/*(wdx) into BMO(v).

Furthermore, by arguments similar to those used in the proof of Theorem 2, it is
possible to give an explicit expression for I f as an element in the space BMO(v),
valid for any function fin L"/*(wdx). In order to do this, assume w satisfies (2.2) for
R > 1. For any r > 0 we define

L) = [ SOyl + [ FO) 0 =yt = 11

Let us show that for any fin L*/"(wdx) this expression is finite a.e. For any R large
enough we can write

11G) = 1))+ [ S = y1 = 1)

V
- f(y)lyle"dy.
r<|y|<R

By the assumption on f and w, the last integral is a finite constant. Moreover, for any
x such that 2|x| < R, we have

J

|v=

F)x =y = 1) dy| < CR[ f()] Iy1*"
R |¥I>R

l—a/n

—afAn—a) -n
<C||f||u/«<w)(f| RW(y) ATy dy :

yi=
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with 8 =1 + 1/(n — ). Proceeding as in the proof of Theorem 2 we see that the
last integral is finite. This proves our assertion. Moreover, we have also shown that
I, f and I, f coincide a.e. up to a finite constant.

From these remarks we can conclude that for any r > 0 and any f in L"/*(wdx),
the function /,f coincides in BMO(v) with I (f) defined by density arguments,
providing the expression we were looking for. O

We now consider the problem of characterizing those weights v for which there
exists a nontrivial weight w satisfying (1.2).

THEOREM 3. Let v be a nonnegative function different from zero on a set of positive
measure. Then there exists a nonnegative function w finite on a set of positive measure
and satisfying (1.2) for any bounded function f with compact support if and only if the
function v satisfies |o(x)] < C(1 + |x|)" ™«

PROOF. Assume (1.2) holds for some w. Let f(x) = x g(x), where

E=B(0,1)N{x:w(x) <N},
for N large enough. By using translations if necessary, we can assume |E| > 0. Let
B = B(0,R) with R > 1 and large enough so that ||lvx ||, > 0. Let B* be the ball
B(z,R) where z is such that |z| = SR, and let B be the ball centered at zero with

radius 6R. Therefore, if (1.2) is satisfied, we can apply Lemma 1 to g = I, f and
obtain

uox,,nml‘—l‘g| J 1S () = mpe (10 < K

for a constant K independent of R. Proceeding now as in the proof of Theorem 1 we
obtain that, for any R large enough, ||vx gl|,, < CR"™ %, which implies
lo(x) < C(1+|x)"" % ae.

Conversely, we will show that (1.2) holds for v(x) = (1 + |x|)""* and w(x) =
(1 + |x|)(r+eXn-a/« Jet B = B(z,R) be any ball and B = B(z,4R). As in the proof
of Theorem 2 we write

Lf(x) = Lf(x) + 1Jf(x) =/;§f(y)|x —yI*"dy + fcéf(y)lx — y|*"dy

for a bounded function f with compact support. We have already seen that for a
function of this sort we have the estimate

110~ ma( 12 < o fumereeo) i)

Consider

a/n

l—a/n
A(z,R) = (1 +|z| + R)"_"(R“”/.w-a/("—a)) _
B

We want to show it is bounded independently of z and R. From our choice of w it
follows that

M(w™/m0)(x) < C(1 + |x]) 7",
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where M is the usual Hardy-Littlewood maximal function operator. In particular
R™"[zw™e/("=a < C. Thus, we need only consider |z| + R > 1. Now, if |z| > R,

A(Z,R) < C|Z|"_"[M(w‘“/("—a))(z)]'—a/n <C,

and if |z| < R,
I—a/n
A(Z,R) <C n—-a(R—n/w—a/(n—a)) < C.

Therefore

0O lexalla iy [1G) = my( 121 )ax < caCz. ) fisrrow)

a/n
< C(flfl"/"W) :
We also proved (see 2.4) thatif 8 =1 + 1/(n — a), then

,—;IfBuff(x) — my(12f )ldx

a/n I—a/n
< CR(/ lfl"/"w) (f w(y) ™"z —yr"ﬁdy) :
|z—v|>4R
From our choice of w we have the estimates

oo
[ ow) Nyt < C L R w(y) "y
z—y|>4R P 2= y|< 26+ 1R

< CM(w™/(n=®)(z)R="B=D f: on(1-Brk
k=2
S CR™"(=(1 + |z)) 7"
and
[ W) =y Py < CR () dy
z—y|=4R

< CR—n(n—a+ I)/(n—a).

Using these estimates for |z| > R and |z| < R, respectively, we obtain

1 n/a o
CT) loxallarg J121(x) = mp( 2 < € firrrow]
Combining (2.6) and (2.7), (1.2) follows. O
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