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STURMIAN THEORY AND DISCONJUGACY

OF SECOND ORDER SYSTEMS

FOZI M. DANNAN1

Abstract. A generalization of the Sturm Comparison Theorem is given to second

order linear systems. In addition, an analogue to Sternberg disconjugacy criterion for

nonselfadjoint second order linear systems is given.

1. Introduction. Consider the vector differential equations

(1) y"+A(t) = 0

and

(2) x" + B(t)x = 0,

where A(t) = (au(t)) and B(t) = (b¡j(t)) are continuous « X « matrices. A number

ß is a conjugate point of a, a < ß, relative to (1) if (1) has a nontrivial solution

vanishing at a and ß. If ß is a conjugate point of a and if there is no number y,

a < y < ß, such that y is also a conjugate point of a, then ß is the first conjugate of

a. If no nontrivial solution of (1) vanishes twice in an interval /, then (1) is

disconjugate on /.

Recently Ahmad and Lazer [2] gave a generalization of the Sturm Comparison

Theorem [5] for nonselfadjoint systems. They showed that if a¡j(t) > b¡j(t) > 0,

1 =s i,j < m, with a¡j(t) > b¡j(t) at some point t, t G [a, ß] (where ß is a conjugate

point of a relative to (2)), then there exists a conjugate point y, a < y < ß, of a

relative to (1). Later, in [3] the condition au(t) > b¡j(t), 1 < i, j < n, is relaxed to

ait(t) > bit(t), 1 *£ /' *£ n, with the additional assumption that A(t) and 5(f) be

symmetric. The purpose of our first theorem is to show that this result holds when

we replace the condition a¡j(t) > b¡j(t) s* 0, 1 «£ i,j *£ «, by the conditions a,7(r) >

b¡j(t) and btÂt) + bj¡(t) > 0 with the restriction that only A(t) be symmetric.

In [4] it was shown by Sternberg that (1) is disconjugate on an interval / iff there

exists an « X « symmetric difierentiable matrix V(t) such that V'(t) + V2(t) + A(t)

is a nonpositive definite matrix, where A(t) is symmetric. This result is the matrix

analogue for the work of Wintner [6] for the scalar second order differential

equations. Our second purpose of this note is to prove a similar theorem, where we

assume that the elements of V'(t) + V2(t) + A(t) are nonpositive. Our theorem

neither implies the theorem of Sternberg nor is it implied by it.
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2. Main results.

Theorem 1. Let A(t) and B(t) be continuous « X « matrices defined on [a, b], and

A(t) symmetric. Assume that

(3) au(t)>bu(t)

for 1 *s i,j *£ «, an(t) > bu(t) for some t G (a, b), 1 < i < n, a«</

(4) MO+ *„(<)> o

/or /' T^y a«J t G [a, o]. // there exists a nontrivial solution of (2) such that x(a) =

x(b) = 0, then there exists a nontrivial solution of (I) such that y(a) = y(c) = 0,

where c is some number in (a, b).

Proof. Since x(t) is a solution of (2) with x(a) = x(b) = 0, then

f ((x',x')- (Bx,x))dt = 0.
•'a

Let J[A, «; a, b] define the functional

J[A,h;a,b] = f\(h',h')- (Ah,h))dt,

where h(t) belongs to the class &[a, b] of absolutely continuous /^"-valued functions

on [a, />]such that|«'|G L[a, b] and «(a) = h(b) = 0. If we put

u(0 = (M0l.....k(0l),
then u(t) G &[a, b\. Let B(t) = ^[B(t) + BT(t)]. Then

J[A,u;a,b] = f\(u',u')- (Au,u)) dt < (\{u',u')~ (Éu,u))dt
Ja Ja

^f\(x',x')- {Bx,x))dt= fb((x',x')- (Bx,x))dt = Q.
•la ^a

Hence by Lemma 2 of [1] there exists a nontrivial solution for (1) which vanishes

at a and at a point c G (a, b).

The following example shows that the preceding theorem is false when ^4(r) is not

symmetric.

Example 1. Let

H5 1) - Hi -)
The equation x" + Bx — 0 has the solution x(t) = sin t(2), which vanishes at t = 0

and t — m. We show that for any a and b with b > a, there does not exist «(/)

satisfying m" + Au = 0, «(a) = »(/>) = 0, w(r) z 0. Suppose that such a solution

w(i) exists. If we let u(t) = co1(m,(í)> u2(t)), then

m" + 2m, = 2u2,       u'2' + 2u2 = -4«[.

Hence

(w¡h2 — U\U2)' = 2u\ + 4u2.
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Integration from a to ¿ on both sides gives

0= fh(2u2 + 4u2)dt.

Therefore, we must have u, =«2=0in[a,o].

Theorem 2. Let A(t) be an n X « continuous matrix defined on I — [a, b], such that

a¡j(t) ï* Ofor l =£ i,j =£ « and t G [a, b\. Then (1) is disconjugate on I if there exists a

continuously differentiable matrix M(t) such that

(5) MO<o

for 1 <i,j <n and t G /, where

(6) (/„(/)) = L(t) = M'(t) + M2(t) + A(t).

Proof. Assume that (1) is not disconjugate on [a, b]. Then there exists a

nontrivial solution z(t) of (1) such that z(r,) = z(t2) = 0, /,, t2 G [a, b\ From

Lyaponov inequality for systems, it follows that there exists a first conjugate point t0

of ti relative to (1). From [2, Theorem 4] it follows that there exists a non trivial

solution u(t) of (1) such that u(tt) = u(t0) = 0 and uk(t) s* 0, k = \,...,n and

t G [í,, i0]. If M(t) is a continuously differentiable matrix we have

0= f'°((u',u')- (Mu,u)' - (Au,u))dt

= f'°((u',u')-2(Mu',u)+ (M2u,u)- (Lu,u))dt,

where M - \(M + MT) and L(t) = M' + M2 + A. Finally we get

(7) 0= f'°(\\u'- Mu\\2 - (Lu,u))dt.

Since uk(t) > 0 and lu(t) < 0, then both terms of the integrand in (7) are

nonnegative for r, < t =s t0. It follows that both of these terms must vanish for all

t G [/,, r0]. The vanishing of the first term means that u(t) is a solution of u' = Mu

with t/(i,) = u(t0) = 0. Therefore u(t) = 0. This is a contradiction.

Remark. We point out that the converse of Theorem 4 will be true when A(t) is

symmetric, for if (1) is disconjugate there exists a nonsingular matrix solution Y(t)

on [a, b] of Y" + A(t)Y = 0 and wé take M(t) = Y'Y~l.

We raise the following question:

Question. If A(t) is nonsymmetric, does the converse of Theorem 2 hold?
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