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ON UNITS OF CERTAIN CUBIC FffiLDS AND

THE DIOPHANTINE EQUATION x3 + y3 + z3 = 3

MANNY SCAROWSKY

Abstract. The Diophantine equation x3 + y3 + z = 3 is replaced by a

sequence of parametrized Diophantine equations which can be factored in

certain cubic fields. A unit in these fields is readily available. Some results

about these fields and the parametrized equations are proved.

1. Introduction. The equation

(1) x3 + y3 + z3 = 3

has long been known to have as solutions in integers (1,1,1), (4,4,—5) and its

permutations. It is conjectured that there are no more.

It is easy to see that ia (l) x = y = z = Í (mod 3) and two of x,y,z, say x,y,

have the same parity. Hence we may write x = Y — 3a, y = Y + 3a, where a is an

integer > 0 and (1) becomes 2Y3 + 54a2Y" + z3 = 3 or, letting X = 2Y, Z =-z we

have

(2) X3 + 108a2X-12 = 4Z3.

Now the cubic on the left in (2) is clearly irreducible (e.g., Eisenstein's Irreducibility

Criterion) and is increasing as a function of X. Thus it defines a real cubic field

K = Q(0), where 6 is the real root of the cubic, with exactly one fundamental unit.

Since the solutions of (2) with a = 0 are known [1, p. 225] and correspond to the

known solutions of (1), we see that we may reformulate the conjecture that these

are all the solutions of (1) as follows: For each a > 0,

Nk/q(X - 9) = X3 + 108a2X - 12 = 4Z3

has no solutions in integers.

2. Properties of the field K = Q(9). We will assume throughout that a > 0. Note

that the discriminant of X3 + 108a2X -12 is -2435(1 + 64a6). Also N(l - 9a20) =

N(d3/12) = 1, so that rj = 1 - 9a20 is a unit of the field K.

Theorem 1.

(i) An integral basis for K is {1,6i,62}, where f?i = (24 • 33a4 + 9 + 6a202)/b,92 =

62/2, and b2 is the largest square dividing 64a6 + 1. The discriminant of K is D =

-2235(1 + 64a6)/b2 = — 2235<j, say, where q is square-free.

(ii) r/ = 1 — 9a20 is never the cube of a unit in K, and K is never a pure cubic

field (i.e., of the form Q(^/mj).
(iii) For fixed b, rj is the fundamental unit or its square with a finite number of

possible exceptions. Ifb = \, r¡ is the fundamental unit.
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(iv) In K, (2) = p3, (3) = q3, (ft) = p2q. where ft divides 64a6 +1 to an odd power

and these are the only primes which ramify.

(v) p, q are never principal ideals. It follows 3 | h, the class-number of K.

(vi) K is monogenic iff there exist integers y, z such that 2qy3 — 54a2 yz — 3bz3 =

±1-

Proof, (i) It is easy to see that 92/2 is an integer in K. Letting a = A + B9 +

C92/2 where A, B, C G {0,1} if p = 2 and A,B,C G {-1,0,1} if p = 3, one sees that
N(a/p) G Z iff A = B = C = 0. Thus the discriminant of Z[l,9,92/2] is minimal

at the primes 2 and 3. As 9i is easily seen to be integral over Z, it follows that

D = -2235(1 + 64a6)/62, and that the basis is as stated.

(ii) If rj = 1 - 9a20 = 03/12 is a cube in K it follows that y/Ï2 G K and hence

K = Q(\/ï2). As the discriminant of Q(\/Ï2) is -2235 it follows that 1 + 64a6 = b2
or (62a2)3 + 36 = (66)2. But the solutions of x3 + 36 = y2 are known [10] (and the

solutions of 6i3 + 1 = y2 are easily derived from [1, p. 220, Theorem 5, p. 225,

Theorem 6]) and are given by (x,y) = (-2, ±3), (0,±6), (4, ±10), (12, ±42) and are

not of the required form. The discriminants of pure cubic fields are of the form

-3fc2 [2, p. 79].
(iii) This will be proved in the next section.

(iv) We have (2) = (6/9,2)3 and (3) = (9,3)3. The ramification of the ft (and of

(3)) follows from [2, p. 98] and the calculation of the discriminant.

(v) As (9) = p2q we need only prove this for p. Assume p = (a); then p3 = (2) =

(a3), and so 2 = t%a3, i = 0,1,2, where e is the fundamental unit of K. Say rj = es,

where by (ii) 3+s. Then 2s = rjla3s = (l/12)¿(0¿as)3. This implies K = Q((2n2i)1/3)

where j = 1,2; i = 0,1,2. By (iii) this is impossible.

(vi) This is a straightforward calculation. Assuming a = x + y9i + z92 we find

|D(1, a, a2f2 = |20y3 - 54a2^2 - 36z3| • \D\1'2.

This completes the proof.

We now apply these results to

(3) N(X-9) = AZ3.

Theorem 2. Let h be the class-number of K, and Ck its class-group. If 3 || h,

or more generally if the 3-component o{Ck is a product of cyclic groups of order 3,

then (3) has no solutions.

Proof. First let 6 = 1. Then from N(X -9) = AZ3 we see easily that (x - 9) =

p2a3, where (2) = p3 and by (v) of Theorem 1 p is nonprincipal. If 3' || h, raising

both sides of this equation to the power h/3l gives a contradiciton.

Now assume b > 1. Let p¿ be a prime divisor of 64aG +1 to a power greater than

1, and say that p™' || Z, m¿ > 0. Then we easily get

(x - 9)=p2 n p^-1 n p^T'-v

where the first product is over (some of) the primes p¿ dividing 64a6 + 1 to an

odd power, and (pz) = p2q., and the second product is over (some of) the primes

dividing 64a6 + l to an even power that split completely, and (pA = p. p p . For

instance if p¿ divides 64a6 +1 to an even power then either p¿ remains prime in K,

(Pi) = Pili or (pi) = giilE,-i3Ei,3- If Pi remains prime then (pi)\(x - 6). If (p¿) = p^,
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say, pa*gbi || (x — 9). Then either a¿ or ft = 0 and correspondingly either ft or a¿

is a multiple of 3 and the factor can be absorbed in a3. If (pi) = Pi/1Pi 2Pj 3 and

Pa\PbinP°\ II (x ~ 9) we may assume that one of a¿,ft,ft is 0.   Say c¿ = 0.   Then

p"i+6' = p3mi (upon comparing norms of both sides) and ft = 3m¿ — at.

A similar argument works for those p¿ dividing 64a6 + 1 to an odd power. Also

(x2 + 9x + 108a2 + 92) = TT p6mi_ V TT p3^-a*p°;p3™>63
v '       J.A —i — i ü —i,l —i,2—i,3

(where the products satisfy the same conditions as before). Raising both of these

equations to the power h/3l = h' and noting that q3m*h' ~ p3mih' ~ a3h' ~ b3h' ~ (1)

we get
(i)~p2h'npïî;h'ïïpia%ïa>,

w~ni-h\*'iip-?a%ai-

Multiplying these two equations together we get a contradiction.

As another application of Theorem 1, we show

Theorem 3. Letb= 1 (i.e. 64a6 + l is square-free) and assume the class-number,

h, ofK, is prime to 2. Then, if a is even, x3 + 108a2z — 12 = y2 has no solutions.1

Proof. Under the given conditions we will prove that solving the equation is

equivalent to solving the homogeneous equation

-9a2F4 - 2EF3 + 3E4 = -1

which has no solutions (mod 8) if 2 | a.1 We obtain easily that (x — 9) = a2, and

from (h, 2) = 1 we have that a is principal, hence x — 9 = tf*or, i = 0, — 1, a G9k-

(Note that rj and x — 9 are > 0.)

Let a = A + B0-|-C02/2, C > 0. If i = 0 we obtain

(4a) A2 + 12ßC = x,

(4b) 3C2 + 2AB - 108a2SC = -1,

(4C) B2-27C2a2+AC = 0.

If a prime p divides C then from (4C) it divides B which contradicts (4D). Hence

C = 1, and from (4C) A = 27C2a2 - B2. Putting this in (4b) gives -B3 - 21 a2B =

—2 which is impossible.

If i = — 1 we obtain

(5a) A2 + Í2BC = x,

(5b) 3C2 + 2AB-108a2ßC = -l-9a2a;,

(5C) B2 - 27C2 a2 + AC = 9a2.

Multiplying (5a) by 9a2 and adding to (5b) we obtain

(5d) 9a2 A2 + 3C2 + 2AB = -1.

xThis also holds if a2 = 1 (mod 5) or a = 0 (mod 13).
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Hence (A,C) = 1. Multiplying (5d) by 9a2 and adding to (5C) we obtain

(9a2A + B)2+AC = 0.

Hence C = E2, A = -F2 and B = EF + 9a2F2. Putting this in (4d) we obtain

-9a2F4 - 2F3E + 3EA = -1 as required.

Remark 1. The tables of complex cubic fields (i.e. real fields with complex

conjugates) extend only from 0 > D > —20000 [3]. Of these, 391 have class-number

divisible by 3 and 19 of those have class-number divisible by (in fact equal to) 9.

These 19 have cyclic class-group. This suggests that any new solutions of (1) (if

they exist) must be distributed very sparsely. Perhaps using the methods of Baker

one should solve (2) for specific large values of a, for which the class-group of K

has a cyclic component of order 3m (m > 2), as a check on the conjecture.

Remark 2. The method of transforming x3 + y3 + z3 = k into an equivalent

system of parametrized cubic equations seems to work only for k = 1,6. For k = 6

the known solutions correspond to a = 0,9,15,36 (where one can set x = X — 6a,

y = X + 6a, a > 0) [4, p. 108]. For k = 1 one has infinite sequences of parametrized

solutions [1, p. 102, 4-6]. We leave to the reader the properties of the relevant cubic

fields. Unfortunately a theorem like Theorem 2 does not seem to follow readily.

However the above technique may also be applied to equations of the form x3 + y3 +

(28 -)- 36fc)z3 = 6, or one may study directly equations of the form X3 + 108a2X —

18 = 9Z3, etc. Note also that 8x4 + y4 + 8 = zA leads to cubic equations defining

fields with known units.

3. The units of K. In this section we prove (iii) of Theorem 1 and make some

other comments. Although we could follow the method of [7, 11] it is easier to use

the inequality [8, p. 118] \D\ < iu3 + 24, where u is any unit of K greater than 1.

As 0 < n < 1, we have 0 < 6 < l/9a2. Hence \/r\ = 1 + 35 • 62a6 + 9a20 + 81a402 =

3562a6 + <5, 1 < 6 < 3. Now assume that ??_1 is not a square; we have shown that it

is not a cube. Hence if n~l = es (where e is the fundamental unit) we may assume

s > 5 and so, letting u = (n-1)1//s we have

22-35(64a6 + l) < 4(35 _ ß2a6 + 3)3/5 + 24_

Thus,

l2 35-64a6 35-64a6

(3 • 62/5a6/5 + l)3 + 6     {(3 • 62/5 + l)3 + 6}a18/5

and

(6) b > 29.15a6/5,

if 77 is not a square. (Thus r\ is either the fundamental unit or the square of a unit

if 6=1,5,17,25,37,41,....)

Now we will also show that if rj is a square, a is bounded (for fixed b). Assume

2,    fx + y9 + z92\2
r, = l-9a29 = l-y—-J,       z>0,x,y,zGZ.

Then

(7a) 462 = x2 + 24yz,
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36a262 = 12z2 + 2xy - yz ■ 216a2,

(7C) -y2 = 2z(-5Aa2z + x).

(It is clear that 2 divides x and y, and 3 divides y and z.)

From (7C) and (7a) any common factor of z and — 5Aa2z + x divides 26, so we

may write z = AE2 and —oAo?AE2 + x = BF2 where A, F are taken from a finite

set (A > 0) (B < 0). Putting this in (7b) we obtain

-36a262 = 12A2£4 + [2(BF2 + 54a2A£2) - AE2 ■ 2Wa2]y

= \2A2EA + y(2BF2 - 108a2Aß2).

If y < 0 then this is clearly impossible. Hence y > 0 and (as z ^ 0), z > 0. Thus

from (7a) there are a finite number of possible values for x, y, z and from (7C) there

are only a finite number of possible values of a. In particular, when one checks the

case 6=1 (or 6 = 5) one finds all possible values of a are excluded, and hence when

6 = 1 (or 6 = 5) n = 1 — 9a20 is the fundamental unit. This proves (iii) of Theorem

1.

Comments. (1) Of course the fields defined by x3 + 108a2z — 12 = 0 were studied

because of their relation to (1). The results go through without change for fields

defined by x3 + 108az —12 = 0, a > 0 (except that in Theorem 3, 4 | a). No doubt

similar results can be obtained for x3 + 12ax — 12 = 0, a > 0.

(2) This suggests that one study the fields defined by x3 + a6x + 6 = 0, x4 + a6x2 +

c6x + 6 = 0 (which have an obvious unit), when r = 1, and that one try to show

that this unit is 'usually' a fundamental unit.

(3) It can be shown [2, p. 264] that if e is a fundamental unit of K then

e, (eV)1/3 is a pair of fundamental units for K(y/D) (e is a conjugate of e). Thus

by straightforward computations, [2, p. 216; 13, p. 227] one obtains h(K(\Œ>)) =

h2(K) ■ h(Q(y/D)). By [14, p. 361 or 15] 3 | h(Q(VD)) and hence 27 | h(K(VD)).
Also by using the Brauer-Siegel Theorem one sees that as a —► oo through a sequence

such that 64a6 + 1 is square-free, \ogh(K) ~ 3 log a.2

(A) We do not know if the fields defined by different a's are distinct. Perhaps

some may coincide. For this to be so it would be necessary that the Diophantine

equation 64a6 + 1 = b2q has for fixed o, two or more distinct solutions.

(5) Finally, we make a conjecture not related to the above. If n = l—9a29 is the

fundamental unit of K it follows that all solutions of x3 + 108a2xiu2 — 12w3 = 1 are

given by
x-9w = r)n = (l-9a29)n,      nGl.

The obvious solutions are given by n = 0,1. One may conjecture that these are the

only solutions. It is known that there is at most one more solution [1, p. 218].

Note added in proof. Using the method of [9] the class-number of K was

calculated for a = 1 and was found to be 12. Thus one may apply Theorem 2 to

this case.
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