
proceedings of the
american mathematical society
Volume 91. Number 3. luly 1984

A NEW CLASS OF ORTHOGONAL POLYNOMIALS1

PAUL NEVAI

This paper is dedicated to Richard Askey and Gabor Szegb

Abstract. A new class of orthogonal polynomials is introduced which generalizes

the Bernstein-Szegö polynomials and includes the associated polynomials as well.

The purpose of this paper is to give a natural extension of the Bernstein-Szegö

orthogonal polynomials for a general class of weight functions.

A nonnegative function w defined on the real line is called a weight function if

w > 0, fRw > 0 and all the moments of w are finite. For a given weight w one can

construct a unique system of polynomials {pn(w)}™=0 such thatpn(w, x) = yn(w)x"

+ ' ' ' >' Y„(w) > O» and ÍRPn(w)Pm(w)w = &mn- The Bernstein-Szegö orthogonal

polynomials [13, §2.6] are the ones corresponding to the weight w defined by

(1) w(x) = (l-x)±1/2(\+x)±l/2/p(x),        -1<JC.<1,

with w supported in [-1,1] where p is a positive polynomial in [-1,1], and these

polynomials play a fundamental role in Szegö's theory, in particular, they are used to

solve Szegö's extremal problem, they are applied to obtain Bernstein-Szegö's asymp-

totics for orthogonal polynomials, and they make it possible to prove theorems

about equiconvergence of orthogonal polynomial series and Fourier series [5-7 and

13].

If g g L*(R) then the Stieltjes transform S(g) of g is defined by

It Jji z — t
ziR.

The non tangential boundary values of S(g, z) on the real line exist almost every-

where and they are denoted by S+(g, x) and S_(g, x) depending whether we take the

boundary values from the upper or lower half-plane. If g is real then S+(g) = S_(g)-

The Bernstein-Szegö weight (1) and the Stieltjes transform are connected through

Fejér's representation theorem [13] for positive polynomials p in [-1,1] according to

which

(2) p(x) =\a + S+(Bp,x)\ ,       -1<*<1,
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where a > 0, p(x) = (1 — x)±1/2(l + x)±1/2, B is a polynomial with real coeffi-

cients and a + S(Bp, z) ¥= 0 for z G [-1,1]. Actually, (2) is given in a different form

in [13]. We prefer writing Fejér's representation this way because it directly leads to

the following generalization.

Theorem. Let w be a weight function supported inside a finite interval A. Let f be a

function analytic in C cut along A such thatf(z) =£ Ofor z G C \ A and

f(z) = a + S(Bw,z),       zGA,

where a is real and B is a polynomial of degree I with real coefficients. Let the Taylor

series expansion of f around oo bef(z) = T¡k°=Qakz~k and let m be the index of the first

nonzero coefficient ak. Let am > 0. {Note that 0 < m < I + 1.) Suppose that

(1 + |5+(w)|)|/+|_1 G Lxloc(R). Then for n > I the orthonormalized polynomials pn{wf)

corresponding to

(3) wf{x) = w(x)/\f+{x)\2

can be expressed in the form

(a\ I        \ (       ïa   1  i PÁ^^)B(t) -p„(w, t)B(z)
(4) Pn-„(*>/, z) = apn(w, z) + - /-w(t) dt.

' It Jji z — t

Moreover, for n > I the polynomials p„(w) and pn_m{wf) satisfy the same recurrence

formula, that is if

(5) xp„(w, x) = an + lpn+l(w, x) + ß„pn(w, x) + «„p^^w, x)

for n > 0 then

(6) xp„{wf, x) = an + m+lpn+l(wf, x) + ßn + mpn(wf, x) + an + mp„^l{wf, x)

for n > I — m.

Proof. First let us convince ourselves that p„-m(wf) defined by (4) is indeed a

polynomial of degree precisely n - m. Since p„-m{wf) is clearly a polynomial we

only have to find its degree. Let n > I and n > m. Then by the Gauss-Jacobi

quadrature formula

(7) Pn-m(wf> Z) - Ä.(W. Z)
* k-i z - xkAw)

where Xkn(w) and xkn(w) denote the Cotes numbers and the zeros of p„(w),

respectively. If m = 0 then a = a0 > 0 and p„-m{wf) is a polynomial of degree n

with

(8) Yn-m(wf) = amy„(w).

If m > 0 then a = 0 and

0 =  (t'B{t)w{t) dt=   t KÁ^)xkn(^)JB(xkn(w))
•'R fc-i
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for j = 0,1,... ,m - 2 so that we can rewrite (7) as

1    "
^mA-™(w/. *)=Pn(w>z)- E ^*«(>»')^*h(m')",~1*(^*«(w))

fc-i ^ -xk„(w)

and thus

if jf > n and

hmzm-^n_m(w/,z) = 0

1  A
lim zm npn-m(wf,z) = yn(w)- Yt^knXknW"    B(xkn(w))

k = l

= Yn(™)\ itm-lB{t)w{t) dt = amy„(w).
It Jo

Therefore/?,, _m(>vy) is a polynomial of degree n - m and (8) holds for m > 0 as well.

Now we will prove the orthogonality relations for/?„_m(vty). First we rewrite (4) in

the form

Pn-v{*>f> z) - /(z)a(w. 2) - »(*)S(a(w)w, ¿).

Now let F = F„ _m be an arbitrary polynomial with real coefficients of degree at

most n - m. Then using orthogonality of p„(w) we obtain

(9) T(z)pn_Jwf, z) = T(z)f(z)pn(w, z) - B(z)S(Tp„(w)w, z);

that is,

T(z)p„-m(wf,z) _ T(z)pn(w,z)      S(Tp„(w)w,z)

B(z)f(z) B(z) f(z)

Taking the nontangential boundary value from the upper half-plane which exists

almost everywhere, we get

S+(Tp„(w)w,x)
(10) T(x)Pn-m(wf> X)Wf(X) = -Im

/+(*)

for almost every x in A. Let F be defined by F(z) = S(Tpn(w)w, z)/f(z). Then Fis

analytic in C \ A and by easy computation

(11) limzF(z) = -MF(0i>>,0H'(0

Furthermore

dt.

KM-
Q(x) + R{x)S±(w,x)

/+(*)

where Q and R are some polynomials. Hence by the conditions of the Theorem

F±g L1loc(R). Since the support of w is inside A, F is continuous at the endpoints of

A. Hence we can apply Cauchy's theorem on the cut A to obtain from (11)

(F+- JF_= -£- j T{t)rPn(w, t)w(t) dt;
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that is,

-Im ÍF+= ~ ( T(t)tmPn(w, t)w(t) dt.
JA am JR

Consequently by (10),

[ T(x)p„-m(wf, x)wf(x) dx = — \ T(x)xmp„(w, x)w(x) dx.

Choosing T(x) = xj, j = 0,1,... ,n - m - 1, and  F = p„-m(wf), respectively,

and applying (8) we can conclude that

LxJP„-m(wf>x)wf(x) dx = °>      7 = 0,1,...,« - m - 1,

and

[p«-m(wfx)wf(x)dx

which proves that pn_m(wf) is indeed the orthonormalized polynomial corresponding

to w for n > /. The statement about p„(w) and pn-m(wf) satisfying the same

recurrence formula follows immediately from (4).

Example 1. Let w be supported in [-1,1] and assume w satisfies w g Llog+ L on

R with w'1 G 1} on [-1,1]. Let B be a polynomial of degree / with real coefficients

such that B does not vanish in [-1,1]. Let a > 0 be chosen so that

1  n B(t)w(t) n    ,       ., , .
a + - v '   v - dt > 0    (possibly + oo)

it J_i    x — t

for x = +1. Let /= a + S(Bw). Then it is easy to see that / is analytic outside

[-1,1], f(z) # 0 for z G [-1,1], /(oo) = a (so that m = 0) and /_1 is continuous on

the real line cut along (-1,1). Hence (1 + |5+(w)|)|/+|-1 is integrable on every

interval disjoint with (-1,1). For x g [-1,1], |/+| > \B\w and thus I/+I"1 G Ü[-l, 1].

By (4)

\f+(x)\ [       U + K   n   J'

for -1 < x < 1. Since P/(w) and ,P/+1(>v) do not have common zeros, we can

conclude that \S+(w)f~1\ is also integrable on [-1,1]. Hence all the conditions of the

theorem are satisfied and therefore p„(wf) (n > /) are the orthonormalized poly-

nomials corresponding to wf.

Example 2. Let w and B (B(0)> 0) satisfy the conditions of Example 1. Let

/ = S(Bw). As in Example 1, one can check that all the conditions of the Theorem

are satisfied with m = 1 and p„(wj) for n > / - 1 (n > 0) are the orthonormalized

polynomials with respect to w,. When B is identically 1 then p„(wf) are the second

kind orthogonal polynomials.

Example 3. For a given weight w and / > 0 let B be defined by B = p,(w). If

/ = S(Bw) then by orthogonality/ = B~1S(B2w) holds as well from which it is easy

to deduce that / # 0 in C cut along A and m = I + 1. Moreover, the polynomials
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p„(Wf) defined by (4) satisfy the recurrence formula (6) for n = 0,1,_Therefore

pn{wf) are the (/ + 2)th kind or associated orthogonal polynomials. However, they

are not necessarily orthogonal with respect to an absolutely continuous distribution.

Let, for example, w(x) = \x\e for -1 < x < 1 with w supported in [-1,1] where

e > 1. Thenpn(w, 0) = 0, n odd, and using (4.1.6) of [13] one can show that

0 <  lim n'epln(w,0) < oo.
n—* oo

Thus

(12) £  p'2(0) < oo
n even

holds. It follows from (7) that if / is even then

/       x _ Í0, n even,

P«-m\wf<v) " \P/(w,0)/a„7r/7„_1(w,0),     n odd,

and since lima,, = \ (see e.g. [8, Theorem 7.4]), we obtain from (12) Z^_0/^(wy,0)

< oo from which we can conclude that for / even the distribution function lor pn(wf)

has a mass point at 0 (see e.g. [12, p. 45]). The same observation with similar proof

holds for w defined by

1,     j<\x\ < 1,

í 0,    otherwise.

Therefore the property that the orthogonal polynomials defined by a recurrence

formula are orthogonal with respect to an absolutely continuous distribution is not

an inheritable property of the sequence of the recurrence coefficients. However,

when log w(cos 6) is integrable and w is supported in [-1,1], that is, w belongs to the

Szegö class, then w, is the absolutely continuous component of the distribution

function of the associated polynomials which can be seen as follows. Let d\p = d\p¡

be the distribution function of the (/ + 2)th kind orthogonal polynomials (d\p_l =

wdx). Then by the fact that /# 0 outside [-1,1] and by Geronimus' theorem [6,

Theorem 9.2], \p' belongs to the Szegö class as well. It follows from (4) that

-,    v ,.        Pn-m(Wf>Z)
G(z) =  hm --,-r—

n^oo      Pn\W,Z)

exists for every z G [-1,1] and G(z) = f(z). By Szegö's theory [13, Theorem 12.1.2]

\G+(x)\
w(x)

y(x)

1/2

for almost every x in [-1,1]. Hence ^' = w\f+\'2; that is, ip' = uy almost everywhere.

Example 4. Let w be a generalized Jacobi weight (see e.g. [8, Chapter 9]); that is,

w is supported in [-1,1] and

m

(d)        w(x) = g(x)(i - x)t° n\x-'k\ 4(i + *)rw+i
k = l

for-1 < x < 1 where g > 0, g±x g L°°[-l,l], -1 < tm < tm_l < ■■■  < r, < 1 and

r¿. > -1 for 0 < k < M + 1. Let us take the associated polynomials. More precisely,
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/ > 0 is given, B = p,{w),f= S(Bw) and m = I + 1. From/= B'1S(B2w) follows

that

\f+(x)\>-'•--flw(t)dt
17 + 1   "     (\x\+l)\B(x)\"J-i

for |;t| > 1. Since there exists a p > 1 such that w g Lp[-\, 1] as well, the function

(1 + |5'+(H')l)l/+r1 ^ integrable on every interval disjoint with (-1,1). Applying

(10) with n = / + 1 we get

Po(wf)-
w    ^ \S+{p,+ 1(w)w)\

«;

Sincep0(wf) is a nonzero constant and/+=E 0 almost everywhere, we obtain

l+|S+(w)|
(14)    - ' < const

¡A! w w w

Now assume that w"1 is integrable on [-1,1]; that is, all Y'k - s in (13) are less than

1. Then there exists a p > 1 such that w~p is also integrable on [-1,1]. Thus we can

apply the fundamental Lemma of [9] to the right side of (14) according to which the

right side of (14) is integrable. Hence (1 + |S+(w)|)|/+r1 g Ll[-1,1]. Consequently,

if w'1 g Ll[-1,1] then the weight function of the associated polynomials is given by

(3); that is,

(15)
/   \                                           w(x) , .,

wf(x) =-^—--,        -1<X<1.
{^i-iPt(w,t)w(t)/(x- t)dt)  +(p,(w,x)w(x))

Another case is when w'1 is integrable only on every proper subinterval of [-1,1]

but not on [-1,1] and the function g in (13) is continuous in a right neighborhood of

-1 and a left neighborhood of +1 with modulus of continuity u satisfying

fico(f)f1 u[.t   j
/  —^-dt < oo.

Je        t

Under these conditions it is easy to show that

hm |/+(x)| = |/+(±l)|>0.
JC->±1

Hence (1 + |5+(w)|)|/+|_1 is integrable on every small enough interval containing

either -1 or 1. Moreover, we can apply the Lemma of [9] to (14) to show that

(1 + \S+(w)\)\f+\'1 is integrable on every proper subinterval of [-1,1]. Thus (15) is

again the weight function of the associated polynomials. Some particular cases of

(13) when g = 1 and M = 0 have been considered in [2, 3, 10 and 11]. (See also [4].)

Example 5. Let w be given on an interval A and suppose w'1 g L°°(A) and

w g L2(A). Consider again the associated polynomials. Repeating the reasoning in

Example 4 and applying (14) we immediately obtain that the weight function of the

associated polynomials is (3) which is the same as (15).
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For associated orthogonal polynomials with weight functions supported on in-

finite intervals see [1] and the references therein. If the recursion coefficients in (5)

make sense for all positive n then it is possible to define the associated orthogonal

polynomials by (6) for noninteger positive m's as well. (See e.g. [1-4 and 10].)

However, our approach is unlikely to yield interesting results for this case.

The author wishes to express his sincere appreciation to T. I. Homcomp for

spending endless hours of his time on computations that led to the discovery of the

results of this paper.
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