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EXTENDING POSITIVE DEFINITE LINEAR FORMS
JESUS GIL DE LAMADRID

ABSTRACT. In the classical literature two properties, called here symmetry and
bounded variation, of a positive definite linear form ¢’ on an involutive Banach
algebra & are given. Together they form a necessary and sufficient condition that a’
admit a positive definite linear extension to the involutive algebra obtained from &/
by adjoining an identity. In this note we show that bounded variation alone suffices,
in that it already implies symmetry.

The properties in question are
(1) (a*,a’y = (a,a’) (symmetry)
and, for some k,0 < k < + o0,

(2) l{a, a’)|" < k{a*a, a’) (bounded variation),

for a € &/. The term “bounded variation” is chosen because when a’ (on a function
algebra) is given by a measure, (2) boils down to the measure being finite.

We prove that (2) implies (1) by a bootstrap argument utilizing the classical result
stating that both (1) and (2) do not only imply extensibility, but boundedness
(continuity) of a’ [2, p. 190]. Only this result is applied, not to a’, but to an auxiliary
form a;, for which (1) and (2) are easily verified from the positive definiteness of a’
alone, even if a’ itself does not satisfy either condition. From this it follows that the
Gelfand-Segal representation for a’, which elsewhere requires (1) and (2) of a’, can
be constructed for positive definite a’ without further assumptions. A weakened
form

(3) (a*b,a’) = (b*a, a’)

of symmetry, (1), follows easily by polarization from positive definiteness; in
particular from the fact that (a*a, a’) has only real values.

The Gelfand-Segal representation acts on a Hilbert space H, and there is a
natural mapping 1: & — H,. with dense image such that

4) (nalnb ) =(b*a,a’).
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That this, in fact, is an inner product on (%) follows from (3), and, of course, from
positive definiteness of a’. The representation is by operators 7(a), given on n(.%/)
by

(5) m(a)nb = n(ab).
The auxiliary form aj, is
(6) (a, a,)y={b*ab, a’).

For aj, which is obviously positive definite, (1) follows from (3) and (2) follows from
the Schwarz inequality for a’, a simple consequence of positive definiteness. This
implies that aj, is bounded, which, as shown in [2, p. 242], yields the fact that 7(a) is
a bounded operator; hence, that = itself is bounded. This shows that the Gelfand-
Segal representation can always be constructed for a’ on an involutive Banach
algebra with or without identity, with no assumption on a’ beyond positive definite-
ness.

CLAIM 1. Suppose a’ is positive definite with bounded variation. Then there is a
cyclic vector » € H,. such that

(7) na =m(a)h
and
(®) (a,a’) = (w(a)hlh),

for everya € &.
PROOF. We “transport” the linear form a’ to n(%), via

(9) (na, h’y={(a,a’).

It follows from (2) that 4’ is both well defined (does not depend on the representa-
tive a of na) and bounded with respect to the Hilbert space norm of n(.%/). Then,
thereis an h € H,. such that

(10) (a,a’) = (malh).
We establish (7) by “testing” it against an arbitrary nb € n(/). Thus
(11)  (nblna) =(a*b, a’) = (n(a*b)|h) = (m(a*)nblh) = (nb|m(a)h).

which establishes (7). Now (8) follows immediately from (10) and (7).

CLAamM 2. Every positive definite form of bounded variation on an involutive
Banach algebra is symmetric; hence, bounded.

This is now immediate, because any a’ given by (8) has all the desired properties.
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