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MULTI-DIMENSIONAL ANALYTIC STRUCTURE

AND SHILOV BOUNDARIES

DONNA KUMAGAI

Abstract. We give a condition under which multi-dimensional analytic structure

can be introduced into the maximal ideal space of a uniform algebra.

Introduction. Let A be a uniform algebra on a compact Hausdorff space X and M

the maximal ideal space of A. Various authors have showed that one-dimensional or

multi-dimensional analytic structure can be introduced into M provided that there

exists a suitable subset G of C, or C" respectively, with "the finite fibre property".

Thus, the classic theorem on the subject by E. Bishop [5] states

Theorem 1. For f g A, define f~\X) = {x e M: f(x) = A}. Let W be a compo-

nent ofC\f(X). Suppose that there exists a subset G of Wsuch that:

(1) G has positive two-dimensional Lebesgue measure.

(2) For each A in G, #/_1( A), the cardinality of {/"'(A)}, is finite.

Then, there is an integer n such that for every A g W, #/_1(A) < n. Furthermore,

f~x{W) can be given the structure of a one-dimensional complex analytic space such

that each g in A is holomorphic on this space.

B. Aupetit and J. Wermer [1] showed that the hypothesis on G of "positive

measure" can be replaced by " positive exterior logarithmic capacity", and no weaker

condition will suffice.

Also generalizing Bishop's result, R. Basener [3] and N. Sibony [9] independently

formulated a condition for the existence of an «-dimensional analytic structure as

follows: Let A" = {(/,,.. .,/„)|/x,.. .,/„ e A), so that each F e A" maps M to C".

Let V(F) = {x e M: F(x) = (0,...,0)}. The «th Shilov boundary dnA is defined

by dnA = closure [UF<EA»d0Ay{F)]. d0A is the usual Shilov boundary.

Theorem 2. Fix Fe A". Let W be a component of F(M)\F(dn_lA). Suppose

there exists G ç W such that:

(1) M2„(G) > 0 (M2„ is the Lebesgue measure in C).

(2) For each A G G, #F~l(\) is finite.
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Then, there exists a positive integer k such that for all A g W, #F~l(\) is at most

k. Moreover, S = (F~l(W), F, IV) is a branched analytic cover; consequently F~l(W)

is an analytic space and for every f G A,f is holomorphic on F~l(W).

When n — 1, this is Bishop's theorem.

Recently B. Aupetit [2] improved Theorem 2 by replacing (1) with the condition

that G is not pluri-polar. (G is not pluri-polar if there is no plurisubharmonic

function <j> on C such that G c {A g C"|^>(A) = -oo}.)

Aupetit's proof of the above requires that G is contained in F(M)\F(d„_1A). By

the definition of the «th Shilov boundary, we have d0A ç d0Al ç • ■ ■ ç M. Since a

component of F(M)\F(dn_lA) is open in C" [3, Lemma 2], it is contained in the

interior of F(M)\F(d0A). In this paper we formulate a condition for an «-dimen-

sional analytic structure assuming that G is a non-pluri-polar set contained in the

interior of F(M)\F(d0A). The hypothesis of "non-pluri-polar set" on G is then

replaced by a more general "uniqueness set". (Let ß be a region in C". G ç ß is a

uniqueness set (for fi) if every plurisubharmonic function on Í2 that converges to -oo

at every point of G is identically equal to -oo on ñ.)

Our main results are stated in Theorems 3 and 4. We make essential use of the

plurisubharmonicity proof for a certain class of functions associated with a uniform

algebra, which the author developed in [7] and extended in [8]. We give an example

covered by Theorem 4 of this paper but not by the Basener-Sibony-Aupetit Theo-

rem.

Example. Let A2 be the open unit bidisc in C2 and A = A(A2). Then d0A =

{(z, w) g A2: \z\ = 1, M = 1}; dxA = {(z, w) g A2: \z\ = 1 or \w\ = 1}; and d2A =

A2 = M. The set G = {(z, w): \z\ < 1, |w| = 1} is a uniqueness set for A2 and its

4-dimensional Lebesgue measure is zero. If we take F to be the map (z,w) then G is

contained in F( M ) \ F( d0 A ) but not in F( M ) \ F( 9„ _ j A ).

Theorem 4 can be readily extended to the case where #{F_1(A)} is assumed to

be countable on G in view of Basener's Theorem [4].

We introduce some definitions and notations. Fix F ^ A" and denote by J( the

subset of the Cartesian product of «-copies of M consisting of the points m =

(m1,...,mn) such that F{mx) = •■■ = F{mn). Define the projection 77 on Jt by

7r(w) = F(mj). Let 31 be the uniform algebra on Jlgenerated by the functions of the

form 8 -> gi(Oi) ■ ■ ■ g„(0„), g, g A, i = 1,2,...,«. The maximal ideal space of 21 is

Jt.

Lemma 1. Let fi be a component of the interior of F(M)\F(d0A) in C". For each

T g 31, the function 4>, defined by

<j>(\) = log{max|T(0)|: 0 g 77"1(A)},

is plurisubharmonic in ÏÏ.

Proof. The upper semicontinuity of <t> is proved by a standard method (see [11, p.

139]). We must show that if L is a complex line contained in Í2 the restriction of <j> to

L is subharmonic. Let D be a disc contained in L. For some a/k and yk in C,

«-1

L= fl UA1,...,AJgS2
k = l
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Put

V= \m^J( Zajkfj{ml) = yk,k=\,...,n-l\.

By 31 y we mean the restriction algebra, 21K = {/g C(K)|/is the uniform limit of

functions in 31}. The maximal ideal space of %v is V. Choose a polynomial P with

4> < ReP on MX Then, for each f in bD, maxw-i(i)|T| ■ \e~p^)\ ^ 1. We must show

that </> < RePonß.

Fix z G Ö. There exists 0 g 77-_1(z) such that |t(0)| = max„-i(;:)|T|. The function

f? -> t(6) ■ e-^/if*'»-■••/„(»i»> restricted to K, is in 2iK. We shall show in Lemma 2

that 7r_1(^) £ ^X^nl^r!- Assuming that Lemma 2 is true, by the local maximum

modulus principle of 31 v applied to ir~x{D),

\r(9)\ -|e-jp(/i(*i).-••/»(»»))I <|T(a)| - |c.-/'t/'i(«i)---/„(«i))I

for some a = (a,,.. .,«„) g ¿>[7r_1(Z))] ç -n~x(bD). Hence

|T(0)|.|e-/></1(01>.../„«M)|< i

_
Thus, for an arbitrary z g £>,

<í>(z) = logmax{|T(ö)|: Ö g r"l(z)} < ReP(z).

This proves Lemma 1 assuming that it~x{D) c V\ 9J3Í v], which is to be proven.

Next we deduce an important consequence of Lemma 1.

Corollary 1.1. Fix g g A, F g A". For each k g N,

*t,f(X) = logmaxf     El     IgW-gWl-.^OjeF-W)
v 1 < i <j « A /

is plurisubharmonic on ß.

Proof. n1</</<jt(*(*,) - g(0,)) g 31. If 0lf... ,0A. e F^A), then (0l5. ■. ,<?*) e

7r_1(A). The plurisubharmonicity of ipk   follows from Lemma 1.

Theorem 3. Fix g g A and F g A". Let ß be a component in the interior of

F(M)\F(d0A) in C. Suppose that there exists a subset G of & with the following

properties:

(i) G is not pluri-polar.

(ii) For every A g G, # {g ° F_1(A)} is finite.

Then, there exists A: G TV such that for each A in ß, # { g ° F'x( A)} is at most k.

Proof. The condition (ii) implies that G = ÜieNG¡, where G¡ = {A g G\g as-

sumes i values on F'l(X)}. For some k g N, Gk is non-pluri-polar. Since for each

A g Gk, g assume k values on F_1(A),

max fi       \g(O,)-g{0J)\=O
e¡,0¡^F-\\) i « ; < / < a +1

on Gk. Hence, $k + i,g - _0° on ^- This implies that g assumes at most k values on

F_1(A) for each A g ß. Take k to be the largest integer such that ßA. n ß # 0.

Thus, ß = Uf=1ß,,
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We shall now prove the hypothesis used in Lemma 1.

Lemma 2. Use notations as in Lemma 1.

v-l(D)Q V\d0[%v].

Proof. Let s g ir-\D). Then <n(s) = F(j,) = (f^),... ./„(s,)) g D c L.

Therefore, s g K. We need to show j <£ 60[3t K]. Put a = 7t(j). Let {/be an open disc

contained in L and centered at a. Let bll be the boundary of U in the topology of L.

For each function // in 3Í v we shall construct a bounded analytic function y on {/

satisfying //(s) = y(a) and |y(a)| < max.„-iihU)\H\. We may assume without loss of

generality that H takes the form,

(1)      H($lt...,9n)-Z T\*iA*t)\       (^,...^„)gF,/g/V,«,7g^.
i = l 7 = 1

Let Uj be the projection of U on theyth coordinate axis. F~X(U) = Hj-il'ff\Uj)}

and it is A -convex. Moreover, F~X(U) n d0A = 0. Let f¡ be the restriction of/j to

F "'({/). By the local maximum modulus principle applied to A with respect to

F'l(U), 3o-^f-'(¿7) £ ffl(bUj). Let ft, be a representing measure for s^ concentrated

on ü0AF-i{üy For each «,7 in (1), define

*ff\bUj) fj      z

Assertion. tj,- ■ has the following properties:

(i) Jj,, is bounded and analytic on U,.

(ii) If £ • g £{/ and a nontangential limit i],7(|7) = limz_jT},,(z) exists, then

|ly(i/)|< max \hu\-

(ÍÍÍ)T),7(^) = A ,-/.$,■).
The proof for the assertion is the same as that used by Senickin in [10, Lemma 7].

Using the functions, tj,- ■ defined above, form a bounded analytic function y on U as

/      n

y(z1,...,z„)= £ Yln,j(zj).
1=17=1

Choose £. G bUj so that all the nontangential limits í),7(¿7) = lim,^ tj(-7-(z), z g {/,

1 </</, exist, and (¿1(...,É„) e¿í/. Put

y(€i, •■•,£„) = I»».        Y.(ilt...',£„)>
('i.ï„)-(îi.£»)

Using essentially the same proof as in [8, Lemma 2] we obtain

|y(l!,...,£„)!<   max   \H\.

This is true for almost all points in bU and y is analytic. So,

|y(a,,...,a„)| «:   max   \H\.
■n~l{hU)
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Hence

|//(s)|<   max  \H\.
n-\bll)

Since s and H were chosen arbitrarily and 90[3lK] is the closure of the generalized

peak points of 31 v, this yields the desired conclusion

d0[Ky]nir-x(D)= 0.

Theorem 3 can be extended, using the same proof, as follows.

Definition. Let ß be a region on C". We say G ç ß is a set of uniqueness for ß if

every plurisubharmonic function defined on ß that converges to -oo at every point

of G is identically equal to -oo on ß.

Corollary 3.1. Let ß be a component of the interior of F(M)\F(d0A) and ß its

closure in F(M)\F(d0A). Suppose there exists a subset G o/ß satisfying

(i) G is a set of uniqueness for ß.

(ii) For every A g G, # {g ° F_1(A)} is finite.

Then, there exists k g N such that for each A in ß, # {g ° F~X(X)} is at most k.

The following lemma is a special case of Theorem 4.

Lemma 3. Let A, M, and F be as before. Suppose that W is a component of

F(M)\F(dn_xA), and suppose g g A is constant on F"'(A) for every A g W. Then,

g° F'x is analytic on W.

Proof. We show g ° F~x is analytic in each variable. Let a g W and A"(a, r) be

an open polydisc about a; à"(a, r) = n,"=1A,, A, = A(a,, r¡). Put A) =

{(a,,... ,z,,... ,a„)|z, g A,}. Note that F_1(A;) = f^ibi) n I\ where T is the set of

zeros of « — 1 functions in A. For simplicity of notation denote by / the restriction

of/) to T. Thus F_I(A,) = /_1(A,), and we shall show that g ° f~x is analytic on A,.

Consider the algebra AT. By the definition of 9„_,/4, we have d0Ar ç d„_xA, and

A, n/(90^r) = 0 since A(a, r) n F{%„_XA) = 0. Note that \Af-Hùk) ç f-\bb¡\

by the local maximum modulus principle of Av applied to/_1(A,).

Let ¡ij be the representing measure for some m, G f~x(a¡) supported on à0Af-i(ùk),

and v¡ the projection of ju, on />A,, which is the normalized Lebesgue measure on ¿>A,.

f  g°f~ldv,= ( gd\i, = g{mi) = g°f-x{a,).
•'ftA, •'/-'(/)A,)

Thus, g° f~ is a complex harmonic function.

/  (z-a^-gof-Uv^f (/-a,)"-g^, = 0       («G/V).
Jb\. Jf-\h!si)

This shows that g ° f'x is holomorphic on A, and hence, g° F x on A'.

Theorem 4. Fix F g A" and g g A. Let ii be a component contained in the interior

of F(M)\F(d0A), and ß its closure in F(M)\F(d0A). Suppose there exists a subset

G c ß such that:

(i) G is a set of uniqueness for ß.
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(ii) For every A g G, # {g ° F_1(A)} is finite.

Let W be an open connected subset o/ß such that W C\ F(dn_xA) = 0. Then, there

exists A: G TV such that the mapping F: FX(W) -» W is a k-sheeted analytic covering,

so that every f g A is holomorphic on F~X{W).

Proof of Theorem 4. By Corollary 3.1 there is a A: g TV such that W = Uf.^,

where W¡ = {A g W\g assumes i values on F"'(A)}. Without loss of generality

assume Wk ¥= 0. We shall show g ° Fx is analytic in Wk. Let A g Wk and bx,... ,bk

be the distinct values of g on F_1(A). Let D, c C (1 < / < A) be a disc centered at

b¡. Assume D¡ n £>. = 0 for i ^ j.

Assertion 1. There exists a neighborhood TV of A such that g(F_1(/V)) c Uf=1Z>,

and TV c W. This follows from continuity of g and the topology of M.

Assertion 2. Let e¡ = p-\Ñ) n g'l{D,). Then, F(e,) = TV.

Proof. Denote F|e = F,. Apply Lemma 1 of [3] to AF-\^ and e¿ to obtain

3,,-i^e, £ F^ibÑ). Recall that A g C"\F(9n_,y4e(). If / is a component with

A g J t C" \ F(3„_1^e.), by Lemma 2 of [3], F(e¡) nj = J.J contains N and F{e,)

is closed. So, TV c TV c F(e,). We have F(e,) ç TV" by the definition of e,.

Since g assumes at most A-values on every fiber, it is clear that g is constant on the

set F_1(A) n e, (ÀeiV,l<i< A). In view of Lemma 3, A -» g ° F_1(A) is analytic

on TV. We have shown that F'l(Wk.) -» W^ is a A-sheeted covering map, and also

that JPA. is open.

Next, using Assertion 2 above and the ideas of Bishop and Basener [3, p. 103], we

can show that W\ Wk is a negligible set in H^and F~x{Wk) is dense in F~X(W).

Consequently, we conclude that (F~X(W), F,W) is a A-sheeted analytic cover in

the sense of [6, p. 101]. This proves Theorem 4.
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