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AN INTEGRAL FORMULA FOR
MULTIDIMENSIONAL EVOLUTION EQUATIONS

E. O SVENDSEN

ABSTRACT. This paper contains an integral formula for the one-parameter

semigroup generated by a sum of contractions of operator-valued tensors. The

formula expresses the semigroup in terms of the semigroups generated by the

quadratic forms associated with the tensors. It is used to construct solutions of

some wave and diffusion equations from solutions of related lower-dimensional

equations.

1. Introduction. Linear differential operators on Rn can be regarded as sums

of contractions of operator-valued tensors. This paper contains a formula for the

one-parameter semigroup generated by such a sum. The formula expresses the

semigroup in terms of the semigroups generated by the quadratic forms associated

with the tensors. It is a combination of an integral formula of Kurtz [3] and a

product formula of Trotter [5].

The formula is discussed in §2, and is used in §3 to construct solutions of some

wave and diffusion equations from solutions of related lower-dimensional equations.

2. The main result. Our results are in terms of contraction semigroups on

a Banach space B. We use these sets of linear operators on B: Ctr(£?), the con-

tractions; Opr(D), the operators with domain D; and Gen(D), the operators A

in Opr(L>) whose closures generate strongly continuous one-parameter semigroups

exp(Ai) in Ctr(B). If A is in Gen(D) and F is a function from [0, oo) to Ctr(B),

we say that exp(Aí) x¿ F(t) if

exp(Ai)/ =  hm F(t/kff
fc—»oo

for all / in B.

For j = 0,1,..., k, let Tj be a tensor on Rn of type (j,j) with values in Opr(D).

As usual, identify Rn with its dual. Then Tj is a 2j-linear form on Rn with values

in Opr(ñ). Let Tj be the multiple quadratic form defined by Tj(v) = Tj(v,v) and

Ctrj(Tj) be the multiple contraction defined by

CtrJ(TJ) = J2TJ2(uil,...,uli),

where ui,..., un is any orthonormal basis of Rn and the sum is over {1,..., n}J.

Finally, let

Ctr(T) = ¿ Ctr^).

j=0
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Here is our main result:

THEOREM 1. Suppose that Ctr(T) is in Gen(D). Let pi be the (unique) proba-

bility measure on Sn~1 that is invariant under orthogonal transformations, and let

Pj be the j-fold product of pi.

(1) For each j, let Fj be a function from (S'™~1)J x [0, oo) to Ctr(-B) with these

properties: Fj(u,0) = / for all u;

(F3(u,t)-(I + T2(U)t))f = o(t)

uniformly in (Sn~1):> for all f in D (that and other limits are as t —> 0); and

F( , t)f is Bochner-integrable for all t and f.  Then

(2.1) exp(Ctr(T)t) « TT / Fj(u,nh)dpn(u).

(2) Suppose that for each u, T2(u) maps D to itself and is in Gen(D). Then the

function Fj defined byj j      j y

(2.2) FJ(U,í)=exp(T:2(u)í)

satisfies the hypotheses of part (1).

(3) If each T3 is as in part (2), then

k

(2.3) exp(Ctr(T)i) f« T7 / exp(nJT2(w)i)dpj(u).
/=o-/(S"-ip

The reason for part (1) is that some of the Fj may not be as in equation (2.2).

Since Tj(u) is invariant under changes in sign of the u¿, the integrals in (2.3)

contain redundancy (as might those in (2.1)). The redundancy is eliminated in this

version of Theorem 1 :

COROLLARY 1. Theorem 1 is true if Sn_1 is replaced by the space P™-1 of

lines in Rn that pass through the origin; u is replaced by L; T2 is replaced by the

function f2 from (P™-1)-? to Opr(D) defined by f2(L) — T2(u), where m is either

unit vector in Li ; and pj is replaced by p-j.

Let A be in Opr(L>) and F be a function from [0, oo) to Ctr(B). We say that

exp(Ai) «i F(t) if F(0) = J and

(F(t)-(I + At))f = o(t)

for all / in D.  (If A is not in Gen(D), "exp(Ai)" is meaningless by itself.)  Our

proof of Theorem 1 is based upon this lemma of Chernoff [1]:

LEMMA 1. Suppose that A is in Gen(D). If exp(Ai) «i F(t), then exp(Ai) «

F(t).

We use this version of the Trotter product formula:
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LEMMA  2.   For i = 1,...,n, let Ai be in Opr(D) and F¿ be a function from

[0, oo) to Ctr(5) such that exp(A¿í) «! F¿(í).

(1) Then

expí (¿Ajíj ^n^t),

(2) //£"=! Ai is in Gen(D), then

exp n^o-¿=i
The proof is trivial (if Lemma 1 is used). Trotter [5] proved part (2) for n = 2

and Fi(t) = exp(Ajf). (Chernoff [1] used his lemma to reprove part (2) for that

case.)

We need an integral formula for A and F that depend upon a parameter (possibly

continuous). Let A be a function from a set S to Opr(D) and F be a function

from S x [0, oo) to Ctr(S). We say that exp(A(s)i) «i F(s,t) uniformly in S if

F(s,0) = 7 for alls and

(F(s,t)-(I + A(s)t))f = o(t)

uniformly in S for all / in D.

LEMMA 3. Lei A be a function from a probability measure space (S,p) to

Opr(D) such that A( )f is Bochner-integrable for all f in D. Also, let F be a

function from S x [0, oo) to Ctr(B) such that F( , t)f is Bochner-integrable for all

t and F, and exp(A(s)i) «i F(s,t) uniformly in S.

(1) Then

exp (( Í A(s) d/zf» j « J «i / F(s, t) dp(s).

(2) If Js A(s) dp(s) is in Gen(D), then

(2.4) exp ((J A(s)dp(s)\ tY« J F(s,t)dp(s).

Again, the proof is trivial. Formula (2.4) can be found in Kurtz [3] for F(x, t) =

exp(A(s)i) and in Lapidus [4] for S a finite set.

We will use the first part of Lemma 2 and the second part of Lemma 3; in other

situations one might use the other parts, or the first parts and Lemma 1, as we

might have.

PROOF OF THEOREM 1. (1) First write Ctr^TA as an integral: Begin with

the well-known formula

(2.5) tr M = nj       u-Mudpi(p)

for the trace of an n x n matrix M. Let Mj be a complex-valued tensor on Rn of

type (j,j). Apply equation (2.5) j times, obtaining

Ctrj(Mj) = n3 f M2(u) dp,(u).
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For each f in D and /* in B*, replace M3 by (f*,Tjf). The linearity and continuity

of /* imply that

(r,Ctij(Tj)f) = (V, (^Jgm_i   Tf(u)dH(u)) A .

Therefore

Ctri(ri) = »i/ Tf(u)dp3(u)

(on D). Now use part (1) of Lemma 3 and part (2) of Lemma 2.

(2) By definition, exp(T2(w)i) is a contraction and is the identity at í = 0.

Taylor's theorem can be used to show that

\\(exp(T2(u)t) - (I + T2(u)t))f\\ < \]]T2(u)2f\\t2,

which implies that

(exp(r/(U)í)-(/ + T/(M)í))/ = 0(í)

uniformly in S1™-1.    The Bochner-integrability of exp(T2( )f)f follows from its

boundedness and the continuity of T2( )/.

(3) Use parts (1) and (2).

3. Some wave and diffusion equations. In this section A: is 1, and so

Ctr(r) = r0 + ^Ti(ei,ei).
i=i

Also, D is C™(Rn, Cm) and B is L^(Rn, Cm) for 1 < p < oo (with the lp norm on
Cm).

We will study two wave equations and one diffusion equation. The first wave

equation is

(3.1) .df/dt = (C-V + iB)f,

where the C¿ are selfadjoint m x m matrices and B is a C°° function from Rn to

the set of such matrices. Let p be 2. Then C ■ V + iB is in Gen(D) (it is essentially

skew-adjoint).

THEOREM. If L is in Pn-X and v is in L, let Pl(v) be the orthogonal projection

onto the kernel of C ■ v — \v\I. Here v is a unit vector in L such that v ■ v is

nonnegative. (Notice that v is unique unless v is zero.) Then

r

exp((C7 ■ V + iB)f) « exp(z'Bi) /        V PL(v)T(nvt) dßx{L),

where T(a)f(x) = f(x + a).

COROLLARY. Suppose there is a positive real number c such that for each u in

5n_1, the only eigenvalues of C ■ u are ±c. Let P(u) be the orthogonal projection

onto the kernel of C ■ u — ci.  Then

exp((C • V + iB)t) & exp(iBt) /       P(u)T(nctu) dp,x(u).
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PROOF. Let T0 = iB and Tx(v,w) = (C-v)(w-X7). Now use part (3) of Corollary

1 and the equality

exp(T2(u)í) = J2PHu(cu)T(ctu).
ceR

The second wave equation is

(3.2) (d/dt + ieA0)f = (C • (V - ieAs) + imM)f,

where As is (Ax,..., An), the A¿ are C°° functions from Rn to R, M is a selfadjoint

m x to matrix, and e and m are real numbers. Dirac's equation for an electron in a

smooth electromagnetic field has that form (e and to are the charge and the mass

of the electron and A is the electromagnetic potential). Using the operator

(C • V)a = C ■ (V - ieAs) - ieAo,

rewrite equation (3.2) as

(3.3) df/dt = ((C ■ V)A + imM)f.

Let p be 2 again. Even though equation (3.3) has the same form as equation (3.1)

(with B some complicated sum), we will treat it somewhat differently:

Theorem.

exp((C- V)A + imM)t) « exp(tmMi) /        V PL(v)TA(nvt,t) dpi(L),
I pn- 1      —"*

where

TA(a, t)f(x) = exp (-ie í Aj T(a)f(x).

Here J A is the integral of A (regarded as a time-independent vector field on Rn+1)

along the line from (0, x + a) to (t, x).

COROLLARY.   IfC is as in the preceding corollary, then

exp(((C -V)A + imM)t) « exp(z'mMi) /       P(u)TA(nctu,t)dpi(u).

PROOF. The proof is the same as the preceding proof except that T0 = iM,

Ti(v,w) = (C ■ v)(w ■ (V - ieA3)) - ieA0v ■ w/n,

and

exp(T2(u)i) = Y.pRu(cu)TA(ctu,t).

c€R

The diffusion equation we study is

df/dt = (kA-V)f,

where A; is a positive real number and V is a C°° nonnegative function from Rn to

R. Then fcA - V is in Gen(D).
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Theorem.

(3.4) exp((fcA - V)t) « exp((-Vt) f      T(%f2n~ktu)dpi(u)).

Also,

(3.5) exp((fcA - V)t) «a /       Tv(V2nktu,t)dpi(u),

where

Tv(a,t)f(x)=exp(- /  V(x + as/t)ds j T(a)f(x).

PROOF.  To obtain formula (3.4), let T0 = -V and F0(í) = exp(-Ví), and let

Ti(v,w) = k(v ■ V)(V • w) and

Fi(u,t) = \(T(\/2ktu) + T(-Vmu)).

We use Theorem 1. Part (2) implies that Fn satisfies the hypotheses of part (1).

We can show that Fi satisfies those hypotheses by mimicking the proof of part (2).

Part (1) yields

exp((A;A - V)t) ^exp(-Vt) /       -(T(\/2nktu) + T(-V2nktu)) dpi(u).
JSn-l  2

Now simplify the integral.

We can obtain formula (3.5) in the same way if we let To = 0 and Fn(i) = /,

and let

Ti(t>,w;) = fc(V • v)(w ■ V) — Vv ■ w/n

and

Fi(u,t) = \(Tv(s/2ktu,t) +Tv(-V2kiu,t)).

Goldstein [2] found a formula like formula (3.4) but involving a product rather

than an integral.
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