
proceedings of the
american mathematical society
Volume 93, Number 1, January  1985

COMPLETELY BOUNDED MAPS ON C'-ALGEBRAS1

CHING-YUN SUEN

ABSTRACT. In this paper we give a simpler proof of an extension theorem for

completely bounded maps defined on subspaces of C"*-algebras, a new proof of

a theorem of Wittstock [8, Satz 4.5], and a series of propositions by extending

the techniques of [7] to work in the case of a C-bimodule action on the C*-

algebras involved.

1. Introduction. A question of Kadison [5] asks whether or not every bounded

homomorphism from a C*-algebra into the algebra of operators on a Hubert space

L(H) is similar to a *-homomorphism. Hadwin [3] has shown that a bounded unital

homomorphism from a C*-algebra into Z(H) is similar to a *-homomorphism if and

only if the homomorphism belongs to the span of the completely positive maps.

Wittstock [8] and Paulsen [6] proved that the span of the completely positive

maps from a C*-algebra into an injective C*-algebra is identical with the set of

completely bounded maps. Together these two results prove that a bounded unital

homomorphism from a C*-algebra into Z(H) is similar to a *-homomorphism if and

only if it is completely bounded. Recently, Paulsen [7] proved that a bounded linear

operator on a Hilbert space is similar to a contraction if and only if it is completely

polynomially bounded. This gives a partial answer to problem 6 of [4]. Therefore,

the set of completely bounded maps between C* -algebras has been shown to play

an important role in the study of several problems in C*-algebras and operator

theory.

2. Completely bounded maps. In this section we obtain an extension theo-

rem and a new proof of a theorem of Wittstock for completely bounded maps.

Let A and B be C*-algebras. By a subspace of A we mean a (not necessarily

closed) complex linear subspace. Let Mn denote the C*-algebra of complex n x n

matrices. If £ is a subspace of A and L: £ —> B is a linear map, then we set

Ln = L ® In : £ <g> Mn -> B <g> Mn by

Ln(a <g> 6) = L(a) ® 6.

The map L is positive if L(a) > 0 whenever a G £ and a > 0, and is completely

positive if Ln is positive for all n = 1,2, — L is completely bounded if supn ||L„ ||

is finite, and we let

||L||cb = sup||Ln||.
n

If Unlieb < 1, then L is called a complete contraction (or completely contractive).

If £ Ç A is a linear subspace with £ = £* and L : £ -+ B is linear, then we define
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a linear map L* : £ —> B by

L*(a) = L(a*y.

Let Re(L) : £ -> ß and Im(L) : £ -» B be defined by

Re(L) = £(L + L*)    and    Im(L) = i(L - L*),

so that

L = Re(L) + iTm(L)

with Re(£)* = Re(L), Im(L)* = Im(L) and Im(L) = Re(-iL).

DEFINITION 2.1. Let A, B. and C be unital C*-algebras. Let C be a subalgebra

of A and B with /<- = I a and /<? = Iß- Let 0: A —» B be a linear map. We call <j)

a C-bihomomorphism [8, Satz 4.2] provided

0(ciac2) = cx(j>(a)c2l    for all ci,C2 G C.

DEFINITION 2.2. Let A and B be C*-algebras, and let tpt : A -> B be completely

bounded maps for ¿ = 1,2. We define ipx < ^2 provided -02 — i/>i is completely

positive.

A C*-algebra A is called injective if it has Arveson's extension property. We

know that a C*-algebra A is injective if and only if there is a completely positive

projection of £,(H) onto A [2]. Hence A ® Mn is injective, for n = 1,2,..., when

A is injective.

LEMMA 2.3. Let A,B and C be unital C*-algebras. Let C be a subalgebra of

A and B with Ic = I a and Ic — tb, and let 0¿: A —» B be C-bihomomorphisms

for i = 1,2,3,4. If the map 4>: A® M2 -» B ® M2, defined by

4>x(a)    <j>2(b)\

^3(c)    <j>4(d)J

is completely positive, then:

(1) i¡) is a C © C-bihomomorphism;

(2) 4>x and <j)\ are completely positive C-bihomomorphisms;

(3) <j)2 = </>3 is a completely bounded C-bihomomorphism;

(4) ±Re X<p < (4>x + </>4)/2 /or all complex numbers X with \X\ = 1;

(5)
N|cb(0l)„(te;)(o<i)*) >  ((02)n((aî,)))((02)n(KJ)))%

lh&ftcb(^)n((ai*);K-)) > ((02)n((aI,)))*((02)„((au)))

/or (a¿y) G A igi M„ and n = 1, 2,3,_

PROOF. Since C is a subalgebra of A, we can make A ® M2 a C © C-bimodule

by identifying

/ci     o\     r
ci ©c2 =      „ for c.x,c2 eC.

It is easy to see that (1) holds. Observe that

(Ma)    0\
*■ 0
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and

We know that 4>\ and <j>4 are completely positive C-bihomomorphisms.   Thus (2)

holds. Since

and

We have that

02

o  (4>2U(M)
0 0

b*3    and    ||(^)n((M)ll<IW^®Ma)||||(MII

Thus (3) holds. Note that

Ux(a) + <t>4(a)±X<t>2(a)±(X<t>2)*(a)    0

^00

for all complex numbers A with |A| = 1, so that ±ReX<j)2 < (<f>x + <¡>a)/2. thus (4)

holds. By the Schwarz inequality for completely positive maps, we have

:b^n
0    (oij) \ / 0    (ay)

0     o   Mo     0

\\ncb
(<f>x)n((aij)(aij)*)    0

0 0

0    (aij)

í("-((o    o"

_ ( ((^2)n(alJ))((4>2)n(al])y

Similarly, we have the other inequality. Thus the lemma is proved. The following

is new proof of a theorem of Wittstock [8, Satz 4.5]:

THEOREM 2.4. Let A,B, and C be unital C*-algebras with B infective. Let C

be a subalgebra of A and B with Iq = I a and Iq = Ißt kl C be a complex subspace

of A with cxLc2 Ç £ for all cx,c2 G C, and let L: £ —► B be a completely bounded

C-bihomomorphism. Then there exists a completely bounded extension L: A —+ B

of L which is a C-bihomomorphism with ||L||cb = ll-^llcb-

PROOF.  Without loss of generality, we may assume that ||L||cb = 1. Let

] : cx,c2 e C and o,b G £ > ,
c2 /
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and define <j> : S -> B ® M2 by

Cl     a  | | _ /    ci       ^(a)

6*    c2 ) ) " I L(bY      c2

Let e be a fixed positive number and

yE*  K J
a positive element in S <8> Mn. Then

((H + e)-1/2 0 \(n + e       E    ViH + e)-1'2 0 \

[ 0 (K + e)-1'2 )\   E*      K + e)\ 0 (K + e)-1'2)-

By [2, p. 162], we have

\\Ln((H + e)-ll2E(K + e)-l'2)\\ < \\(H + e)-l>2E(K + e)-l'2\\ < 1.

Thus

/ 1 Ln((H + erl/2E(K + e)-l'2)\

\(Ln((H + eyxl2E(K+£)-V2)Y 1 )

( 1 (H + e)-WLn(E)(K + eyW\
\(K + erll2Ln(EY(H + e)-1'2 1 J

> 0.

Hence

( H + e     Ln(E)\

\Ln(E)*    K + e)-"-

Since s can be arbitrary small, we have

\Ln(Ey    k  J-

Thus the map (p is completely positive. Since B <g> M2 is injective, we know that <f>

has an extension <p: A ® M2 —> B ® M2 which is a unital completely positive map.

Let E' be a Hermitian element in (A ® M2) ® Mn and i/' a Hermitian element in

(C © C) <g> Mn with H' ±E' > 0. Since A ® M2 is a C © C-bimodule, this implies

that

¿n(H'±E') = H'±4>n(E')>0.

By [8, Satz 4.2], <f> is a C © C-bihomomorphism. We now define L: A —► ß by

setting L(a) to be the (l,2)-entry of

1/Y0 «AiIIo °JJ
For a G £ we have

»fis ;)Mä ̂
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Hence L does extend L. Furthermore, since 0 is a unital completely positive map

and

*    Ln((o,ij))

*IMK))II <
0    (atJ)

0      0

<

we obtain

Hence

< 1.

IWIcb = ||L||cb.

Finally, it is easy to see that L is a C-bihomomorphism.   Thus the theorem is

proved.

THEOREM 2.5. Let A,B, and C be unital C*-algebras with B infective. Let

C be a subalgebra of A and B with Ic = ÍAand Ic = Ib, and let L: A —> B be a

nonzero completely bounded C-bihomomorphism. Then there exist unital completely

positive C-bihomomorphisms </>, : A —> B, for i = 1,2, such that the map t/>: A®

M2 —» £? ® M2, defined by

ti<
a    b\\ =     \\L\\ch<t>i(a) L(b)       \

cd \      L*(c) \\L\U<h(d) ) '

is a completely positive C © C-bihomomorphism.

Proof. Let

S
ex     a

b*    c2
cx,c2 G C and a,b G A

and define <j>: S —> B ® M2 by

4>
ex     a

b*    c2

c\

L
(by

\L\\cb

C-2

(a)

)

As in the proof of Theorem 2.4, we may extend 0 to be a unital completely positive

C © C-bihomomorphism <j> on all of A ® M2. Let b,c* G A. We know that

0     6X

0
eS,

0   b

c    0

V

l^llcb

0

Let o' be a positive element in A with I a > a'. Then

0<
a'    0

0    0
h   0
0    0

h  o
o   o
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Let

Then

which implies q

Since each element o in A is a finite linear combination of positive elements in A,

we have

Similarly,

Now we can define

and

Then (px and <p2 are unital completely positive maps. Thus

( d>, (n\ -A-
\\L\U

<h(d)

(a) (b)

\ cb /

Let í¡j = ||L||cb0. It is easy to see that <px and 4>2 are C-bihomomorphisms. Thus

the theorem is proved.

Using Theorem 2.5, we know that ReL and ImL are dominated by the same

completely positive map in the following corollary.

COROLLARY 2.6. Let A,B and C be unital C*-algebras with B infective. Let
C be a subalgebra of A and B with Ic = I a and Ic = tb, and let L: A —> B be a

completely bounded C-bihomomorphism. Then there exist unital completely positive

C-bihomomorphisms </>, : A —> B for i = 1, 2, such that

(1) ±R.eAL < ||L||cb(<Ai + 4>2)/2 for all complex numbers X with \X\ = 1, and

(2)

l!£|lcb(<AiWK)Kr) > (Ln((al})))(Ln((al3))Y,

||L|lcb(<feWKrK)) > (Ln((al3))Y(Ln((al3))),

for (atj) e A® Mn and n— 1,2,_

PROOF. By Theorem 2.5 and Lemma 2.3, we have (1) and (2).
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