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REMARK ON THE CLASS NUMBER

OF Q(y/2p) MODULO 8 FORp = 5 (mod8) A PRIME

KENNETH S. WILLIAMS AND CHRISTIAN FRIESEN1

Abstract. An explicit congruence modulo 8 is given for the class number of the real

quadratic field Q(dr2p), wherep is a prime congruent to 5 modulo 8.

Let Q denote the rational number field. Let Q(4d) denote the quadratic extension

of Q having discriminant d. The class number of Q(Jd) is denoted by h(d). \fd>0

the fundamental unit (> 1) of Q(-/d) is denoted by ed.

If d = p, where p = 5 (mod 8) is a prime, it is a classical result of Gauss that

h(p)= 1 (mod2) (see for example [4, §3]) and the author [10, Theorem 1] has given

an explicit congruence for h(p) modulo 4, namely;

(i)       Hp)

where

(2)

_ / \(-2t + u + b + 1) (mod4),

\(t + u + 2b + 2) (mod4),

if t = u = 1 (mod 2),

if t = u = 0(mod2),

ep = i{t + "v/p ),

and a and b are integers given uniquely by

(3) p = a2 + b2,   a = l(mod4),       b = (\(p - l))\a (mod p).

In this short note we obtain the corresponding congruence to (1) for d = 8p,

where p = 5 (mod 8) is prime. In this case A(8p) = 2 (mod 4) (see for example [4,

Theorem 1(b)]) and we prove

Theorem. Forp = 5 (mod 8) aprime we have

(4) /i(8p) = 2r+Z> + 2(mod8),

where eSp = T + U-JYp is the fundamental unit of Q(y¡2p ) (of discriminant 8p) andb

is given by (3).

Proof. Our starting point is the following congruence given by Gauss [6] in 1828:

(5) /7(-4p) = -a + ¿> + l(mod8).

Received by the editors October 11, 1983.

1980 Mathematics Subject Classification. Primary 12A25, 12A50.

Key words and phrases. Quadratic fields, class number, fundamental unit, Dirichlet class number

formula.

1 The research of the first author was supported by Natural Sciences and Engineering Research Council

Canada Grant No. A-7233, while that of the second was supported by a Natural Sciences and Engineering

Research Council Canada Undergraduate Summer Research Award.

©1985 American Mathematical Society

0002-9939/85 $1.00 + $.25 per page

198



THE CLASS NUMBER OF Q(J2p~) MODULO 8 199

A proof by Dedekind is given in Volume 2 of the 1876 edition of Gauss's collected

works. In recent years the congruence (5) has been reproved by Barkan [1, Corollary

2, p. 828 (with a misprint corrected)] and Williams and Currie [12, pp. 971-972].

Next we set

S, £ (f),   / = 0,1,2,3.
ip/S<x<(i + l)p/8--P

Dirichlet [5, p. 152] proved in 1840 that

(7) h(-Sp) = 2(S0-S3),

and Holden [8, p. 130] proved in 1907 that

(8) h(-4p) = -2(S0 + S3).

Adding (7) and (8) we obtain

h(-4p) + h(-8p) = -453 = 4S3 (mod8)

(P-V/2

= 4      £       l(mod8)

, 4^ (mod8),

that is

(9) h(-4p) + h(-ip) * \(p + 3) (mod8).

The congruence (9) has been rediscovered many times (see for example [3, p. 282];

[7, p. 188]; [9, p. 188]). Appealing to (3), we have, as b = 2 (mod 4),

(10) \(p + 3) = a + 3(mod8).

Putting (5), (9) and (10) together we obtain

(11) h(-Sp) = 2a-b + 2 = b (mod8).

The congruence (11) has been given by Barkan [1, Corollary 1, p. 828]. The required

congruence (4) now follows from (11) and the congruence

(12) /7(-8p) = /i(8p) + 2T+2(mod8),

which has been established independently by Barkan [2, Lemma 2] and Williams [11,

Theorem p. 19].

Example, p = 2861. In this case we have a = -19, and b = -50, as ((p - l)/2)!

= 1659 (mod 2861). Also e228gg = 15507 + 205^/5722 , so T = 15507, U = 205, and

the theorem gives A (22888) = 2 • 15507 - 50 + 2 = -2 (mod 8). Indeed h (22888) =

6.

It appears very unlikely that there is a similar result to (4) for primes p = 1

(mod8) since for the primes 1097 ( = 9 (mod 16)) and 1481 (=9 (mod 16)) we have

r=l(modl6),    U= 4 (mod 16),   a = 13 (mod 16),   Z> = 0(modl6),

yet

h (8 • 1097) = 2 (mod 8),   h (8 • 1481) = 6 (mod 8).
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