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STABILITY RESULTS FOR PERIODIC SECOND ORDER

LINEAR DIFFERENTIAL EQUATIONS

L. H. ERBE1

Abstract. Sufficient conditions for stability, asymptotic stability and instability of

the trivial solution of a periodic second order linear differential equation are

obtained.

1. Introduction. Consider the second order linear differential equation

(1.1) Lx = x" + px(t)x' + p0(t)x = 0,

where p¡(t) are continuous real-valued functions of period u, and to is a positive

constant. In this note we obtain sufficient conditions for stability, asymptotic

stability and instabihty of the trivial solution of (1.1). These properties are, of

course, completely determined by the Floquet characteristic multipliers \x, \2 of

Lx = 0; i.e., the roots of the equation

(1.2) \2-A\ + B = 0,

where A,A2 = B = exp(-uJ), J = (l/w)/0ü'px(t)dt and A = xx(u) + x2(w). Here

x,, x2 are solutions of Lx = 0 satisfying x,(0) = 1, x'x(0) = 0, x2(0) = 0, x2(0) = 1.

Therefore, there exists no simple method for explicitly determining \x, X2, given

Pi(t). However, the stability properties of Lx = 0 may be related to periodic

boundary value problems and it is this method which we shall employ here. We refer

to the book of Hartman [3] and the monograph of Magnus and Winkler [6] for a

discussion of Floquet theory; in particular, the latter deals with the second order

equation in the form of Hill's equation. The papers [1,2,5 and 9] have discussed the

stability problem for the third order case.

It is natural to consider three cases when discussing the stability of (1.1) according

as J is positive, zero, or negative. Thus, a necessary condition for asymptotic stability

of (1.1) is J > 0 since a,a2 = B < 1. Similarly, stability occurs only if J = 0 (i.e., all

solutions are bounded for all t). Likewise, there will exist linearly independent

unbounded solutions of Floquet type only if J < 0.

We shall consider the characteristic polynomial

(1.3) Q(Y,t) = y2 + px(t)y + Po(t)
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and we define the sets S, T of real numbers by

(1.4) 5= {y:Q(8, t) > 0 for allS < y, 0 < t < co},

(1.5) T= (y: 0(5,0 > 0 for all 5 > y, 0 < t < co}.

We note that 5 is not bounded above iff T is not bounded below iff S = T =

(-co, + oo). If S is bounded above then we set

(1.6) a = sup S,       ß = iniT

so that a < ß. In fact, since S is bounded above iff Q(y0, t0) < 0 for some (y0, r0),

it follows by continuity that Q(y, t0) < 0 for all y near y0, and hence a < ß. In §2

we shall obtain bounds on the characteristic multipliers Xx, \2 in terms of a, ß, and

shall discuss the application of these techniques to some examples in §3. These lead

to some bounds for the multipliers of Hill's equation (§3, Example 2). The results

obtained apply to parameter values in the so-called zeroth interval or zone of

instability. We do not, however, discuss intervals of stability and instability for Hill's

equation. The monograph [6] contains an excellent discussion along with additional

pertinent references.

2. Recall that an nth order linear differential equation is said to be disconjugate

on an interval / in case no nontrivial solution has more than n - 1 zeros (counting

multiplicities) on /. We begin with a result which gives upper and/or lower bounds

on the real characteristic multipliers of (1.1).

Theorem 2.1. Assume that Lx = 0 is disconjugate on [t, t + co] for all 0 < t < co.

Assume further that for any y e S (y e T)we have Q(y, t) * 0 on [0, a]. Then:

(a) // S is bounded above, we have

(2.1) ea"<X       (\<eßo'),

for all characteristic multipliers X o/(l.l);

(b) if S = ( — oo, + oo) = T, then (1.1) has only complex characteristic multipliers.

Proof. Suppose first that S is bounded above so that a < ß are well defined by

(1.6). If there exists a negative characteristic multiplier, then there exists a solution

v(t) (nontrivial) of (1.1) with v(t + co) = ¡iv(t) for some ¡x < 0. But then there exists

t e [0, w] with v(t) = 0 and hence v(t + co) = 0, a contradiction. Therefore, all real

characteristic multipliers are positive. Suppose next that X > eß" is a multiplier.

Then by Floquet theory, there exists a solution w(t) (nontrivial) of (1.1) which can

be written in the form w(t) = q(t)eyl, where y = (l/to)ln X > ß and q(t + u) =

q(t) is continuous. Since (1.1) is disconjugate on [t, t + <o] for all 0 < t < w, it

follows that q(t) > 0 on [0, u]. Let u(t) = ey'(Mq(t) - 1), where M = max(l/^(/))

= l/q(t0). Then u(t0) = u(t0 + w) = 0 and u(t) > 0 on [t0, t0 + co]. Also,

(2.2) Lu(t) = -Q(y, t) * g(t) < 0    on [r0, t0 + co].

On the other hand, the solution to the BVP

(2.3) Lx = g(t),       x(ro) = x(/o + co) = 0

may be written as

(2.4) u(,)=('0 + "G(t,s)g(s)ds,
* t'0
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where G(t, s) is the Green's function for (2.3). Since Lx = 0 is disconjugate,

G(t, s) > 0 for t, s G [í0, t0 + co]. Therefore, (2.4) shows that u(t) < 0 on [t0, t0 + co]

and hence u(t) = 0 so that q(t) = const. But then Q(y, t) = 0 on [r0, r0 + co], a

contradiction. Therefore, we must have X < eßu. Similarly, one shows that X > eau

must hold. This proves part (a).

(b) H S = (- co, + co), then, as in the proof of part (a), there are no negative

characteristic multiphers and the assumption that Q(y, t) > 0 and * 0 on [0, co] for

allye(-oo,+oo) guarantees that there are also no positive characteristic multi-

pliers. This proves part (b).

For convenience, we list several conditions which will be needed subsequently.

(Hx) ß < 0 and for any y G T, Q(y, t) * 0 on [0, co].

(H2) a ^ 0 and for any y e S, Q(y, t) * 0 on [0, co].

(H3) ß « - \J and for any y£i, Q(y, t) * 0 on [0, co].

(H4) a > - y and for any y G 5, ß(y, t) * 0 on [0, co].

We may now prove

Theorem 2.2. Assume J > 0 and that Lx = 0 is disconjugate on [t, t + co] for all

0 < t < co. Further, let one of the conditions (H,), (H3), or (H4) hold. Then the BVP

(2.5) Lx=f(t),   x(0) = x(co)        (/(, + co) =/(/))

has a unique asymptotically stable periodic solution for any periodic continuous f.

Further, //(H3) or (H4) holds, then all characteristic multipliers of (1.1) are complex so

that Lx = 0 is oscillatory on ( — oo, + oo).

Proof. It suffices to show that any one of the conditions (Hx), (H3), or (H4)

implies that the characteristic multiphers Xx, X2 of (1.1) satisfy |X,| < 1, / = 1,2.

Since B = XXX2 < 1, we see that if (H,) holds, then there are no real multiphers > 1

by Theorem 2.1. Since the complex multiphers occur in conjugate pairs, it follows

that \X¿\ < 1, i = 1,2. If (H3) holds, then any real characteristic multiplier satisfies

0 < X < eßa. Thus, if both Xx, X2 are real, then we would have XXX2 < e2ßu < e~uJ

= B = XXX2, a contradiction. Therefore, both Xx, X2 are complex and |X, | = |X2| < 1.

Similarly, if (H4) holds and Xx, X2 are both real, we would have B = XXX2 > e2"" >

e-"J = b, again a contradiction. Thus, either (H3) or (H4) imphes that X,, X2 are

complex and hence the corresponding solutions are oscillatory. This completes the

proof.

Similarly, we may estabhsh the following two corollaries for the cases 7 = 0 and

J < 0, respectively.

Corollary 2.3. Assume J = 0 and Lx = 0 is disconjugate on [t, t + co] for all

0 < t < co, and let condition (Hx) or (H2) hold. Then the BVP (2.5) has a unique

stable periodic solution. That is, the characteristic multipliers X,, X2 of (1.1) are

complex and satisfy \XX\ = \X2\ = 1, and Lx = 0 is oscillatory.

Proof. Since B = X,X2 = 1 and since either (H,) or (H2) imphes that there are

no real characteristic multipliers > 1 or < 1, respectively, the result follows.

The following result may be obtained in a manner similar to Theorem 2.2 and

Corollary 2.3 so we omit the proof.
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Corollary 2.4. Assume J < 0 and Lx = 0 is disconjugate on [t, t + co] for all

0 < t < co, and let one of the conditions (H2), (H3), or (H4) hold. Then the BVP (2.5)

has a unique unstable periodic solution. That is, the characteristic multipliers Xx,X2of

(1.1) satisfy |X,| > 1, i = 1,2. Further, //(H3) or (H4) holds, then Xx, X2 are complex

and hence Lx = 0 is oscillatory.

3. Examples. (1) Suppose 4p0(t) > (px(t))2 (where if 4p0 - p\ = 0 we assume

p0 * const.). Let M = max[0üJ||/7,(í)| and assume f0up0dt + 2M < 4/co. It follows

that Lx = 0 is disconjugate on [t, t + co] for all 0 < r < co (cf. [3, Example 5.3, p.

346]). Since Q(y, t) > 0 and * 0 for all y g (— oo, + oo), it follows from Theorem

2.1 that Lx = 0 has only complex characteristic multipliers. Therefore, Lx = 0 is

oscillatory and is stable, asymptotically stable, or unstable according as / =

(1/w)Jq pxdt is zero, positive, or negative. If px = 0, this reduces to an old result of

Liapunov [4].

(2) In this example we consider an application to Hill's equation which we shall

assume has the form

(3.1) x" +(-k + q(t))x = 0,

where q(t) is periodic of period it and /0"q(t)dt = 0 (q * 0). It is well known (cf.

[6,7]) that there exists a largest k0 > 0 such that (3.1) has a periodic nontrivial

solution. If k > k0, then all solutions are nonoscillatory and if k < k0, all solutions

are oscillatory (see e.g. [6,7]). It is also well known that in the nonoscillatory case, a

solution has at most one zero on (— oo, oo) [7]. If we set qx = min q(t) < 0, then for

k > k0 it follows that ß = (k — qx)x/2 and a = — ß so, by Theorem 2.1, X,, X2 are

real. If we assume for convenience that X¡ > 1 so that X2 = 1/X, < 1, then we have

(3.2) 1 <XX <exp(tr(k- qx)1/2).

Magnus and Winkler in [6, Theorem 4.3] showed that (in our terminology) if k > k0

and if x(t) = p(t)e'i' is a Floquet type solution with ft > 0, p(t + tt) = p(t), p m 0,

then

(3.3) n2>k- k0.

Since ju = 1/rrln X,, — ju = 1/wln X2, we see that (3.2) and (3.3) together yield the

estimate

(3.4) k - k0 < ft2 < k - q0;

we remark also that Moore in [7] studied the two-parameter version of (3.1),

x" + (-k + mq(t)) = 0, and obtained results concerning the region in the /cm-plane

for which the equation is nonoscillatory. Lower and upper bounds on the character-

istic multipliers for this equation can be obtained in a manner similar to the above.

(3) Assume J = (l/w)/0upxdt > 0. If there exists c > 0 such that c2 + p0(t) <

cpx(t) for all 0 < t < co and p0(t) > 0 (m 0), px(t) > 0, then ß < 0 and Lx = 0 is

disconjugate on (- oo, + oo) (i.e., the function r = -c is a solution of the Riccati

differential inequality r' + r2 + pxr + p0 < 0 on (- oo, + oo) (cf. [3, Theorem 7.2,

p. 362])). Thus, it follows that Lx = 0 is asymptotically stable.
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(4) Let a, b, c be real constants with c > 1, a, b > 0, and \etp0(t) = a(l + sin2f),

px(t) = b(c + sin2i) so that p0(t) > 0 and / = (1/tt)^px(t)dt = be > 0. Also,

since max|/70(i)| = 2a, max\px(t)\ = b(c + 1), we have by a result of Opial [8] (cf.

[3, p. 346]) that Lx = 0 is disconjugate on [/, t + tt] for all 0 < t < tt provided

(3.5) 4b(c + 1) + Zott < TT.

Thus, if (3.5) holds, then Q(y, t) = y2 + px(t)y + p0(t) > 0 for all y > 0 so that

ß < 0. Moreover, Q(y, t) > 0 if y < 0 and

(3.6) y<b(l-c).

Therefore, a > b(l — c). We see then that if (3.5) holds, it follows that Lx = 0 is

asymptotically stable and any real characteristic multiplier X satisfies

(3.7) exp(tW(l - c)) < X < 1.

Finally, if c < 2, then a calculation shows that a > - \bc = — §J and hence

Lx = 0 is oscillatory by Theorem 2.2 (i.e., the characteristic multipliers X,, X2 are

complex with \X¡\ = Bx/2, i = 1,2).

Similar examples may also be given for the case J < 0. We leave this to the

interested reader.
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