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A FORMAL ANALOGUE OF HILBERT'S THEOREM 90

R. COLEMAN

Abstract. We prove a theorem on p-adic analytic functions which formally resem-

bles Hubert's Theorem 90 and which solves a problem originally proposed by

Deligne and considered by Adolphson [A].

Let T denote the standard parameter on C and ¡ip*. the /?-power roots of unity in

C^,. Then the ring of power series R = Zp[[\ — T]] may naturally be considered as a

ring of functions on ft «.. Fix / G Z* let T1 denote the function on ¡x « which takes

e <-* e'. Then T1 g R (see [A]). Consider the following property of a series F g R:

/-i

(*) nw) = i
i-O

for all/ G Z+, e G ppX such that e1' = e.

Theorem. If F satisfies (*) then there is a G g R* such that G(T)/G(T') = F(T).

Note. Adolphson has checked this when / is of finite order in Z* [A].

Let Fe/i. Consider the following property:

f-l

(**) Z^'') = o
i-0

for all/ G Z+ and e g u„« such that e' = e.p

Proposition, (i) If F satisfies ( * * ) then there exists a G g R satisfying

G(T)- G(T') = F(T).

(ii) Moreover, if F g (1 - T)2R, G may also be taken in (1 - T)2R.

First we prove a lemma. Let Rn = R/(l - TP')R. The action F(T) <-* F(T') for

F G A induces a well-defined action on Rn.

Lemma. Suppose FeÄ„ such that

(i) E^rO-o
i-O

where lf = 1 mod p". Then F(T) = G(T) - G(T') for some G G Rn.
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Proof. Let S C Z be a set of representatives of the orbits of multiplication by / on

Z/p"Z. If 5 g 5, let fs denote the order of the orbit containing s. Every element

FeRB has a unique expression of the form

A-i
F(T) =  E   E J»,.,!'''

seS í-0

where bsi g Z„. If F satisfies (1) then it follows immediately that Y.{c0lbf>( = 0 for

s g S. The lemma itself now follows immediately.

Proof of Proposition. From the lemma it follows that for each «>0we can

find a G,, g R such that"

H„(T) = G„(T) - G„(T') = F(T) mod (1 - Tp").

It follows that

(2) lim H„(T) = F(T).
n—*cc

(Note. The topology on R is the (p,\ - rj-adic topology.) Let G be a cluster value

of the sequence {Gn(T)} in R. From (2) it follows that G(T) - G(Tl)= F(T).

Finally, we may take G(l) = 0 and then (ii) follows by comparing coefficients.

Proof of Theorem. Suppose F satisfies ( * ). Then F(\) = 1. Let

H(T) = log(F(T)) - \og(F(Tp))/p.

Then H(T) g (1 — T)2R using the Dieudonné-Dwork lemma and satisfies (* *), so

there exists a K(T) g (1 - T)2R such that K(T) - K(T') = H(T). Set

E K{Tn
,„-o     P"~

It follows that G(T) g R again by the Dieudonné-Dwork lemma and G(T)/G(T')
= F(T).
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