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CYCLIC VECTORS FOR BACKWARD
HYPONORMAL WEIGHTED SHIFTS

SHELLEY WALSH!

ABSTRACT. A unilateral weighted shift 7 on a Hilbert space H is an operator such
that Te, = w,e,,, for some orthonormal basis {e,}5.o and weight sequence
{w, }3. - If we assume w, > 0, for all n, and let B(n) = wy -+ w,_, forn > 0 and
B(0) = 1, then T is unitarily equivalent to f — zf on the weighted space H>(B) of
formal power series %_,f(n)z" such that £%_,|f(n)|?[B(n)]? < . Regarding T
as multiplication for z on the space H?(8), it is shown that, if w, 71 and f is analytic
in a neighborhood of the unit disk, then either f is cyclic for T* or fis contained in a
finite-dimensional T*-invariant subspace. This was shown—by different methods—
for the unweighted shift operator by Douglas, Shields, and Shapiro (2]. It is also
shown that every finite-dimensional T*-invariant subspace is of the form

((z=ea)™ (2= &) H*(B))" .

for some aj,...,q, in the unit disk and n,,...,n, positive integer.

1. Introduction and notation. Let U be the unilateral shift on the Hardy space H?.
It follows from Beurling’s theorem that a function f is noncyclic for U* if and only if
f € (pH?)* for some inner function . But this is not a very useful condition for
determining whether a given function is cyclic for U*. In [2], Douglas, Shields and
Shapiro give a much more useful characterization (Theorem 2.2.1), which has as one
of its consequences Theorem 2.2.4, which states that if f is analytic in a neighbor-
hood of the unit disk then f is either cyclic or a rational function. Since the functions
which are contained in a finite-dimensional U*-invariant subspace are precisely the
rational functions, Theorem 2.2.4 can be restated as follows.

THEOREM 0. If f is analytic in a neighborhood of the unit disk, then either f is cyclic
for U* or f is contained in a finite-dimensional U*-invariant subspace.

The main result of this paper is that this is true for any hyponormal weighted shift
with unit norm. This is proved in §2; in §3 the finite-dimensional invariant
subspaces for hyponormal weighted shifts are characterized.

Throughout this paper T will be a hyponormal weighted shift with unit norm. We
use the weighted space notation used in [3], and we assume that T is the operator on
H?(B) defined by Tf = zf. If S is an operator, 6(S), 0,(S), and 0,,(S) will denote
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108 SHELLEY WALSH

its spectrum, point spectrum, and approximate spectrum, respectively. If f € H?(B),
then [ f ], will be the smallest T*-invariant subspace containing f.

Since T is hyponormal with unit norm, we have w, 11, so [B(n)]"/" - 1. It
follows that any function in H2(f) is analytic on the unit disk. If |a] < 1 and n is a
nonnegative integer, let

j=n [B(/)]2
Then K, , € H?(B) and, for any fin H*(B), we have

oK)= L i (= n+ DIl = 7).
Jj=n

Since the function K, , will be used particularly often, when it is convenient we will
callit K.

2. The main result.

THEOREM 1. If T is a hyponormal unilateral weighted shift with unit norm and f is
analytic in a neighborhood of the unit disk, then either f is cyclic or f is contained in a
finite-dimensional T*-invariant subspace.

We prove this by way of the following lemmas.

LEMMA 1. If|a| < 1 and f € H*(B), then

(i) (T* — a)f = O if and only if f is a constant multiple of K ;

(i)

(T*—&)(LK )=—1——K foranyn >0
nl ean (n—l)' a,n—1 .

PRrOOF. (i) For any g in H*(B), we have (g,(T* — @)K, = ((z — a)g, K,) =0
so (T* — @)K, = 0. Conversely, suppose (T* — a)f = 0. Since the polynomials are
dense in H2(B) and (T — «) is bounded below (by Proposition 8.13 in [1]), if g is in
H?(PB), then the function (g — g(a))/(z — a) is also in H?(B). Thus if g € H*(B),
then

(8.1 = <g e-sl ), f>+g(a)H2(a)<1 1

<g g_sla) (. —a)f>+g(a)<1 £ = g(a), 1).
Therefore f = (1, f)K,,.

(ii) If g € H*(B), then

(8T =) 5rKen)) = (e = 08 37K = 55— )0) (@)

=(n—_11—)!8("—1)(“)=<g’ (—n—LlYK“_l) O
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LEMMA 2. If M is an invariant subspace for T* then
o ( T* M) N{lz| <1} = o,( T*|M).

PROOF. Let & € 0,,(T*| M) with |a| < 1. Then there exists a sequence of functions
{f,} in M such that ||f || =1 and |(T* — @)f,|| = 0. Let f, = ¢,K, + g,, where
g, L K,. Then |(T* — a)g,|| = 0. The subspace (T* — a){K,}* is the range of
T* — &, which is closed by Proposition 8.13 of [1], so T* —a: {K,}'—
(T* — @){ K,}* is invertible. This implies T* — & is bounded below on { K, }*, so
gl = 0. Since || f,|| and || g, || are bounded, the sequence {c, } is bounded, so it has
a convergent subsequence {c, }. Let ¢ =lim;_c,. Then f, — cK,, so @€
o,(T*|M). O

LEMMA 3. If f € H*(B) and there is a constant C such that ||q(T*)f|| < C||q|| for all
polynomials q, then
o( T*I[/1s) n{lzl < 1} = o, ( T*I[/]4)-
PROOF. Let a € o(T*|[f]4) with |a| < 1. By Lemma 2, if a@ € 0,,(T*|[f]4), then
& € 0,(T*|[f14), so assume @ is in the compression spectrum. Then there exists a

nonzero function g in [f], © (T* — @)[f]s. Let g*(z) = g(Z), and let {gq,} be a
sequence of polynomials such that g, — g* (in H2(8)). Then

lg.(T*)f = 4.(T*) fll < Clig, — 4.l = O
as n, m = oo, so {q,(T*)f} converges. Let h = lim,,_, q,(T*)f. Then h € [f],
and, for any nonnegative integer k, we have

(T* = a)h, 2% = Ch, (2 = @)z¥) = lim (g,(T)1.(z = @)2*)
= lim (£,(z = )24 4,(3)) = (£.(z -~ @)z*g)

=(T* - a)T*f, g) = 0,

so(T* —a)h = 0.
If h = 0, then, for any nonnegative integer k, we have

0=<(h,z*) = Jim (q,(T%)f, z¥)
= lim (f,q,(2)z%) = (f, g2*) =(T*'/. 8,
s0 g L [f]«, contradicting the assumption that g is a nonzero function in [ f],. Thus
h#0,s0a € a,(T*|[f]+)
COROLLARY 1. If T is subnormal and f € H*(B), then
o( T*|[£1s) n{lzl < 1} = a,(T*I[£]4).
PROOF. Let M, be the operator on H 2(B) defined by M;g = fg. Then M, is

bounded. Let g be a polynomial and let g*(z) = ¢q(z). Then since T is subnormal,
¢q*(T) is also subnormal, so, in particular, it is hyponormal, so

lg(T*) £l = I(g*(T)*/ | < llg*(T) £
=llg*(2) £l <M, [lllg*1l = M, ]| lq-
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LEMMA 4. Let f be a nonzero function in H*(B), such that
(%) 4
2n Z ['B(k—'i'nz)]V(k + n)|2 50
k=0 [B(k)]
as n = oo, for some R > 1. If 1/R < r < 1, then the intersection o(T*|[f1s) N {|z|
< r} is nonempty.

PROOF. Suppose o(T*|[fls) N {|z| <r} = @. Then (T*|[f]s)”" exists and
o((T*|[f10)7") < {lz] < 1/r}. Hence, lim,_, , [(T*|[f1&)""II'/" < 1/r so, since 1/r
< R, there exists N such that ||(T*|[f]«)""||'/" < R, for all n > N. Thus, for n > N,
we have ||(T*|[ f]+)~"|| < R". In particular,

WA= N(T*1Tf 1) " T*"f | < R7IT*"f 1,

SO

R2" [,B(k+n)]
kz=:o [B(K)]

as n — oo, contradicting the assumption that f is nonzero. O
If f € H*(B) and R > 0, let f be the function defined by fz(z) = f(Rz).

LEMMA 5. Let f € H*(B)and R > 1. If fr € H*(B) and |a| < 1, then
((T* - a)f)r € H*(B).
PROOF. Let h = (T* — a)f. Then

h(n) = f(n+l)B("( )) af(n),

2 2 2
A1 < RET*"f1" = f(k+n)[" >0

SO

X ()R (A <2 T [Bn-+ D] (n-+ 1) R

elaf’ ¥ (O] 17n) R

sohp€ H¥(B). O
LEMMA 6. If|a| < 1and K, , € [(T* — a)"f s, then K, ..., € [f]x-

PrROOF. By induction it suffices to show that if K, , € [(T* — a)f]s then
Kens1 €/1x 1K, , € (T* — @)f]s, then K, , € [ f], so since

/m)(T* - a)"K, , = K,

(by Lemma 1), it follows that K, € [ f],. Let Q be the orthogonal projection from
[fl« to [fle« N {K,}*. Since K, , € [(T* — @)f]. there exists a sequence of
polynomials {gq,} such that ¢, (T*T* —a)f > K, , (as k - «). Let f, =
0q,(T*)f. Then f, € [f]x and (T* — &) f, = K, ,
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| £l and T* — @& is bounded

The sequence {(1, f,)} is bounded, since (1, f, )| <
Hence, it has a convergent subsequence {(1, f, }}. Let d =

below on {K,}*.
ool fk ). If g € H*(B), then

<g’ fkj> =<%z(z - a)» fk,.> + <g(a)’ fkj>

= < £=8(a) (pu_ a)fkj> + g(a)(1, fi)

zZ— A

zZ—a

. (g_‘é(_"‘l)(")(a); dg(«)

1
(n+1)
18 (e) + dg(a).

Thusfki - @1/(n+ 1)K, ,., +dK,weaklyasj > c0,50K, ,,1 €[fl«
PROOF OF THEOREM 1. Let f be a function analytic in a neighborhood of the unit

disk and not contained in a finite-dimensional T*-invariant subspace. Then there

0

exists R > 1 such that f € H*(B).
Let g be a polynomial with g(z) = L¥_,a,z*. Then

Z Z [B(k+”)] f(k+n)2"

as0 ‘nmo  [B(m)]?

A [B(k+n)]
n=olk=0  [B(n )]2
<3| kllﬁ[("(““)']’z” If(k+n)|) [B(n)]?

n=0\ k=0

<% ZN: |ak|2[B(k)12)

3 2_[B(k +n)]* ) IS
(Z.:o'f Gt ml e oraonr | A0
ol 1k s LB+ ]
ot £ 5 e o LB

n=0 k=0

lg(T)f]* =

)

So to show that there exists a constant C such that ||g(T*)f|| < Cllq|| for any
polynomial g, it is enough to show that

© 2. 2 [B(k+n)]*
I (T LGk i
n=0 k=0 [B(K)]*[B(n)]

Let 1 < R’ < R. Then there is a constant C; such that 1/8(n)
C,(R’)"** for all nonnegative integers n and k. Then since [ 8(k + n)]?/[B(k)]?

< G(R)' <
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we get

”zIMk+wF
TORCGER

Since R’ < R, there is a constant C, such that (n + 1)(R")?" < C,R?", s0

i i |f (k + n)lz[,B(k + n)]A(R)**H™

n=0 k=0

If(k +n C2f(k + m) 1Bk + m)]A(R)**™.

(n+MﬂMHMMHRf”

|f(”)| [B(”)] C,R*" < .

n["]sﬁl\’ls

Fix 1/R <r <1 and let l/r < R, < R, < R. Then for sufficiently large n, we
have | f(n)| < 1/R?%, so for such an n,

PR o LLE20) PR Sy 1-TUE0)) M
k2=:0 [B(K)]? k" < & kZO [B(k)]? (RZ)

=(§ﬂ”§[BW+nnwgﬁ“<(§ﬂ“§(1»“qo
Ry) %o (Bl \Ra Ra) k2o Ra

as n — oo, so by Lemmas 3 and 4, the intersection {|z| <r} No,(T*|[f]s) is
nonempty.

Choose a, such that @, € {|z| <r} No (T*|[fls). If &), k=0,....m — 1, are
defined, let f,, = (T* — a,) - - - (T* — a,,_,)f. Since f is not contained in a finite-
dimensional T*-invariant subspace, it follows that f,, # 0. By Lemma 5 we have
(f,)r € H*(B) so, again by Lemmas 3 and 4, the intersection {|z|<r} N
6,(T*|[ f,.]+) is nonempty, so choose a,, such that a,, € {|z| < r} N o (T*|[f,]%)-
In this way we obtain a sequence { &, } of points in the disk {|z| < r}.

Suppose a occurs in {«, } at least j times, and let N be the positive integer such
that the jth occurrence of a in {a,} is ay. Then

K,€[fyile = [/}jO(T* - &k)f]* c [(T* - E)j_lf]*’

so, by Lemma 6, the function K, ;_;isin[f]s, and g/~ P(a) =0 forallgin[f]i .
Since this holds for any « occurring in {a, } and any j such that a occurs at least j
times in {a,}, any function g in [f]y has zeros at each «,, with multiplicities
according to the number of occurrences in {«, }. Since { @, } is an infinite sequence
contained in {|z| < r}, this implies [ f]5 = {0}, so fis cyclic.

3. Finite-dimensional 7*-invariant subspaces.
THEOREM 2. Every finite-dimensional T*-invariant subspace is of the form

((z= o) (2= @) H(B))"

for some a,, . ..,a, in the open unit disk and k. .., k,, positive integers.
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PrROOF. Let M be a finite-dimensional T*-invariant subspace. Then T*|M is an
operator on the finite-dimensional space M, so it can be put in Jordan form. Thus M
is the direct sum of invariant subspaces Y such that 7*|Y has Jordan form

& 0

1

01 a
for some a in C, and since ||T*|| = 1, we have |a| < 1. This means that Y has a basis
fo»- -+ »fi such that (T* — a)f, = 0 and (T* — a)f; = f,_, for i > 0. I will show that

fi= Z ,<1 fi- Ko, s

J=0

The proof is by induction on i. For any g € H?(B), we have

(. = (5 e-sle),_q), fo) + (e(a). £

- < A &)fo> + (1 fya(@) = (1, foya(a),
50 fo = (1, fo)K, - For any g € H?() we have

sty = (EED gogle) g, ) + (e 1.

zZ—a

The first term is

(£ (e qyg) - (28 ),

zZ—-a zZ - a

so if

i—1

fier= Z

J! <1 fi-n-Ka
=0

then it becomes

zZ—a

<g g(a) Z j' <l f(: 1)—/>K >

i—1 a )
= Z jl!ﬂ,fu 1)—,>(g_"&£‘_)) (a)

j=0 zZ -«
i—-1

= Z ]‘ <l f(l 1)—j>g(j+1)(a)
=0

Z <1 fi-38"(a).
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Since the second term is g(a){1, f;) = (1/01)(1, f,_o)g (&), we get

(8.1) = ¥ 3¢ £ )8 (a),

Jj=0

SO

i
1
fi=X <L S ke
j=0/"
Since it is possible to solve for each K, ;in terms of the f;’s, the set { K, o,..., K, , }
is a basis for Y. Since M is the direct sum of spaces like Y, it follows that

M=((z-a)" (2 - a)"H}(B))"

for some a,...,a, in the open unit disk and k,...,k, positive integers. O
Using Theorem 2, Theorem 1 can be restated as follows.

THEOREM 1'. If f is analytic in a neighborhood of the unit disk and f is not a linear
combination of finitely many functions of the form K, ,, where |a| <1 and n is a
nonnegative integer, then f is cyclic for T*.
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