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SUBHOMOGENEOUS AF C "ALGEBRAS

AND THEIR FUBINI PRODUCTS. II1

SEUNG - HYEOK KYE

Abstract. If C is a nuclear C*-subalgebra of a C*-algebra A, then we have

C ® D = (A 8 D) n (C <8> B) for any C*-algebras ß and D with Ocß. Using

this, we show that if A and B are AF algebras and A®FB = A®B, then either /I

or B must be subhomogeneous.

1. Introduction. Let A be an AF algebra. In the previous paper [6], we showed that

if A®FB = A®B for any C*-algebra B, then A is subhomogeneous. More

precisely, our arguments in [6] show that if A is not subhomogeneous, then

A ®FB(H)^A ® B(H). The C*-algebra B(H) is, of course, not subhomoge-

neous. The purpose of this note is to show that if A and B are AF algebras neither

of which are subhomogeneous, then A ®FB^A ® B. All notation and terminology

follow those of the previous paper [6].

2. Intersection results for C*-tensor products. Let A (respectively 5) be a

C*-algebra with C*-subalgebras Ax and A2 (respectively Bx and B2). Then, it is

clear that

(2.1) (Ax n A2) ®(BX n B2) ç (Ax ® Bx) n(A2 ® B2).

Wassermann [7] raised the question whether the equality in (2.1) holds or not, and

Huruya [3] and the author [5] gave negative answers. The following theorem gives a

sufficient condition for which the equality holds in (2.1) when Ax ç A2 and

Bx 2 B2.

Theorem 2.1. Let A and C be C*-algebras with C c A. Assume that the pair

(A,C) satisfies the following condition:

There exists a net { itx; A G A } of completely bounded linear

(2.2) maps from  A   into   C  such   that   supx{||77x||CB} < oo   and

limx||w\(x) — x|| = 0 for x g C.

Then, we have C ® D = (A ® D) C\ (C ® B) for any pair (B, D) of C*-algebras

with D c B.
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Proof.  Let  x g C ® B  and  e > 0 be given. Then, there exists an element

£ "_ xai ® b¡ in the algebraic tensor product CO B of C and B such that

x - E a, ® bi
; = 1

< e/2(M + 1),

where M = supx{||77x||CB}. Now, since 7rx ® 1:   A ® 5 -> C ® 5  is a bounded

linear map with ||wA ® 1|| < M, we have

(2.3)     ||(*A®l)(x)-*||<||*x®l| E«,

+ Elkx(fli)-a/llll*/ll +
i = i

E«,

If we choose A() such that À > X0 implies

\\7Tx(a,)-a,\\<e/2n\\b,\\    for/= 1,2,...,«,

then we have

>x®l)(x)-*||<M
e

+ x- +
2(M+1)      2      2(M+1)

= £

for A > X0 from (2.3).

Now, if x g (C ® 5) n (/I ® D), then x G C ® 5 implies x = limx(wx ® l)(x)

from the preceding paragraph, and x G A ® Z) implies that (7j-x®1)(jc)gC®Z)

because wx maps from A into C. Hence, we have

x = lim(77x ® l)(x) G C ® D.

Corollary 2.2. If C is a nuclear C*-subalgebra of a C*-algebra A, then we have

C ® D = (A ® D) n (C ® B) for any pair (B, D) of C*-algebras with D a B.

Proof. Note that the pair (A,C) satisfies condition (2.2) as in the proof of [1,

Corollary 1].

3. Fubini products of AF C *-algebras. For the sake of convenience, put M0 = M

n K(H) = {(*„); xn g M„ and lim„||xM|| = 0} (see [6, Example 2.1]). First, we

show that M0 ®F M0 J M0 ® M0.

Example 3.1. We have M0 ®F M0 d M0 ® M0. Indeed,

M0® M0= (B(H)® M0) n(M0® B(H))

c F(B(H), M0, B(H) ® B(H)) D F(M0, B(H), B(H) ® B(H))

= F(M0,M0,B(H)®B(H)) = M0®FM0,

where the first equality follows from Corollary 2.2, and the proper inclusion follows

from [4, Example 11].

Proposition 3.2. Let A, B, C and D be nuclear C*-algebras with C c A and

D a B. IfA®FB = A®B, then we have C ®FD = C ® D.
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Proof. Let A0 (respectively B0) be an injective C*-algebra containing A (respec-

tively B). Then we have C ®FD = F(C, D, A0 ® B0) c F(A, B,A0® B0) = A ® B.

Hence, it follows that

C ®FD c F(C,D,A ® B)

= F(A,D,A ® B) C\(C,B,A ® B)

(3.1) = (A ® D) n(C ® B)

(3.2) =C®D,

where the equality (3.1) follows from [2, Theorem 3.4] and the equality (3.2) follows

from Corollary 2.2.

Theorem 3.3. Let A and B be AFC*-algebras. Then the following are equivalent:

(i) A ®FB = A ® B.
(ii) Either A or B is subhomogeneous.

Proof. It suffices to show the implication (i) => (ii). Assume that neither A nor B

are subhomogeneous. Then, A (respectively B) contains a C*-subalgebra C (respec-

tively D) which is isomorphic to the C*-algebra M0 by [6,Theorem 2.3]. Now, we

have a contradiction by Example 3.1 and Proposition 3.2.
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