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DENSE Go'S CONTAIN ORTHONORMAL BASES

RICHARD MERCER

ABSTRACT. We show that a dense Gg in the unit sphere of a Hilbert space

necessarily contains an orthonormal basis. This allows us to choose an or-

thonormal basis of cyclic and separating vectors for a standard von Neumann

algebra.

In choosing an orthonormal basis for a Hilbert space, there are many occasions

when one wants to choose the members of this basis to have some special property.

Quite often the vectors with this property form a subspace, and then it is known

that there is no problem as long as the subspace is dense (Proposition 1). However,

there are occasions when the vectors of interest do not form a subspace, and the

temptation is to give up, as a little reflection shows that a dense subset need not

contain an orthonormal basis (Proposition 2). In this note we show that a dense

Gs set in the unit sphere of a Hilbert space must contain an orthonormal basis

(Theorem 10). M denotes a separable infinite-dimensional complex Hilbert space,

and M\ its unit sphere, the set of unit vectors.

PROPOSITION 1.   Any dense subspace of M contains an orthonormal basis.

PROOF. Let V be a dense subspace. Then d\ (the unit sphere of D) is dense

in M\ and, being a subset of a separable metric space, D\ is separable. Choose a

countable dense set E in V\ ; E is then also dense in M\, so the linear span of E is

dense in M. Applying the Gram-Schmidt procedure to E results in an orthonormal

set in D whose linear span is still dense in U, i.e. an orthonormal basis.    D

PROPOSITION 2.   There is a dense subset of Mi containing no orthonormal basis.

PROOF. Let {Un} be a countable base for the topology of M\. Assume that

£i € Ui, i = 1,... ,n — 1, have been chosen. The subspaces [Ci]1, i = 1,... ,n - 1,

are all nowhere dense in M, and hence their intersections with Mi are nowhere dense.

Choose £n G Un so that it does not lie in [&]-1, i = 1,... ,n — 1. The set {£„} is

then dense in Mi, but as £m is never orthogonal to £n, there can be no orthonormal

basis in this set.    D

The following lemma has a simple set-theoretic proof.

LEMMA 3. Let /: X —> F 6e a function from a set X to a set Y. Then ifUcX

and V C Y, it is always true that f(U n /_1(^)) = f{U) nV.

LEMMA 4. Let f:X —» Y be a continuous open map. Then if S is a dense G s

in Y,f~x(S) is a dense Gs in X.
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PROOF. Let F be an open dense set in Y. If U is an open set in X such that

Ur\f~x(V) is empty, then by Lemma 3, f{UC\f-l(V)) = f(U)nV is empty. Since
/(£/) is open in Y, f(U) must be empty by the density of V. Therefore U must

be empty, showing that f_1(V) is an open dense set in X. Now suppose S is a

dense G s in Y with S = f)f Vn, where each Vn is an open dense set in Y. Then

f~l(S) = Hi3 /-1(V„), which is then a dense Gs in X.    D

Let M be a separable Hilbert space and Mi its unit sphere, and let M\° = X î° M™,

each Mi a copy of Mi. Then #f° is a complete metric space with the metric

PU,V) = Eñ=i2'nMn - fh.ll, where £ = {£„} and r¡ = {nn} [5, 24.11]. If
{£fc} is a sequence in Mi° that converges to r¡, then (£k)n converges in norm to r¡n

in Mi as k —> oo for each n. Let 7r„ denote the canonical projection map from #f°

to #f, given by 7rn(£) = £„.

Define S = S(M) = {£ G Mï°\£ = {£n} is an orthonormal sequence in M}. Then

S is a closed subset of í/f° due to the norm convergence of the individual entries

mentioned above, and hence complete with respect to p.

LEMMA 5.  7rn|s is a continuous open map of S onto Mi.

PROOF. Only the openness of the restriction is nontrivial. If U C S is open and

£ G U, then U D Bp(£,e) n S for some e > 0, where Bp(£,e) represents the ball

of radius £ about £ in Mi°. Let c G Mi such that ||£n - c\\ < s. Then there exists

n in Bp(£,e) D S such that nn = f. In fact, choose any unitary operator u on M

such that \\u — 1|| < £ and u£n = ç. (For example, choose u to be a rotation in

the plane determined by £n and c, and the identity on the orthogonal complement

of this plane.) Define rj by nk = u£k- Then \\nk — £fc|| < £ for all k so p(£,r)) < e,

and clearly i;sS. Since nn(r¡) = c, we have B(£n,e) c iTn(Bp(^,e) n S) C nn(U).

Hence 7rn|s is open.    D

Now let öbea dense G s set in Mi.

PROPOSITION 6.  S(D) = {feS:in6fl for each n} is a dense Gs in S.

PROOF. Clearly S(D) = f]f Sn(D) where Sn(D) = {£ 6 S: £n G D}. But
Sn = (7rn|s)-I(-D) is a dense G s in S by Lemmas 4 and 5. Since S is a complete

metric space, a countable intersection of dense G¿'s in S is again a dense G s in S

[4, p. 98].    D
Given i G S, for each positive integer n define Pn{î) to be the projection onto

the subspace spanned by {£i, £j,..., £„}.

LEMMA 7. i G S is an orthonormal basis if and only if for each f G Mi there

is an n such that ||Pn(f)/|| > 2-

PROOF. If $ is an orthonormal basis, then Pn(£) Î 1 in the strong topology, so

ll-fn(0/ll converges to ||/|| = 1. But if £ is not an orthonormal basis, there is a

vector / so that Pn(í)/ — 0 for all n.    □

LEMMA 8. // {£k} is a sequence in S which converges to r¡, then for each n

Pn(tk) converges in the norm topology to Pn(v) as k —* oo.
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PROOF.  Suppose the entries of £k are denoted by fam and those of n by r\m.

Then for any f G Mi,

\Pn(tk)f - PnWfW J2 (£fcmi fttkm ~ 11, ̂ m'f'*!«
m=l m=l

<  ^(WiCkm - Vm, f)tkm\\ + \\(Vm, f)(tkm - Vn
m=l

< X] 2Mkm -fir,
m—\

<2n2np(ik,v¡).

Therefore ||Pn(iit) - Pn(*?)|| < 2n2np(^k,r\). For each n, this converges to zero as

k —> oo.    D

Let B C S be the set of all orthonormal bases.

PROPOSITION 9.  B is a dense Gs set in S.

PROOF. Let £ G S, and let Ve(£) be an £-nbhd about £ in the metric p. If N

is chosen so that 2N > 1/e, then any orthonormal set that differs from £ only in

entries with n> N will belong to Ve(£). Clearly there are orthonormal bases that

satisfy this condition. Therefore B is dense in S.

Let {fm} be a countable dense set in Mi. We claim that B = f)f Om, where

Om = {£ G S: ||Pn(í)/m|| > \ for some n}. To see this, note that by Lemma 7 if

£ is an orthonormal basis then £ belongs to each Om. On the other hand, if £ is

not a basis then there is vector / such that Pn(i)f — 0 for all n. Choose m such

that ||/m - /|| < \. Then ||P„(£)/m|| < \ for all n, so £ does not belong to Om.

We now show that each Om is an open set in S, which will complete the proof.

Since Om is the union over n of Omn = {£ G S: ||Pn(í)/m|| > 5}, it is enough to

show Omn is open, or equivalently that its complement is closed. Suppose {£k} is

a sequence in S\Omn which converges to r¡, so that ||Pn(ífe)/m|| < 5 for each k.

Since Pn(tk) converges to Pn(r¡) in norm as fc —y 00 by Lemma 8, it follows that

also ||Pn(*?)/m|| < 5- Therefore »7 G S\Omn, so S\Omn is closed.     □

THEOREM 10. Let D be a dense Gg set in the unit sphere of a separable Hilbert

space M. Then there is an orthonormal basis for M contained in D. In fact, the set

of such orthonormal bases form a dense Gs set in S(M).

PROOF. By Proposition 6, {£ G S: & G D for each i} is a dense Gs in S. By

Proposition 9, B is a dense G s in S. Since the intersection of two dense G¿'s is

again a dense Gs, the theorem is proven.    D

REMARKS. I. The fact that orthonormal bases form a dense Gs in the space of

orthonormal sequences is somewhat counterintuitive, since a dense Gs is "large" in

the sense that its complement is first category, while one might think that being a

basis should be a rare property among orthonormal sequences. As an analogy one

should consider the classic example of a dense Gs of Lebesgue measure 0 in the

unit interval [3, Theorem 1.6].

2. It is not hard to show that a set intersects every dense G s if and only if it

is of second category.   Thus all that is actually needed is to know that S(D) =
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{£ G S: £„ G D for each n} is second category in S. However, there does not seem

to be any convenient replacement for the condition that D be a dense Gs that will

guarantee this.

3. A dense subspace need not contain a dense Gs in the unit sphere, since

two dense subspaces may intersect in the zero vector whereas the intersection of

two dense G¿'s is again a dense Gs- Therefore Theorem 10 is not a refinement of

Proposition 1.

EXAMPLE. Let M be a von Neumann algebra acting on a separable Hilbert

space M. Suppose that M has a cyclic and separating vector (i.e., M is standard).

Then an orthonormal basis may be chosen for M consisting of vectors which are

cyclic and separating for M. This follows from [1] where it is shown that cyclic and

separating vectors form a dense Gs when they exist at all. The same result holds

for vectors which are cyclic only or separating only.

This result can also be applied in the situation where one considers common

cyclic and separating vectors for two, or even a countable number of von Neumann

algebras, as in [2].
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