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SHORTER NOTES

The purpose of this department is to publish very short papers of unusually

polished character, for which there is no other outlet.

HOLOMORPHIC RETRACTS OF POLYBALLS

TADEUSZ KUCZUMOW

Abstract. Let T be a holomorphic self-mapping in the Cartesian product B" of n

unit open balls in C*. In this note we give a very short proof of the fact that if

FixT = [y e B": y = Ty} is nonempty, then this set is a holomorphic retract of

B".

In [6] the following theorem was proved.

Theorem 1 [6]. If B is an open unit ball in a complex Hubert space H and T:

B" -* B" is a holomorphic mapping with a nonempty fixed point set Fix T = [y e B":

y = Ty}, then Fix T is a holomorphic retract of B".

Unfortunately the proof of this theorem is based on Brack's very complicated

method [1]. Now we will give a much shorter proof in the most interesting case,

when H = Ck and in H" we have the max norm || ||.

First let us recall

(i) B" can be furnished with a hyperbolic metric p„, which is locally equivalent to

II II [3, 4].
(ii) Every holomorphic mapping T: B" -» B" is nonexpansive in (B", p„) [3, 4].

(iii) For every x e B", 0 < t < 1, and for every holomorphic mapping T: B" -» B"

the mapping Ft x = (1 - t)x + tT: B" -» B" is a p„-contraction and has exactly one

fixed pont z(t, x) [2, 3, 4].

(iv) The mapping defined above z(t, •): B" -» B" is holomorphic as a limit of the

sequence {F,™(0)}.

(v)Let T: B" -» B" be holomorphic and FixT * 0. Then sup0<r<1||z(r,x)|| < 1

for every x e B" [7].

Theorem 1'. If B is an open unit ball in Ck and T: B" -* Bn is a holomorphic

mapping with Fix T =t 0, then Fix T is a holomorphic retract of B".
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Remark. The case n = 1 was considered in [4, 5, 8, 9]. If k = 1 and n = 2 the

above problem was solved in [10].

Proof of Theorem T. Because of the separability of (B", pn) and the nonexpan-

siveness of every z(t, ■) there exists a sequence {rm} with limmim = 1 such that

z(tm'x) ~m r(x) f°r x G B*- u is obvious that r is a holomorphic retraction of B"

on Fix T.

Added in proof. In Theorem Y B" can be replaced by an open unit ball B in an

arbitrary finite dimensional complex norm space and the proof of this theorem will

be analogous (in place of p„ we will take the Caratheodory-Reiffen-Finsler metric

[4])-
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