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A MEAN ERGODIC THEOREM IN BANACH SPACES

TAKESHI YOSHIMOTO

ABSTRACT. Let T' = {U;: t € A} (A = Z+ — {0} or R* — {0}) be a commut-
ing family of nonexpansive affine operators in a Banach space X satisfying the
following conditions:

(i) there is a function M (z|I') > 0 defined on X such that

Ut+sz — UrUsz|| < M(zIT)  (s,t €A, z€ X),

(ii) sup{t~!||Usz||: t € A, t > 1} = K(z|T) < o0 (z € X).
Then it is proved that if {t"1Uiz: t € A} is relatively compact for z € X,
the limit X-lim¢—o0 t Uz = T exists in X and Uzz = Z (t € A).

1. Introduction. Let (X, || -||) be a general Banach space. Z* is the set of
nonnegative integers and R is the set of nonnegative real numbers. In this paper,
A will be used for denoting either Z+ — {0} or R* —{0}. Forz,y € X and a € R™,
we write

zr~y (moda) if|lz—yl|<a.

Let I' = {U;: t € A} be a commuting family of operators on X to X. The family
T is said to have a modulus function M (z|TI') if there exists a function M(z|T') > 0
defined on X such that for each r € X

Uiyst = UUsz  (mod M(z|T)), s,t € A.
For the family I" we define the following conditions:
(I) T is nonexpansive, i.e.,
Uz —Ueyll < lz-yll, =zy€X, teA

(I) T has a modulus function M(-|T") defined on X.
(ITI) There are functions Hy(z,y|I') > 0, t € A, defined on X x X with

lim sup Hy(Usz,z|IT) =0  (z € X)
t—00 3¢

such that for some § € RY,
Ui{oz+ (1 - )y} = aliz + (1 — a)Ury (mod Hy(z,y|T) + 6)
(z,y€ X, t € A) uniformly in a for 0 < a < 1.
(IV) sup{t~}||Usz||: t € A, t > 1} = K(z|T) < o0 (z € X).
Conditions (I)-(IV) are always satisfied for semigroups of linear contractions, or
more generally, for uniformly bounded semigroups of nonexpansive affine operators

on X.
We prove the following theorem.
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THEOREM. Let I' = {U;: t € A} be a commuting family of operators on X
satisfying conditions (I)—(IV). If for z € X, the set {t 'U;x: t € A} is relatively
compact, then there exists an T € X such that

X—tlim t7WWyx=% and Uz =1, teA.
— 00

In [4], Rodé proved that if {P™: n € Z*} is the discrete semigroup of convex
Markov operators on a Banach lattice E and if {n=1P"0: n € Z*—{0}} is relatively
compact, then n~! P"0 converges strongly in E as n — co. Here the convex Markov
operator P is supposed to be convex, monotone, and nonexpansive. The case for a
general Banach space seems to have been unnoticed by Rodé. We know of no such
result in general Banach spaces in the literature. Our theorem provides conditions
for the validity of the mean convergence of t~'U,z for each z in a general Banach
space X.

2. Proof of the Theorem. We note that {t"'U;z: t € A} is sequentially
compact as t — o0o. So, there exist an Z € X and a sequence {s;} C A with
1 < s < 83 < --- — oo such that lim;_, o ||si_1U3,.:c —Z|| = 0. According to
conditions (I)-(II),

1 _ 1 1 _
—Us, 4tz —Z|| < —{M(z|l') + Uiz — z||} + || —Us,z — T
S; 85 S5

)

which implies that lim; o ||s;'Us, +¢z — Z|| = O for each t € A. Let s be any
element of A. Then for s; > s, it follows by conditions (II)-(III) that

S S S S
Ut {s—iUs‘»IE + <1 — 8_1) y} I S—iUS‘._;_tIE + (1 - 3_1,> Uty

(mod(%M(xlI‘)+Ht(Usim,y|F)+6>) , ye X, teA.

}

S
+ Allyll + 10yl + M(2[T)} + He(Us,z, yIT) + 6

We thus have

IU(SE +3) — (5T + Uw)|| < { ;

1 =
_Usi+tx - X
8

1
—Ugz—7=
S

for any y € X. Hence, letting ¢ — oo in the above gives
Ui(sZ + z) = sT + Uiz (mod (sup Hy(U,z,z|l') + 6))
re€A

for any z,t € A. Now define, for s,t € A,
Zs(z) = Uz — 57, Z!(x) = Ustex — Uy(sT + 2).
We obtain || Z!(z)|| < M(z|T') + || Zs(x) — z||, and therefore,
[Us+ex = (Usz + Uez)ll < |Ue(sT + 2) = (5T + Uea) | + [ Z5(2)| + [1Z5(2)l
< M(z|D) + ||z|| + 2| Z,(2)|| + sup Hi(U,z,z|l") + 6

for any s,t € A. For any given ¢ > 0, choose a number 7 such that

- e _ _ €
Sig 1Zs, @) < 5o 558 <50 s {llall + M(zID)} < 5.

£
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Put so = s;, and let B = t — nsg for sufficiently large t > s2 + so + 1, where
n = [sg ! (t—1)] (the integer part of sy (¢t —1)). Clearly n > sp and 1 < 8 < sp+1.
Then it follows that

IUez — nUsox — Upz|| < n{M(z|T) + [lz|| + 2| Zs, ()]}

n
+ Z sup H(k—1)so+6(Urz,2|T') + né.
k=1 reA

Therefore we have

—1i1 | 5=n
T | ;Ui — 2| < Jim F(M(IL) + o] + 3] Zeo (@) + 6}

+ Jim 22 7] + K(2lr)}

t—oot

— 1l
+ lim - ngﬁ Hk_1)so+8(Urz, z|T)
k=17

1
< g{M(fﬂF) + ||zl + 3[| Zs (z)|| + 6} < €.

Finally, to see that U;z = Z (t € A), it is enough to note that for any ¢

s+t 1
s+t

which tends to zero as s — oco. Hence the proof is complete.

Usytz—T

)

< %M(xl[‘) +

1
’—UsUt.’l} -7
S

3. Applications. The method of proof in §2 can be applied to the study of
ergodic behaviors of additive processes.

COROLLARY 1. Let & = {T;: t € A} be a commuting family of linear contrac-
tions on X with a modulus function M(z|S). Let {F;:t € A} be an M(a)-additive
process in X with respect to G, 1.e.,

(i) Fiys ~ Fy + T;Fs (mod «), s,t € A (a > 0),

(ii) sup{t~||F||: t €A, t > 1} = K < oo0.

If {t71F;: t € A} is relatively compact, then there exists a S-invariant f € X
such that lim;_, o, t "1 F; = f strongly in X.

PROOF. Define
Uix = Tz + F, ze X, teA.

Then the family I' = {U;: t € A} is commutative and satisfies conditions (I)-
(IV), where M(z|I') = M(z|6) + a, Hi(z,y|l') = 0, and K(z|T') = K + |z||.
Since ||T3|| < 1, t € A, the relative compactness of {¢t ! F;: t € A} implies that of
{t71Usz: t € A} for z € X. From this it follows by the theorem that there exists
an f € X such that lim;_, o, t"!F; = f strongly in X. Furthermore, it is easily seen
that lim;_, oo ¢ 7| Fy4, — Ft|| = 0 for any u € A, and so, lim; o t || F; =T, F;|| = 0.
Therefore we have

If = Tufll < Jim {20t F, = fll + 7| F = TuFe} = 0;

that is, f is G-invariant.
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COROLLARY 2. Let {U;: t € A} be a semigroup of nonezpansive affine operators
on X such that sup{t~!|Usz|:t € A, t > 1} = K(z) < oo for z € X. If for
€ X, {t 1U;z: t € A} 1s relatively compact, then there exists an T € X such that
lim; o0 t Uz = T strongly in X and Uz =T (t € A).

EXAMPLE 1. In the special case of affine operators,
Uz=T(z- &) +n, z€eX,

with a linear contraction 7" on X and some &,7 € X, we obtain
-1 n—1

Lom _lom 15~ k, 1 ke, &

~Urz=-T"(z g)+nkZ=0Tn n§:T£+ .

Thus if x = £ =0, then
1 1 n—1
~7n0 = - k A
nU 0 - ,;,T n  (the Cesaro mean).
EXAMPLE 2. Let {T;: t € Rt — {0}} be a strongly continuous semigroup of
linear contractions on X and let {F;: ¢t € R* — {0}} be an additive process in X
with respect to {T}}. Define

Uz=Tiz+F, =zeX, teRt-{0}

It is easily seen that {U;: t € Rt — {0}} is a semigroup of nonexpansive affine
operators on X such that sup{t~!|Usz||: t > 1} < 0o (z € X). If X is reflexive,
then there exists a £ € X such that F; = fot T.€du, t > 0 [1, Theorem 10]. In this
case, the set C¢ = {t~! f; T,€du: t > 0} is weakly sequentially compact as t — oo,
and so by the mean ergodic theorem, C¢ is also (strongly) sequentially compact.
From this it follows that for each z € X, {t"1U;z: t > 0} is sequentially compact.
Hence lim;_, o, t Uz (z € X) exists strongly in X.

EXAMPLE 3. Let G be a compact metric space and let {;: t € Rt — {0}} be a
nonexpansive semiflow on G. Assume that there is given an equicontinuous additive
process {F;: t € Rt — {0}} in C(G) with respect to {¢:}, i.e., Fi4s = Fy + Fs 0
ot (s,t > 0),sup{t~1||F¢||: t > 0} < 00, and to every £ > 0 and every u € G there
corresponds a neighborhood V' (u) of u such that sup,.¢ sup,cy (4 | Ft(u) — Ft(v)| <
€. We define

Uf=fope+F, feC(G),teR*—{0}.

Then {U;:t € R* — {0}} turns out to be a semigroup of nonexpansive affine
operators on C(G) such that sup{t~!||U;f||: t > 1} < oo for f € C(G). Using the
Arzela-Ascoli theorem we see that for f € C(G), {t 1U,f: t > 1} is sequentially
compact as t — oco. Hence, lim;_, o t"1U.f (f € C(G)) exists strongly in C(G).
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