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COMPACT AND WEAKLY COMPACT COMPOSITION
OPERATORS ON SPACES OF VECTOR VALUED
CONTINUCUS FUNCTIONS

R. K. SINGH AND W. H. SUMMERS

ABSTRACT. We characterize the compact and weakly compact weighted com-
position operators on the Banach space C (T, X) of those continuous functions
from a completely regular Hausdorff space T into a Banach space X which have
relatively compact range.

The compact weighted endomorphisms of the Banach algebra C(T') of all real
or complex valued continuous functions on a compact Hausdorff space T have been
characterized by H. Kamowitz [1]. In particular, given u € C(T') and a continuous
function ¢: T — T, Kamowitz has shown that the weighted composition operator
uCy: C(T) — C(T) (defined by uCy(f)(t) = u(t)f(#(t)) for f € C(T) and t € T)
is compact if and only if each component of N(u) = {t € T: u(t) # 0} is contained
in some open set V such that @|V is a constant function.

For an arbitrary completely regular Hausdorff space T, however, if C(T) is re-
placed by the supremum normed algebra Cy(T) of all scalar valued bounded con-
tinuous functions on T, Kamowitz’s condition does not guarantee that a weighted
composition operator on Cp(T") is compact. Indeed, this can be readily seen through
an obvious modification of the example constructed by Kamowitz [1, p. 519] to show
that uCy can fail to be compact even when ¢ is constant on each component of
N(u). A closer look at this same example also suggests a possible way around
the problem. In case T is compact, Kamowitz’s result immediately yields that the
following condition is at least necessary in order for uCy4 to be compact:

(%) d({t € T: |u(t)| > €}) is finite for each € > 0;

the key to Kamowitz’s example lies in the fact that this direct link between ¢ and
u does not hold.

We will show that (x) is both necessary and sufficient for a weighted composition
operator on Cp(T) to be compact, whereby (*) is equivalent to Kamowitz’s condition
in case T is compact. More importantly, we will demonstrate that (*) serves as
well to characterize the weakly compact weighted composition operators on Cy(7".
Since our methods allow, we shall actually place our results in the broader context
of weighted composition operators on spaces of vector valued continuous functions.

Preliminaries. In what follows, we will use X to denote a (nontrivial) real or
complex Banach space, while S and T will denote completely regular Hausdorff
spaces. The set of all continuous functions from S into T will be designated by
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C(S,T), and we will let Cp(T,X) denote the vector space consisting of all f €
C(T, X) for which f(T) is relatively compact in X. Further, we shall hereafter
assume that Cp(T, X) is supplied with the topology of uniform convergence on T
and denote the corresponding norm by || - |- In case T happens to be compact,
we will simply write C(T, X) instead of Cp(T, X). Also, we shall use Cy(T) in place
of Cp(T, X) when X € {R,C}.

Each ¢ € C(S,T) determines a continuous linear operator Cp: Cp(T,X) —
Cp(8S, X) defined by setting Cyf = f o ¢ for f € Cp(T, X), and we will refer to C,,
as the composition operator induced by ¢. Clearly, if two functions ¢,v € C(S,T)
induce the same composition operator, then ¢ = 9. For u € Cy(T) and ¢ € C(T,T),
the corresponding weighted composition operator f — u(f o) on Cp(T, X) will be
denoted by uCy. Finally, for F C T, we shall let Ry denote the restriction operator
from C,(T, X) into Cp(F, X); i.e., Rpf = f|F for each f € Cp(T, X).

1. Compact and weakly compact composition operators. We begin by
observing that the study of compactness for composition operators can be reduced
to the case where the underlying topological spaces are compact. As usual, the
Stone-Cech compactification of a completely regular Hausdorff space T is denoted
by BT.

1.1. LEMMA. Let¢ € C(S,T), where S andT are completely regqular Hausdorff
spaces, let ¢: 8BS — BT denote the Stone extension of ¢, and assume that X is a

Banach space. Then
Cs: C(BT, X) — C(BS, X)

18 a compact (respectively, weakly compact) operator if and only if Cy is a compact
(respectively, weakly compact) operator.

PROOF. For f € Cp(T, X), let B(f) = f be the Stone extension of f to 8T.
Then B: Cp(T, X) — C(BT, X) is a surjective isometry, and the same is true for
Rs: C(BS,X) — Cp(S, X). Moreover, given f € Cp(T, X),

Rs(C3f) = Rs(fod) = fod=Cyf,
from which the desired conclusion is now immediate.

1.2. THEOREM. Let S and T be completely reqular Hausdorff spaces, fix ¢ €
C(S,T), and assume that X 1s a Banach space. Then

(1) Cyp: Cp(T, X) — Cp(S, X) is a compact operator if and only if (i) X 1s finite
dimensional and (ii) ¢(S) s finite;

(2) Cy s a weakly compact operator if and only if (i) X 1is reflexive and (ii) ¢(S)
s finate.

PROOF. Since ¢(S) is finite exactly when K = ¢(3S) is finite, it will suffice
to show that Cy is a compact (respectively, weakly compact) operator if and only
if C(K, X) is finite dimensional (respectively, reflexive). To this end, we first note
that W = Rk (C(BT, X)) is a vector subspace of C(K, X) which, additionally, is
a module over the algebra C(K). By the Stone-Weierstrass theorem for modules
(cf. [2, p. 1023]), we therefore see that W is dense in C(K, X). Moreover, setting
G={feCK,X): |fllw <1}, if f €W NG, then there clearly exists g € B =
{h € C(BT, X): ||h|llco < 1} such that Rkg = f. Combining these latter two facts,

it follows that G C cI(GNW) C cl(Rk(B)) whence cl(G) = cl(Rk(B)). Next,
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let us define ®: C(K,X) — C(BS, X) by putting ®f = f o ¢ for f € C(K, X).
Since @ is a linear isometry and ® o Rk = Cj, we conclude that cl(G) is compact
(respectively, weakly compact) if and only if C 5 is a compact (respectively, weakly
compact) operator. In view of the preceding lemma, this serves to complete the
argument.

REMARK. As Theorem 1.2 makes plain, the classes of compact and weakly com-
pact composition operators from Cy,(T, X) into Cp(S, X) fail to coincide precisely
when the Banach space X is infinite dimensional and reflexive. Of course, both
classes are trivial in case X is not reflexive.

2. The weighted case. We are now in a position to establish the promised
extension of Kamowitz’s result on compact weighted endomorphisms. As a matter
of notational convenience in the sequel, if u € Cy(T) and € > 0, we put N(u,¢e) =
{teT: |u(t)] > e}

2.1. THEOREM. Let T be a completely reqular Hausdorff space, fix ¢ €
C(T,T), take u € Cp(T) so that u is not identically zero on T, and assume that X
1s a Banach space. Then

(1) the weighted composition operator uCy on Cp(T, X) is compact if and only
if (1) X s finite dimensional and (ii) ¢(N(u,€)) is finite for every € > 0;

(2) uCy is a weakly compact operator if and only if (i) X is reflexive and (ii)
&(N(u,€)) 15 finite for every € > 0.

PROOF. To begin, assume that uCy is a compact (respectively, weakly com-
pact) operator on Cp(T, X), and let € > 0; we may suppose that N(u,e) # .
Now, setting S = N(u,¢) and 9 = ¢|S, let us consider the composition operator
Cy: Cp(T, X) — Cp(S, X) induced by 9, and put B = {f € Cp(T, X): || flloo < 1}
Since

Cy(B) = R5(ColB)) = 71 Rs(uCo(B)),
Cy is a compact (respectively, weakly compact) operator. According to Theo-
rem 1.2, therefore, X is finite dimensional (respectively, reflexive) and ¥(S) =
(N (u,€)) is finite.

Turning to the converse, let us assume that X is finite dimensional and that
#(N(u,¢€)) is finite for each € > 0. Again setting B = {f € Cp(T, X): ||flloo < 1},
we note in passing that uCy(B)(T) = {u(t)f(¢(t)): f € B, t € T} is relatively
compact in X under these circumstances. Now, given ¢ > 0, we choose 1 € (0,¢/2)
so that S = N(u,n) # O, and put ¢ = ¢|S. By Theorem 1.2, we then also have that
Cy(B) is relatively compact in Cp(S, X), whereby the same is true for (u|S)Cy(B).
Consequently, according to [3, Theorem 2.2], there exists a finite cover (T3)7; of
S such that |Ju(s)f(é(s)) — u(t)f(4(t))|| < € for all f € B whenever s,t € T;,
i=1,...,n. Putting T, = T\S, since (T;)™}! covers T and

lu(s)£(8(s)) — u(®)f (S| < luls)] + [u(t)] < e

for all f € B when s,t € T, 11, another application of [3, Theorem 2.2] yields that
uCy(B) is relatively compact in Cp(T, X), which completes the argument for the
case at hand. Finally, let us assume that X is reflexive and that ¢(N(u, €)) is finite
for each ¢ > 0. In order to show that uCy4(B) is still at least weakly relatively
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compact in Cp(T, X), we choose sequences (f,) in B, (tm) in T, and (z,,) in X’
with ||z],|| < 1 for each m € N such that

lirIln liyfp(”(tm)fn((ﬁ(tm))v x;n> =0

and
rgln li}ln(u(tm)fn(d)(tm))a z;n> =8

for some o, 3 € K, where K denotes the scalar field. Without loss of generality,
we may suppose that there exists v € K such that lim,,— o u(tm) = ~. This
being the case, if v = 0, then a = 3 = 0. Otherwise, choosing ¢ € (0, |v]), we
may further suppose that (¢,,) is a sequence in S = N(u,¢). From Theorem 1.2,
however, if follows that (u|S)Cg4s(B) is weakly relatively compact in Cp(S, X),
and the interchangeable double limits criterion for weak compactness as given in
(4, Theorem 2.1] now yields that & = § in any event. A second application of [4,
Theorem 2.1] consequently shows that uCy(B) is indeed weakly relatively compact
in Cp(T, X) as was required to complete the proof.

2.2. COROLLARY. Let T be a completely reqular Hausdorff space, fix ¢ €
C(T,T), and take u € Cp(T). The following are equivalent in case the Banach
space X is finite dimensional:

(1) uCy s a compact operator on Cp(T, X);

(2) uCy s a weakly compact operator on Cp(T, X);

(3) #(N(u,€)) s finite for every € > 0.
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