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ORTHOGONALITY PRESERVING MAPS
AND THE LAGUERRE FUNCTIONAL

WILLIAM R. ALLAWAY

ABSTRACT. Let 9t[as] be the usual algebra of all polynomials in the inde-

terminate x over the field of real numbers ÍH, and let p be a linear operator

mapping ÍH [x] into 9t [x]. In this paper we show that if ip maps every orthog-

onal polynomial sequence into an orthogonal polynomial sequence, then ip is

defined by ¡p(xn) — s(ax + b)n, n = 0,1, 2,..., where s, a, and b belong to ÍK,

s / 0, and a^O.

1. Introduction. Let 01[x] be the algebra of all polynomials in the indetermi-

nate x over the field of real numbers 9t. {pn(x)}^L0 Is called a polynomial sequence

if for all nonnegative integers n, pn(x) belongs to 5R[z] and the degree of pn(x)

equals n. Every polynomial sequence forms a basis of ÜK[x]. A polynomial sequence

{pn(x)}n°=o iS called an orthogonal polynomial sequence (O.P.S.) with respect to the

linear functional L: 9t[z] —► SK, if there exist nonzero real constants fcn such that

for all nonnegative integers n and m

(1.1) L(pn(x)pm(x)) = kn8n,m,

where 8n,m is the Kronecker delta.   In (1.1), if fcn = 1 for n = 0,1,2,..., then

{Pn(x)}n<'=o 1S an orthonormal polynomial sequence. See Chihara [3] for an excellent

treatise on orthogonal polynomial sequences.

Define the linear operator ra¿: ÍH[x] —> 9í[x] by

(1.2) rQ,6(x") = (ax + b)n,        n = 0,1,2,...,

where a and 6 belong to 9L If s belongs to 9t, a ^ 0, s ^ 0, and {pn(x)}^°=0 is an

O.P.S. with respect to the linear functional L, then {srah(pn(a:))}5JcLQ is an O.P.S.

with respect to the linear functional s~2L o ri/a)_t,/a. This follows by noting that

ra¿ is an algebra automorphism on 9\[x] and that Tija-b/a Is the inverse of ra,b-

This result is also true for orthonormal polynomial sequences.

We call a linear operator <p: ÍH[x] —» ÍH[i] an orthogonality preserving map if it

has the following properties:

(a) if {pn(x)}™=0 is an O.P.S., then {^pn(x)}^=0 is an O.P.S.,

(b) ip is degree preserving.

That is, if ip is an orthogonality preserving map, then <p maps every orthogonal

polynomial sequence into an orthogonal polynomial sequence. For all real numbers

s, a, and 6, where s, a / 0, sra¿ is an example of an orthogonality preserving map.
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Al-Salam and Verma [1, Theorem 1] showed that the linear operator Ji : ÍK[¡r] —►

5K[xj having the form

n

Jixn = Yin]-/iin - k)\k\)}bn-kxk,        n = 0,1,2,...,

fc=0

is an orthogonality preserving map if and only if Ji = sti¿. They also remarked

in [2] that the linear operator J2 having the form J2xn = jnxn, n = 0,1,2,...,

is an orthogonality preserving map if and only if J2 = sra)n- This paper is a

generalization of the work of Al-Salam and Verma [1, 2] in that our main result is

the following theorem.

THEOREM (1.1). If ip is an orthogonality preserving map, then there exist s,

a, and b all belonging to ÍH such that <p = 8ra¿.

This theorem is proved by proving a stronger result; namely, if <p maps certain

Laguerre polynomial sequences into orthogonal polynomial sequences, then <p =

STa,b (see Theorem (4.1)).

2. A pseudo-basis for the dual of 5R[x], Let a be a real number, not equal

to a negative integer. It is well known [3] that the Laguerre polynomial sequence

{L"(x)}n°=o 1S orthogonal with respect to the linear functional FQ : 9l[x] —> ÜH

defined by
coo

(2.1) Fa(xl)= xaexp(-x)xidx/T(a+l),
Jo

where T(a + 1) is the gamma function. The orthonormal Laguerre polynomial

sequence {L"(x)}^L0 can be defined by L"(x) = (n!/(l + a)n)1^2L"(x), where

(1 + a)n = (1 + a)(2 + a)---(n + a).

We define the Laguerre functional S" : 9t[a;] —> 9t by

roo

$n(xl) = /     L%(x)xa exp(-x)xl dx/T(a + 1)
Jo

for n, i = 0,1,2,_Thus, for n, m = 0,1,2,3,...,

n

(2.2) S£ = v'nKl + a)»!;«-!)*/«« - k)\k^a+k
k=o

and

(2-3) S£(ÏA(*)) = 8n,m.

Roman and Rota [4] call {S^j^o a pseudo-basis of the dual of 9\[x}. That is, every

linear functional M can be written in the form

oo

(2.4) M = ]TmfcS£,
fc=0

where mk — M(L%(x)). If the degree of the polynomial q(x) is n, then for all fc > n,

S^(q(x)) = 0. Thus, when the infinite sum of linear functionals on the right-hand

side of (2.4) acts on q(x), the infinite sum collapses into a finite sum of at most

n + 1 terms.

The next proposition is a major tool used in proving Theorem (1.1).
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PROPOSITION (2.1). Let p: 9t[x] -+ 9\[x\ be a fixed, degree preserving linear

operator, such that p(l) = s and p(x) = s(ax + b). If there exists a, not a negative

integer, such that for i, n = 0,1,2,...,

(2.5) sfa+l(xL^(x)) = Fa+l(p-\(px)(pLa+*(x)))),

then p — STa¿-

PROOF. By using (2.2), (2.5), and the fact that {L£(x)}£L0 forms a basis of

ÍK[x], it is easy to show that for all polynomials q(x)

(2.6) sSSixqix)) = S^(^-1((^x)(^(x)))),

where n = 0,1,2,3,.... Define the evaluation functional at a, Ea, by Ea(q(x)) =

q(a). Since {S"}^L0 is a pseudo-basis of the algebraic dual of 9t[x], Ea can be

written in the form
oo

Ea = ^L^(a)S^.

fc=0

Thus, for all real numbers a and all polynomials q(x).

sEQ(xg(x)) = Ea(p~1((px)(pq(x)))),

which implies that sp(xxn) = p(x)p(xn) for n = 0,1,2,_ By a simple induction

argument we obtain p — sra¿.    Q.E.D.

3. The orthonormal case.

THEOREM (3.1). // there exists a real number a, which is not a negative in-

teger, such that {ph"+l(x)}n°=0 is an orthonormal polynomial sequence for i =

0,1,2,...,  then there exist real numbers s, a,  and b, where s,a ^ 0, such that

<P = STa¿.

PROOF. There exist real numbers s, a, and b, where s, a ^ 0, such that ¡p(l) = s,

p(x) = s(ax + b). Let Ma,i be the linear functional for which {<pL"+î(x)}J£L0 is

orthonormal. Thus for i, n = 0,1,2,...,

(3.1) sMQ,t o p(L^(x)) = 8n,o = Fa+i(K+l(x))

and

Ma¡l(p(L<í+\x))p(L^(x))) = 8n,i = Fa+1(L?+t(x)L«+t(x)).

It is easy to show that (3.1) and (3.2) imply (2.5). Thus by Proposition (2.1) we

have p = STafi.    Q.E.D.

4. The orthogonal case. To prove the orthogonal case we need a hypothesis

that is slightly stronger than the hypothesis in Theorem (3.1).

THEOREM (4.1). Let p be a fixed linear operator. If there exists ax < -1,

not a negative integer, and a2 > — 1 such that, for a = ai + j, i = 1,2, j =

0,1,2,..., {pL*((x — d)/c)}n°=o is an orthogonal polynomial sequence for c any

nonzero real number and d any real number, then there exist real numbers s, a, and

b (independent of ai and a2) such that p — sTa¿.

PROOF. Because p is degree preserving, therefore there exist real numbers s, a,

b, ¿2,2, ¿2,1) and £2,0 such that s,a, í2,2 ^ 0,

(4.1) p(xl) = s(ax + b)1    for i = 0 and 1,
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and

(4.2) p(x2) = s(t2:2x2 + t2,lX + t2,o).

By using a method similar to that used in the above orthonormal case, we have

for a = ai+j,i = l, 2, j = 0,1,2,...;

(4.3) sFa(xL%(x)) = FQ o p-\(px)(pL«(x))),

where n is any nonnegative integer not equal to 1. Because of Proposition (2.1), in

order to obtain the conclusion of the theorem, we need only show that (4.3) is also

true for n= 1. This is equivalent to showing that p(x2) = s(ax + b)2.

Let mo, mi, ?7i2 be any three real numbers such that mo ^ 0 and

(4.4) 77107712 - m\ = 0.

Define the real numbers po, pi, and p2 in terms of toq, mi, and 7712 by

(4.5)

PO = M0,

Pi == s(ami + bmo),

P2 = s(t2,27712 + ¿2,17711 + t2fim0)

where s, a, b, t2:2, ¿2,1, and ¿2,0 are defined in terms of p by (4.1) and (4.2).

We wish to show that P0P2 — Pi = 0.

Assume that P0P2—P1 7^ 0. From this statement, it is easy to show the existence

of a real number d such that (pi — dpo)2(poP2 — Mi)-1 — 1 = ct, where a = ai or

a2 and for n = 0,1 and 2

(4.6) MoFo(Tc,d(x™)) = pn,

where c = (p2p0 - p\)(po(pi - Mod)) l. By hypothesis {pL«((x - d)/c)}£°=0 is

an O.P.S. with respect to a quasi-definite linear functional which we will denote by

Ma,d,c- Ma,d,c can be chosen in such a way that

MoFö(rc,d(L°((x - d)/c))) = 8n,oPo = Mtt,d,c(^(L^((x - d)/c))).

But {pL"((x—d)/c)}^°=0 forms a basis of ÍH[x], thus we have the functional equality

(4.7) PoFa o rCid = Ma>diC o p.

By using (4.5), (4.6), and (4.7), we have that Maid,c(z!) = 77ij, i = 0,1 and 2.

But Ma>d!C is a quasi-definite linear functional and therefore mom2 — m\ ^ 0,

which contradicts (4.4). Thus our assumption that pop2 — p\ ^ 0 is incorrect and

therefore

Po    Pi

Mi    M2

sttio s(ami + brrio)

s(ami + bmo)    s(t2t2m2 + i2,imi + ¿2,0^0)
0.

That is, for all nonzero real numbers mo and mi,

(t2,2 - a2)m\ + (¿2,1 - 2a6)m0mi + (f2,o - b2)m2) = 0.

Thus p(xl) = s(ax + b)1 for i = 0,1 and 2.    Q.E.D.

Theorem (4.1) implies Theorem (1.1).
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5. A conjecture. Because of Theorems (3.1) and (4.1), it seems reasonable to

conjecture that, if there exists a real number a, which is not a negative integer such

that {pL"+l(x)}n°=0 is an orthogonal polynomial sequence for i — 0,1,2,3,..., then

there exist real numbers s, a, and b, where s,a ^ 0, such that p = STa¿- Such a

result would be stronger than Theorem (4.1).
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