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SHORTER NOTES

The purpose of this department is to publish very short papers of unusually

polished character, for which there is no other outlet.

A SIMPLE PROOF OF AN EXTENSION OF
THE FUGLEDE-PUTNAM THEOREM

WEIBANG GONG

ABSTRACT. A simple proof is given of the

THEOREM.   If A and B*  are hyponormal, then \\AX - XB\\2 > \\A* X -

XB*\\2 for every X in the Hilbert-Schmidt class.

In this note an operator means a bounded linear operator on a separable infinite-

dimensional Hubert space.

The following theorem has brought attention since it appeared in 1978.

THEOREM (BerberiAN).   If A and B* are hyponormal, then

AX = XB    implies   A*X = XB*

for every X in the Hilbert-Schmidt class [1].

In 1981, Takayuki Furuta gave an extension to the above theorem.

THEOREM (FURUTA).   If A and B* are hyponormal, then

\\AX - XB\\2 > \\A*X - XB*\\2

for every X in the Hilbert-Schmidt class.  The equality holds when A and B are both

nomal, where \\ ■ \\2 denotes the Hilbert-Schmidt norm [2].

We shall show in this note that the assertions of these two theorems are imme-

diate consequences of elementary properties of the Hilbert-Schmidt class.

It is known that the Hilbert-Schmidt class forms a two-sided ideal and is itself a

Hilbert space with the inner product

(X, Y) = £(Xet, Ya) = Tr(Y*X) = Tr(XY*),
i

where X and Y are operators in the ideal and {e¿} is any orthonormal basis in the

Hilbert space under consideration. The elementary properties which are needed for
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our proof are the following two: Let X and Y belong to the ideal and let A be an

arbitrary operator. Then

(i) (AX,Y) = (X,A*Y), (XA,Y) = (X,YA*) [3, II, Lemma 5].
(ii) If A > 0, then (AX,X) > 0 and (XA,X) > 0 (indeed, for example,

(AX,X) = (All2A1l2X,X) = (A1/2X,Al'2X) > 0).

PROOF OF  FURUTA'S THEOREM.

\\A*X - XB*\\2 = (A*X, A*X) - (XB*,A*X) - (A*X,XB*) + (XB*,XB*)
= (AA*X,X) - (AX,XB) - (XB,AX) + (XB*B,X)

< (A*AX,X) - (AX,XB) - (XB,AX) + (XBB*,X)

= (AX, AX) - (AX, XB) - (XB, AX) + (XB, XB)

= \\AX-XB\\2.    D
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