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ON BIDUALS OF G*-TENSOR PRODUCTS

JOHN C. QUIGG

ABSTRACT. Huruya [4] has proven that, for C*-algebras Ai and Ai,

(Ai ® A2)** = A"®A"

for every A2 if and only if Ai is scattered. We strengthen this by proving

that (Ai <g> A2)** = AJ'iSiA" if and only if A\ or Ai is scattered. We discuss

ramifications to representation theory and related questions regarding normal

representations of W*-tensor products.

1. Definitions. Let A be a G*-algebra and o its universal representation.

We identify o(A)" with A** and o with the canonical embedding. If 7r is a rep-

resentation of A, we let If denote the unique normal representation of A** such

that 7T = 7f o o. If 7T and 6 are representations of A, we write it ~ 6 if 7r and 9

are quasi-equivalent, and it -< 6 if 7r is quasi-equivalent to a subrepresentation of

6 (equivalently, there is a normal homomorphism p oí 8(A)" onto it (A)" such that

7T = p o 0). Throughout this paper, A¿ (i = 1,2) will denote a G*-algebra and

Mi (i = 1,2) a von Neumann algebra. 0 (respectively, 0,0) will denote algebraic

(respectively, minimal C*-, W*-) tensor product. We regard Ai O A2 as a subset

of Ai 0 A2 and M2 ® M2 as a subset of Mi0M2, and we denote Ai 0 A2 by A.

If 7T is a representation of A we let 7r¿ denote the restriction of tt to A¿, so that

7r(ai 0 a2) = 7Ti (01)^2(02). We will find it convenient to denote 7r|Ai 0 A2 by

7Ti x 7T2. Conversely, if 7Ti and 7r2 are commuting representations of Ai and A2,

then 7Ti x 7T2 is a representation of Ai 0 A2, and it extends to a representation

of A if and only if it is bounded. Similarly, if pi and p2 are commuting normal

representations of Mi and M2, then pi x p2 extends to a normal representation

of Mi0M2 if and only if it is er-weakly continuous, in which case we simply say it

is normal. Note that ct¿ is a representation of A, in A**, so that rr¿ is a normal

representation of A** in A**. It is not hard to check (see, e.g., [1, proof of Theorem

2]) that <7¿ is faithful, and we find it convenient to blur the distinction between <r,

and the universal representation of At.

It is easy to see that if -k is a representation of A, then 7F1 x H2 is normal if and

only if 7T -< a 1 0 a2, and this holds for every -k if and only if o ~ oi 0 o2. In this

latter case we identify A** with A[*®A2*.

DEFINITION 1.1. Ai and A2 are uncorrelated if A** = A\*®A%*. Otherwise

we say they are correlated.

If Ai and A2 are uncorrelated, then by definition ¡71 x ~ö2 is normal. If cti x o2

is merely bounded, Archbold and Batty [2] say that there is a canonical embedding

of A** 0 A\* in A**, and they observe that this condition is satisfied if Ai or A2 is

nuclear. On the other hand, they prove that the existence of a canonical embedding
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of A\* ®A*2* in A** for every A2 is a strictly weaker condition on Ai than nuclearity.

In particular, it is possible for there to exist a canonical embedding of A\* 0 A2*

even if neither A\ nor A2 is nuclear.

An analogous (but nicer) relationship holds for correlation. Jensen [5] calls A

scattered if A** is atomic, i.e., a direct sum of type I factors. Huruya [4] (although

he did not use the terms "uncorrelated" or "scattered") proves that Ai and A2 are

uncorrelated if Ai or A2 is scattered, and morever if Ai and A2 are uncorrelated

for every A2 then Ai is scattered. We will strengthen this by proving that if Ai

and A2 are uncorrelated, then Ai or A2 is scattered.

We are indebted to the referee for several helpful comments.

2. Main result.

LEMMA 2.1. Let Bi be a C*-subalgebra of Ai (i — 1,2). If Ai and A2 are
uncorrelated, then so are Bi and B2.

PROOF. Let r¿ (respectively, r) be the universal representation of Bi (respec-

tively, B — Bi 0 B2). Since r¿ ~ <7¿|.B¿ and r ~ o\B, we have

n ®t2 ~ct1|L?i ®o2\B2 = oi ®o2\B ~ o\B ~ t. Q.E.D.

LEMMA 2.2. Let -k be a representation of A, and let Mi = 7r¿(A¿)" (i = 1,2).

Further, let id¿ be the identity representation of Mi (i = 1,2). Then ir < cri 0ct2 if

and only if idi x id2 is normal.

PROOF. We have -k -< ai 0 a2 if and only if xi x W2 is normal. Letting p: A" 0

A" —► Mi 0 M2 denote the quotient map, we see that Wi xW2 = (idi x id2) op, so

that 7F1 x 7F2 is normal if and only if idi x id2 is.    Q.E.D.

THEOREM 2.3.   If Ai and A2 are uncorrelated, then Ai or A2 is scattered.

PROOF. Suppose neither Ai nor A2 is scattered. By [4, Theorem] A¿ has a com-

mutative nonscattered G*-subalgebra Bi. We identify Bi with Co(Xt), the space

of continuous functions on a locally compact Hausdorff space A¿ which vanish at

infinity. Let A¿ be the one-point compactification of A¿. Then A¿ is not dispersed,

i.e., Xi has nonempty perfect subsets [7].

Hence, by [7, Theorem], [0,1] is a continuous image of A¿. Suppose the point at

infinity is sent to t G [0,1] and let It = [0, l]\{i}- Then Bi contains a G*-subalgebra

d isomorphic to Cn(L). Let 7r¿ be the representation of C¿ corresponding to the

usual representation on L2[0,1] by multiplication. Then 7Tj(C,)" = L°°[0,1]. It is

straightforward to check that id x id on L°°[0,1] 0L°°[0,1] is not normal. Since C¿

is nuclear, tti x tt2 is bounded and so extends to a representation -k olCi®C2. Let

Ti be the universal representation of d- By Lemma 2.2 we have n -ft ri 0 7-2. We

conclude that Gi and G2 are correlated, and hence by Lemma 2.1 so are Ai and

A2.    Q.E.D.

3. Normal representations of W'-tensor products. If a is a G*-norm on

Ai©A2, we could define A1 and A2 tobe a-uncorrelated if (Ai0QA2)** = Aî*0A"

and ai-uncorrelation would imply a2-uncorrelation if oi > a2. In particular,

the weakest such condition would be that of Definition 1.1, namely uncorrelation.

However, as Theorem 2.3 shows, if Ai and A2 are uncorrelated, then Ai or A2 is
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nuclear, so that all G*-norms on Ai © A2 agree. Therefore, a-uncorrelation would

not actually depend upon a and would be equivalent to uncorrelation. Recall that

representations of the maximal G*-tensor product of Ai and A2 correspond to pairs

of commuting representations of Ai and A2, and also to pairs of commuting normal

representations of A\* and A2*.

DEFINITION 3.1. Mi and M2 are normally uncorrelated if whenever pi and P2

are commuting normal representations of Mi and M2 it follows that pi x p2 is

normal.

From the above discussion and Theorem 2.3, we get the following result.

COROLLARY 3.2.   The following are equivalent:

(i) Ai and A2 are uncorrelated;

(ii) If ni and tt2 are commuting representations of Ai and A2, thenWi xW2 is

normal;

(iii) A*i* or A*2* is atomic;

(iv) A\* and A^* are normally uncorrelated.

If A** is replaced by an arbitrary von Neumann algebra Mt (i = 1,2), then in

Corollary 3.2 (iii) still implies (iv). We suspect that the converse holds in general

as well, although our concrete evidence is decidedly spotty.

Note that if pi and p2 are commuting normal factor representations of Mi and

M2, and if Mi and M2 are normally uncorrelated, then (pi(Mi) U p2(M2))" is

isomorphic to pi(M\)®p2(M2) (in the terminology of [3], pi(Mi) and p2(M2) are

statistically independent).

Conditions on commuting von Neumann algebras Mi and M2 under which

(Mi U M2)" is isomorphic to Mi0M2 have been studied in [6, 8, 3], and the

situation for C* -algebras has been investigated in [9]. As a typical application of

these results to our context we take the following from [3, Theorem 1]:

PROPOSITION 3.3. If Mi and M2 are normally uncorrelated, and if pi and p2

are commuting normal factor representations of Mi and M2, then there exists a

type I factor N such that pi (Mi) 0 C ■ 1// C A C p2(M2)'®L(H), where H is an

infinite dimensional Hubert space.
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